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Cuspoidal domain

Let Q C R? be a bounded domain with a smooth boundary 9Q, with an
exception of the origin. We assume that in the neighborhood of the origin the
boundary of Q coincides with a-cusp

QN{xa < TIN{x| <1} ={(a,x) €R’: 0<x1 < T, |x|<x}

Figure: The domain  with an a-cusp.

We consider the case a > 1. Let n(x) denote a unit outward normal to
r = o0Q\{0}.
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Elastic problem in cuspoidal domain

Let us consider the boundary value problem
Lu=f in Q MNu=g onT, (1)
for the Lamé operator of linear elasticity theory
L = pAu+ (N + p) graddiv,
and with no-traction boundary conditions of the form
Nu = pdnu + A(div u)n + p(grad u) " n,

with 0, being a normal derivative operation applied to each component of the
vector. Here u = u(x) = (u1(x), u2(x)) is a displacement vector, A > 0 and
p > 0 are Lamé constants.
We are interested in the behaviour of solutions arising from the presence of
a-cusp, a > 2. This question is addressed by studying the spectral properties
of the problem

Lu=w’u in Q, Nu=0 on T. 2
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Elastic energy

Considering variational formulation, we have
(Lu,v)a = E(u,v) — (Nu,v)sa

with a scalar product (u,v)a = [, u-Vdx and "elastic energy” E given by
E(u,v) = [, o€jdx, which connects the strain tensor

S 1 (Ou n ou;
v 2 8Xj aX,'

ojj = 2uejj + )\(5,‘1'6;(;(.

and the stress tensor

Note that
E(u,u) = / 20lOs 1] + 20l Oatia? + ulOsta + Bt + NOrun + Dot P
Q

~ / 01u1|* + [D2ua]” + |Druz + Baun|*dx.
Q
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Remarks on the Neumann Laplacian

9 If Q is bounded and 9N is smooth then the Neumann Laplacian problem

—Au=w?uinQ, O,u=0o0ndQ hasa standard discrete spectrum

@ The discreteness is a consequence of the compact embedding
HY(Q) C Lx(Q).

@ There are examples of bounded domains providing not standard spectrum
(e.g. Nikodym, V. Maz'ya, B. Simon, B. Davies)

@ Domains with cusps are “nice” domains for Neumann Laplacian, however
the presence of the cusp may destroy the spectral asymptotics (see
Y. Netrusov, Y. Safarov 2005)

@ In unbounded domains an essential spectrum appears. For instance, if
Q = (0, +00) x (0,7) then for 0 < w®> <1 3Ju solving —Au = w?uin Q,
Opu =0 on 0N such that

u=e N 4 S L e H(Q)

where S is a scattering matrix. Then a solution of the correspondent
non-uniform problem (with a right-hand side) can be fixed only after
radiation conditions are applied.

Spectral properties of Lamé operator in Holder domains



On the Korn inequality

@ For the Neumann Laplacian in a “nice” domain, the compactness of
embedding H*(Q) C L2() is guaranteed by the Korn inequality
(K. Friedrichs 1937; G. Duvaut, J.L. Lions 1976)

lulls < c (E(u,0) +|lul,), weV
being valid on the energy space
V={u: E(uu)+ ||u|ﬁ2 < oo}

For the Neumann Laplacian E(u, u) = [, |Vu|*dx

O For the Lamé operator in Holder domains the Korn inequality is not valid
in general (see Weck, Geymonat & Gilardi 1998). However the embedding
V C L, is compact for the cusps with 1 < o < 2 (N. Weck 1994).
Consequently, the spectrum is standard discrete in case 1 < o < 2.
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Results. Critical quadratic cusp: o = 2

For w? # w? ( k = 1,2 ) there are 4 “even” solutions

uj(x) ~ xl_mj (2) + O(xll_mj) as

(m—4)(m—3)m(m4+1) A1) _ 2

3(A+2u)

P
3

1

2 “odd” solutions wuj(x) ~ x; " (§) + -..

x; — 0

with m = mj such that

The lowest value, for which the real
solutions exist, is

w2:7éﬂ(>\+ﬂ)
! 4 \N+2u

providing two solutions m = —1/2 and
m = 7/2. Note that the point with
three real solutions is

2 15 p(A+p)
wy = ————7=
4 XN+2u

providing m = 3/2 and m = 3i5/374.

as x31 — 0 with ms =0, mg = 1.

(for w? = 0 the result was known from V. Mazya, A. Soloviev 2001)
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Supercritical cusp: a > 2

The KERNEL of the operator (w? = 0) consists of

4 “even” solutions

up ~ Xi

uz ~

uz ~ xff3

2-3
ug ~ Xq

with o = ((1)),

and 2 “odd” solutions

us ~

Yoo+ 004 ™)
“o+ 004>, x1—0

%o + O(Xil)v
®o + O(Xla_l)v

22«
)

¢0 + O(XIQ_IL

Ug ~ X117a¢0 + O(logx1), x1 —0

with ¢o = (g).
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Continuous spectrum ( a > 2 )

subtle analysis leads to the following representation of 4 “even” solutions

_3
0 _ —PrX; 0

uk(x) ~ exp (pkfx1 'Y) s |+
v Ox, *

= (V1)k: pr=1p=-1ps=1i, po=—i,
s+E=1L 1<p<2,

_ 3w?(A+2p)
T At
v=(a-1)>".
Solutions us and ug are as above.

Presence of oscillations at all scales !!!
Amplitude and phase increase closer to the origin.
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Conclusions

Essential spectrum appears for cusps with o > 2

I<a<?2 ° > )
0 (0
a:z L4 *
2
®;
oa>2 e

For critical (o = 2) and supercritical (e > 2) cusps the cuspoidal point is
playing a role of infinity: essential spectrum, necessity to consider radiation
conditions for non-uniform problems.
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