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Introduction

The Tropospheric Emission Spectrometer (TES) on the EOS-Aura spacecraft
will measure the global 3-dimensional distribution of ozone and other gases in
the troposphere. It works in two different modes, the so called nadir and the
limb mode. In the nadir-mode the measurements are given by a line-integral
with respect to the altitude. This is an one-dimensional problem, the goal is the
retrieval of the ozone concentration profile. In the limb mode the measurements
are based on a two-dimensional integration over the altitude and the aperture
angle. Here one wants to retrieve the ozone-distribution in two dimensions.
This problem is more challenging than the retrieval problem in nadir mode. In
our work, we focused only on the nadir mode.

The problem was illustrated to us by Kevin Bowman, who has worked on
it for several years. The goal of the industrial study group was to develop new
mathematical approaches and to get some theoretical and numerical results for
these inverse problems.

Kevin and the group at JPL have already developed a statistical approach to
this problem. Some members of our group reviewed this approach and came up
with suggestions of ways in which it might be improved. These suggestions are
discussed in Chapter 1. Other members of our group focused on a functional
analytic approach, considering the nadir mode and developing results on the
existence and uniqueness of solutions to a simplified version of the problem.
These results are discussed in Chapter 2. Some members of the group also
worked on a numerical method for the inversion. This approach is discussed
in Chapter 3. An alternative Newton linearization approach is discussed in
Chapter 4. Plans for future work are discussed in Chapter 5.



Chapter 1

Comments on the Existing
Approach

Kevin and the group at JPL have developed a statistical approach for solving
this inverse problem using nonlinear least squares minimization with ad-hoc reg-
ularization on discretized model. In this approach, the model is first discretized
as y = F(x)+n, where x is a vector of concentrations at different altitudes, y is
the resulting spectrum, contaminated by noise n. The solution is obtained by
solving

& =min ||y — F(2)[5 + [z — x|}

Here S,, represents the covariance matrix for the noise, and A and z. determine
the regularization.

In a pure Bayesian approach, if the prior distribution was multivariate nor-
mal (MVN), with prior mean z. and prior covariance A, this would give the
maximum a posteriori (MAP) solution. By linearizing around this solution, we
could obtain an MVN posterior distribution. However, the JPL approach uses
ad hoc regularization terms without an explicit prior. With this sort of regu-
larization, the regularized solution is biased, with the magnitude and direction
of the bias depending on both the true model and the averaging kernel.

After the inversion has been accomplished, it’s possible to perform error
analysis including the effects of bias introduced by the regularization. This error
analysis is critical to atmospheric retrievals and data assimilation. However, this
analysis requires us to make assumptions about the true model in much the same
way that we would have to select a prior distribution in the Bayesian approach.

The approach that has been implemented has some advantages over the
pure Bayesian approach. In the pure Bayesian approach, constructing priors
from previous observations and simulation models can be a difficult process.
Furthermore, the prior must be selected before we can begin to analyze the
data. In the implemented approach, it’s quite simple to construct an ad-hoc
regularization scheme which stabilizes the inversion. By using the averaging
kernel we can effectively postpone assumptions about the prior distribution.



Note that most Bayesians would consider the idea of selecting a prior after
the data has been gathered and analyzed to be heretical. The problem here is
that you run the risk of deluding yourself that results are good when in fact you
over regularized in order to get a believable solution.

There were several suggestions for possible improvements to this basic ap-
proach.

1.

The approach that has been implemented involves “regularization by dis-
cretization” in that the continuous problem is first reduced to the problem
of finding the concentrations in 87 intervals, and then further reduced by
interpolating down to 10 parameters for the actual minimization. This
regularization by discretization could potentially be much stronger than
the explicit regularization used. It would be good (and relatively simple)
to perform some inversions with the 87 parameter model to determine the
strength of the regularization introduced by the interpolation. It would
also be worthwhile to further refine the discretization to see how this would
effect the results.

. Since the forward model is nonlinear, the uncertainty analysis is based on

a linearization around the best model parameters. It isn’t clear whether
this approximation is reasonable, particularly when the averaging kernel is
used to estimate the bias for parameters which are far from the parameters
used in the linearization. It should be relatively simple to compare the
true nonlinear model and the linearized model for parameters of interest
to see whether the approximation is reasonably accurate or not.

It appears that the inversion process might get stuck in a local minimum
under some circumstances. Multi-start or more sophisticated randomized
search strategies should be used to investigate both randomly selected
cases and cases that have been identified as problematic. This could pro-
duce confidence that local minima are seldom a problem, or it could make
it clear that some more sophisticated global optimization scheme is needed.

Markov Chain Monte Carlo (MCMC) methods might be used to sample
from the posterior distribution. This would take care of problems caused
by the nonlinearity of the model, and allow for a wide variety of prior
distributions. This would also take care of situations in which the cost
function is multimodal with significant local minima.

The forward model should be carefully checked to determine whether it is
sufficiently numerically smooth.

The stopping criteria for the Levenberg—Marquardt method might be im-
proved.

The group discussed the possibility of presmoothing the data before in-
version. Another related idea would be use adaptive wavelet bases in
constructing the ad-hoc regularization scheme.



Chapter 2

Uniqueness of
Reconstruction in
Simplified Setting

2.1 Setting of inverse problem

Consider a radiation source term at the surface L(0,v), where v is frequency,
a volume source term of radiation a(z,v)B(z,v), where z is altitude, a(z,v) is
the absorption profile in the atmosphere, and B represents black body radiation
from the atmosphere at altitude z and frequency v, which is assumed to follow
Planck’s law.

The measurements are the radiation intensity L(Z,v) at the top of the at-
mosphere Z for all frequencies v. The equation that L satisfies is

% + a(z,v)L(z,v) = a(z,v)B(z,v), z€(0,2), ve(0,+0c0)
L(0,v) = Lo(v) known
L(Z,v) measured .

(2.1)
The first-order ODE is easily invertible and we get

L(Z,v)=e" I’ a(z1)dz 10, ) + / a(z,v)B(z,v)e” JZ alewd g, (2.2)
0
Let us define the optical length

a(z,v) = /2 a(¢,v)dC. (2.3)

0



We recast the above integral as

z
L(Z,v) = e O (0, 0) +/ a(z,v)B(z,v)e”¥EM) 4z, (2.4)
0

An interesting inverse problem in atmosphere imaging is to assume that
the radiation term B(z,u) is known and to reconstruct as much as we can of
a(¢,v) from L(Z,v). The absorption map a(z,v) depends on concentrations
of particles in the atmosphere such as ozone, carbon monoxide/dioxide. These
concentrations are what we are interested in. Let us assume that we have found
a band of frequencies in which only one particle, such as ozone, contributes to
absorption. Then we have as an approximate model that

’a(z, v) = c(2)k(z,v), ‘ (2.5)

where ¢(z) is the unknown concentration profile and a(z, v) is a known signature
of ozone. It looks like something of the form
S(ro)ar(z)
7(v—10)? + ap(z)?’
where T'(z) is temperature and vy is the center of the frequency band of interest.
We simplify the model as follows. We assume that
S(vo)ar(2)

kv, 2) = m = p(v)or(z).

ap(z) ~T(2)" Y2, (2.6)

kp(v,2) =

so that both formulas agree when |v — 19| — co. As an approximation, we thus
obtain that u varies between 0 and oo as v varies in R. We recast is as

1, 2) = p(v)g(2) | (2.7)

for some function g strictly positive. This is the slightly simplified model we
analyze in the sequel.
Physically the B term is of the form

V3

e—hv/kT(z) _ 1

B(z,v) ~ ~1*T(z) and Lo(v) = v*Ly, (2.8)

where Lg is a constant. Since both source terms are linear in 2 we can change
variables L(z,v)/v? — L(z,u) with u = (v — 19)?. Let us define the rescaled

optical length

a(z) = / e(O)g(C)dc. (2.9)

Accounting for all the simplifications the inverse problem we wish to solve has
the form

Z
D(p) = Loe #©) 4 /O pe(2)g(2)T(z)e =) dz (2.10)

Here D(u) is our measurement of p € RT. Important aspects are that g is a
positive (and known) function and that ¢(z) is a positive unknown concentration
profile. We also assume that the temperature profile T'(z) is known.



2.2 Uniqueness and ill-posedness in a simple case

Since o/(z) < 0 on (0,Z) we can perform the change of variables z — a(z),
define the inverse map o — z(«) and recast the integral equation as

a(0) dz
DG = Lo @4 [ pela(a))gl=() T el T]e o o

a(0)
= Loe +(0) —|—/ uT (z(a))e " da.
0
We have used that a(Z) = 0. Upon integrating by parts in the above integral,
we obtain that

a(0) dz
D(p) = (Lo — T(0))e #*©) L 7(Z) —1—/0 T’(Z(a))ae_“ada. (2.12)

The data D(u) — T(Z) is thus the Laplace transform of the distribution

T’(z(a))j—z + (Lo — T(0))8(c — a(0)) = h(a) (2.13)

We can thus reconstruct «(0), Lo, and T"(z(«))z'(e) on (0,«(0)) from the
measurements D(u). This is known to be a severely ill-posed problem.
The above problem is equivalent to

c(S/g((Zz)) = h(/zz C(C)Q(C)dC)- (2.14)

We thus obtain the Volterra type integral equation

—T'(2)

([ e©0c)otz)

c(z) = (2.15)

It can be solved on (0, Z) backwards starting from
—1'(2)
h0)g(Z)’

This shows uniqueness of the reconstruction and provides a constructive method
to obtain ¢(z) in (0, Z).

o(2) = (2.16)



2.3 Small inclusions

Solving the full problem for ¢(z) is unlikely to provides us with a good estimate of
the strong and localized variations that may occur in the concentration profile.
Rather one may want to impose the presence of such variations and try to
reconstruct them directly. Here is a caricature of a model.

Let us assume that f = 0 and that a background profile ¢y(z) is more or less
known. The true profile is

’ c(z) = co(z) + de(2). ‘ (2.17)

The assumption on dc(z) is not that it is small in L® but rather that it is small
in L' and of “small” support.

Let us assume that dc(z) takes the value dc on an interval centered at z = 2
and of size dz and takes the value O elsewhere:

6c(2) = 8e X {2]2—z|<s2} (2)-

We first recast the radiative transfer equation as an equation for H(z,u) =
L(z,p) — T(z) after rescaling and obtain that

Z T
H(Z,p) = e O H(0) + / — e HZ) gy, (2.18)

0 8,2
Let us denote by ag(z) the optical length for ¢y only. We then observe that

4
H[C—F(SC](Z, /J’) — e_ﬂa(O)H(O)e—u5cézg(zo)+/ _gje—uao(Z)e—uécézg(zo)x[z’z](zo)dz+o(5z2).
0 z

Assuming we know the background we thus have access to information of the
form

Z 9T
———e
ya

—nao(z) 1,

= pdcdzg(zo) [eﬂmoH(O) + /

Z0

Taking the ratio at two different values of u gives a functional on zy out of
which we should be able to reconstruct zo (may be with additional assumptions
on where zg is, or may be using more than two values of p). Once zg is known,
we easily get dcdz from the above expression. So if the background is known
with sufficient accuracy we can deduce that

zo and dcdz are “easily” reconstructed even from limited measurements.

Notice that if the noise in the data is of the order of O(62%) so that higher
order terms cannot be reconstructed, the product dedz (i.e. the total amount of
ozone variation in the layer) is all we can get. If the noise in the data is larger
than dcdz, then even this information cannot be retrieved unless a more careful
statistical model is considered.



Chapter 3

New approaches for
numerical inversions in the
nadir mode

For fixed frequency v the monochromatic radiance L (v,z) emerging from an
atmospheric path can be written as

z

d
L2 = D002+ [J@greeds. (61
0
In (3.1) 7 (v,&, 2) is the transmittance from £ to z and can be expressed in
terms of the absorption coefficients «; (v, z) of the different absorbers:

n

T2 = e

me—

Z ri(v,8)pi(s)ds
' ~ (3.2)

For simplicity we consider only the case, that scattering albedo can be ne-
glected and that there’s only one absorber, ozone, which distribution p(z) we
want to recover. Because measurements are always taken at a constant height,
which is given by the satellite, we set z = 1. Further we introduce the function
B (v, z), so that we can rewrite (3.1) as

1
L(v,1) = L(V,O)T(V,1)+/B(V,§) C%T(l/,f,l)df. (3.3)
0

This equation will be the starting point of our considerations.



3.1 Approach 1

(From (3.3) we get easily via integration by parts

1
L(v,1)=(L(v,0)-B(v,0)) 7 (v,0,1) + B (v, 1)—/ Be (v,8) T (v, &, 1) d¢ (3.4)

0
with
3

BpT) = —g—

eFsT — 1

1

— [ k(v,s)p(s)ds

T(vaa 1) = e ¢ :

Because we want to retrieve the unknown distribution p (€), (3.4) seems to
be easier to handle since there the derivative of B is taken, which can be calcu-
lated analytically.

The idea is to solve the nonlinear equation (3.4) iteratively with an initial
guess g1 (§) for the unknown distribution ¢ (£). In every iteration step we define
pseudo-data gy (ox) by

K(v,8)pr(s)ds
gk (er) = (L(»,0)=B(»,0))e

+B(v,1)—L(v,1)(3.5)

O —

and obtain

[ ) o (s)ds
0

Flo) = / Be (1n.€) e €= gular).  (36)
0

We can solve this nonlinear operator equation by several iteration methods. For
convenience we consider the Landweber method

Okt1 = ok +OF*(gp—For), keN, (3.7)

with £ the adjoint of the Fréchet derivative F’. Obvious the Fréchet derivative
of F' in respect to o is given by

- fl K(v,8)pry1(s)ds
0

1
Flo)h = / Be (1,€) 5 (n,€) h (€) ¢ i, (38)
0



so that the calculation of the adjoint is straight forward and we obtain

Vmaz 1

(F (0) B B Lo ms] = /(/Bduonwf)ﬂae

Vmin O

rk(v,s)o(s)ds -

déh(v) dv

M—

Vmazx

- fl k(v,s)o(s)ds

!n/ b€ k() h) e ¢ dvh (€) de

Vmin

= <h, F (9) %>L2[0,l] > (3~9)
where the adjoint F’* is defined by

. Ymas . 7.f r(v,s)o(s)ds
F*(o)h = / Be (v,6) k(v,&) h(v) e ¢ dv. (3.10)
3.2 Approach 2
/ 0 1
L) = L0000 + [ BT E ae @y
0
with
B(v,§) — Planck’s law
7(v,€,1) — Transmittance function
n
T(r,€,1) = exp —/Zmysgl ds
i=1
0 — searched for distribution

In the following, we might consider only the special case where the spectrum only
contains information on Os. Thus, the transmittance function can be written

as
1

T, €, 1) =exp — / k(v,s)o(s)ds p . (3.12)
3
There are several possibilities for a stable inversion of equation (3.11). As could

be seen in the previous section, a difficulty arises from the fact that 7(v,0, 1) is
unknown. We have

1

6 ) 71
/T(gg“dfﬂ(u,m —7(10.1),

0

10



and with .
T(v,1,1) = exp —/m(z/, s)o(s)ds p =1
1

follows

L(v,1) — L(v,0) = /(B(y, &) — L(v,0)) 87-(27571) dg . (3.13)

Next, the derivative of 7(v, £, 1) with respect to £ is computed. Setting
f(v,s) = k(v,s)o(s)
we get

1
or(v,&,1) B
T — e €/ f(v.5) ds

Setting

1 1
F@W) = [ (B.8) - L0n0) n(w el€)exp { — [ wals)ds b e
0 3
(3.14)
we have to solve the nonlinear operator equation
L(v,1) = L(v,0) = F(o)(v) - (3.15)

We wish to remark that the structure of the operator F' is close to the attenuated
Radon transform. Almost all regularization methods make use of the Fréchet
derivative F’(p) of F' and its adjoint F’'(p)*. In many cases, the choice of the
proper function spaces is crucial for the existence of the derivative. If we assume
that the kernel x(s,v) is bounded,

k(v 8)| < CY(v, 8) € [Vmin, Vimas] x [0,1], (3.16)

we can proof that F' is Fréchet differentiable First, we need to prove some
preliminary results:

Proposition 3.2.1 Let K be an integral operator defined by
1
Kolw) = [ (v5)o(s)ds
3

where & fulfills (3.16). Then

1
/ (v, 5)0(s) ds| < Cllol (3.17)
3

11



Proof:
This is easily seen by Holder inequality:

) . 2 1/2
/ kv, s)ols)ds| < / (v, 9)|? ds / lo(s)[2 ds
£ 13 3
< Cllal

Proposition 3.2.2 Under the assumptions of Proposition 3.2.1, the estimate

exp  { - ! w(v,5)(o(s) + h(s)) ds § = exp { — 5/ (v, 5)(a(s)) ds

—/H(V, s)(o(s)) ds - exp —/I’»(V» s)(e(s)) ds ¢ + O(||R[|*) (3.18)
¢ 3

holds for ||h]| — 0.

Proof:
By Taylor’s expansion, we have

. ot :
e~ () — g7 e 4 /6_(1+9t) o (3.19)
1 1

Setting © = [ k(v,s)o(s)ds and t = [ k(v,s)h(s)ds. Using (3.17) we can esti-
0

0
mate the last term in (3.19) by

1 1
L ——— Conz [ crllel+oin
0 0
C
< 5\\’1”260(2”“’” = O(||n]I*)
for ||h|| < |le||- Thus, (3.18) holds for ||h| — O. -

12



Theorem 3.2.3 The operator F : L3(0,1) = Lo(Vinin, Vmaz) defined in (3.14)
1s Fréchet—differentiable. Its derivative is given by

h [ w(ws)o(s) ds
F’(g)():/m(ué h(€) — o(& /Iil/S e ¢ d¢
3
(3.20)
Proof:
We have

!1 (1,5) (o(s)+h(s)) ds

k(v 1) (h(E) + o(§))e

=

S

+

=

S
o _

(3.18) p fln(u,s)g(s) ds | 711 k(v,s)o(s) ds )
2 [ k(. €)(el€) + e | e - [ st shisds e ¢ +O(IRI?) | de
0 3
1 1 1
J &(v,8)o(s)ds J &(v,8)0(s) ds
=F(o)(v) + / kv, &)h(&)es d¢ — /Iﬁ: /K s)ds - et d
0 0 £
=:F'(0)h(v)
1 1 1
| k(v,s)e(s)ds
//i /K, s)ds - et d¢ + O(||n||?) /Ii &) + h(§))d¢ .
0 3 0
It is easily seen that the last two terms behave like O(||h||?), and we have finally
shown
F(o+h) = F(o) + F'(e)h + O(||1||*)
which proves the Fréchet—differentiability of F. -
Theorem 3.2.4 The adjoint operator F'(0)* of F'(o) (in the Ly sense) is given
by
Vmax 1 Vmax 5 1
L — [ k(v,s)o(s)ds — [ k(v,s)o(s) ds
F@r9g©)= [ ringe syav— [ [ niws)esre dsg(v) dv
Vmin Vmin 0
(3.21)

13



Proof:
To simplify the notation we set F'(g) = F{ (o) — F3(o) with

- fl k(v,s)o(s) ds
3

Fl(oh(v) = [ 5@ () e

o

1

1
Fyoh(v) = / (1, €)0(€) / K, $)h(s) ds - e
0 £

— fl rk(v,s)o(s) ds
3

de .

We obtain
Vmaz 1 1
, — [ k(v,8)o(s)ds
Fhg = [ [smonee ¢ dég(v) dv
Vmin O
1 Vmazx 1
—_[ k(v,s)o(s) ds
= [0 [ swoe ¢ g)dvde
0 Vimin
and thus )
, . vmae — [ k(v,s)o(s)ds
Fi0r9©) = [ nnge g dv (3.22)

The adjoint of F} is computed by

Vmaz 1

JESrs

- fl k(v,s)o(s) ds
k(v,s)o(s)ds-e ¢ g(v)dv

(Fy(0)h, g)

7f1 k(v,s)o(s) ds
Xie. (8)R(v, )h(s)ds - e ¢ dég(v)dv

1
— [ k(v,s")o(s")ds’

= /h(s) / //{(1/, )g(f)x[&l](s) k(v,s)-e ¢ dég(v)dvds .

0 Vmin O

Now, we have

lforé <s<1
Xien(8) = { 0 otherwise
= X&),

and thus

Vmaz S 1
L — [ k(v,8")o(s")ds’ ,
Bloros) = [ [ nOo©nivis) e ¢ A gw)dv . (3.2

Vmin 0

14



* / *
The assumption follows from F'(9)* = F{(0)* — F3(0)*.

15



Chapter 4

A Newton linearization
approach for solving the
atmospheric retrieval
problem

We want to solve for a € L?[0, 1], the following equation
Gla) = f
where
o f € L*[Vimin, Vmaz) is the known data, and

o G:L?0,1] — L2[Vmin, Vmaz| is the forward operator defined by

1

G(a)(v) = E(a)(0,v) —l—/ E(a)(s,v)ds

0
with

E(a)(s,v) = exp{ - /: a(t)k(t,v) dt} :

for k:[0,1] X [Vmin, Vmaz] — R a known function.

4.1 Linearization by Newton method

Let € estimate data error and let G’(a) : L?[0,1] — L?[Vmin, Vmax] denote the
Fréchet derivative of the operator G at the point a. Let j = 0.
Start with initial guess ag(t) and solve for h € L?[0, 1] the linearized problem

G'(a;)h = f = G(ay),

16



then update a; 11 = a; + h and repeat until ||f — G(a,)|| <e.

4.2 The Fréchet derivative for the linearization

By considering the Taylor’s expansion e~ (™) = e~!(1 — m) + O(m?), with
l= fsl a(t)k(t,v)dt and m = fsl h(t)k(t,v) dt, we can write

Ea+ h)(s,v) = B(a)(s,v)(1 ~ / k() at) + O(|hl?).
We have
Gla+h)(v) = E(a+h) +/01E ,v)ds
— Bla+h) +/1 {B()(s 1/lh(t)k(t,u)dt>+O(||h|2)}ds

0

= E(a+ h)( +/OE svds—/E su/h k(t,v)dtds + O(||h|?)
= E(a)(0,v) — E(a)(Oﬂ/)/O h(t)k(t,v)dt
1 1 1
-|-/0 E(a)(s,y)ds—/o E(a)(s,u)/ h(t)k(t,v) dtds + O(||h|*)
= E(a)(O,u)—i—/o E(a)(s,v)ds
1

1 1
fE(a)((),z/)/O h(t)k(t,v) dt — E(a)(s,u)/ h(t)k(t, v) dtds + O(||h||?)

0

Hence, the Fréchet derivative G'(a) : L*[0,1] — L?*[Vmin, Vmaz) is given by
1 1 1
G/ ()h](v) = — E(a)(0,v) / h(#)k(t, v) dt — / E(a)(s, v) / h(t)k(t, v) dt ds
0 0 s

4.3 Landweber approach for the linearized prob-
lem

At each step of the Newton method, we have to solve the linearized problem:
G'(aj)h = f — G(a ).

In order to regularize the resolution, we solve the latter equation by using the
Landweber iterative method as follows. Let ho(t) = 0 be the initial guess and

17



let 1 be a fixed value. Compute, for a certain g > 0,
hisr = hi, = BlG™ ()G (aj)hi — G (a))(f — Gla;))
until (|G (a;)G (a5)he — G (a;)(f = Glay))ll <.

The relationships between this (outer-inner cycles) Newton-Landweber method
and the following classical Landweber iteration scheme for non-linear operator,
are quite evident

a1 = aj — G *(a;)(Gla;) — f).

In the first case we compute a better solution of the linearized Newton step,
while in the second one we compute a more precise approximation of the deriva-
tive G and G * at each new point.

For the Landweber iteration, we need the adjoint operator G/*(a) : L2 [Vmins Vmaz] —
L?[0,1] of the Fréchet derivative G’(a), that is, by definition, we have to compute
the operator G'*(a) such that < G’(a)h, ¢ > L2 i vman] =< Py G (a)p >1200,1]-
We obtain

<G @O >t = [ 1 @HE)0)

min

Zﬁmz{memyxélmwk@yyﬁ}¢@yw

min

+

Vmax 1 1

/ { —/ E(a)(&u)/ h(t)k(t,v)dt ds} o(v)dv.
Vmin 0 s

For the first integral, we have

/Vumam { — E(a)(0,v) /01 h(t)k(t, v) dt} $(v) dv

min

_ /0{/ (= B(@)(0,0)k(t,1)o(w)) dv }h(t) dt,

min

and for the second one:

[T [ m@en [ aoken s} o a

min

_ /0 " ds / "t / " B(a)(s, )bkt ) () d

min

_AlﬁAZkAM”E@@wmwmuwaww

min

1 Vmaz i
/0 {/V /o (—E(a)(s,z/)k(t,y) ¢(V)) dsdy}h(t) dt.

min
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The adjoint operator G *(a) is then defined as follows

(G (a)g](t) = / {~B(@)©,)k(t,)+ /0 t (—B@)(s.m)k(t,v) ) ds } o(v) dv

min

We notice that both the linearized operator G'(a) and its adjoint G *(a) are
the following convolution operators

G'(a) : L2[0,1] — L2[vmin, vmas]  such that  [G(a)h](v) = /O galt, )R(1) dE,
and
G*(a) : L [Vmins Vmaw] — L20,1]  such that  [G"*(a)d](t) = / T b )by

where

galt.v) = —k(t,v)( E(@)(0,v) + /Ot B(a)(s,v) )

—k(t, 1/){ exp ( - /0 a(7)k(r, l/)d’T) + /Ot exp ( - /81 a(T)k(T, V)dT) ds}

Indeed we have

/01 (— E(a)(O,u)h(t)k(t,z/)) dt — /01 ds/: dt E(a)(s,v)h(t)k(t,v)

[G"(a)R](v)

/O 1 (— B@)©.n)hk(t.v) ) di /O L /O " ds Bla)(s. )h(D)k(t.0)

/01 (— E(a)(0,v)k(t,v) — /Ot E(a)(s,v)k(t,v) ds)h(t) dt

4.4 Computational matters

For a given a, we need to compute

1
Y (s,v) :=exp ( —/ a(T)k(r, V)dT) .
We could do this by solving the initial value problem

{ ¥ (5,1) = a(s)h(s, )Y (5,0)
Y(1,v)=1

by marching backwards with N + 1 equidistant nodes from sy = 1 to sg = 0
and using a centered difference scheme:

Y(sy,v) = 1
Y(sn_1,v) = Y(sn,v)—Asa(sy)k(sy, )Y (sn,v)
Y(sj,v) = Y(sjt2,v) = 2As a(sj11)k(sj+1, )Y (s541,7) ,
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where j goes from N — 2 to 0.
By a numerical point of view, the latter scheme is highly unstable. So we use
the normal trapezoidal rule:

Y(sj,z/):exp{ AZS(( k(sj,v +QZ k(sg,v +a(sN)k(sN,V)>},

k=j+1

where As =1/2N .

Next we compute for N + 1 equidistant nodes tg =0 to ty = 1,

W(tp,v) = /Otp exp ( — /Sl a(T)k(T, V)dT) ds

via the trapezoidal rule:

W(tp,u):AQ( (so,V —‘rQZYSJ, +Y(sp,v ))

Then we obtain
G(a)(v) =Y (so,v) + W(tn,v)

and

Ga(tp,v) = —k(t,, V){Y(so, V) + Wit,, ,,)} .

The linearized operators can be computed now by the following formulas

[G'(a)h)(v) = %{ga(to, h(to) +2 Z alt )+ ga(tn, )h(tN)}
respectively
, Ay M-1
[G *(a)¢](t) 2 {ga<t VO)¢(VO) +2 Z ga(tv Vj)¢(”j) + ga(ta VM)¢(VM)} .

The numerical results of same sample problem have shown a low convergence
speed of the Newton method, since the shift G *(a;)(G(a;) — f) is very small
after the first iterations.

4.5 Monotone considerations

Throughout we consider the pointwise monotony relation, i.e. for a and b func-
tions on [u, v] we say a < b if a(t) < b(t) for all ¢ € [u, v].
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An operator B is monotonically decreasing if a < b implies B(a) > B(b). An
operator B is called concave if

B(Aa+ (1 —X\)b) > AB(a) + (1 — A)B(b), for all A € [0,1]

and (7)
B(a+h) — B(a) < B'(a)h.

The following holds.

Proposition 4.5.1 The forward operator G is monotonically decreasing and
concave.

Proof. Since e~! > e™™  if [ < m, then, by considering [ = j;l a(t)k(t,v)dt
and m = fsl b(t)k(t,v)dt, with 0 < a < b, we can write

E(a)(s,v) = exp (—/sl a(t)k(t,v) dt) > exp (—/sl b(t)k(t, v) dt) = E(b)(s,v).

Then G is monotonically decreasing, as follows
1 1
G(a)(v) = E(a)(0, u)—i—/ E(a)(s,v)ds > E(b)(0, u)+/ Eb)(s,v)ds = G(b)(v).
0 0
Since e MH=Mm < Ne=l 4 (1 — \)e™, we can write

1
EQa+(1-Nb)(s,v) = eXp(—/ (Aa(t) + (1 — \)b(t))k(t,v) dt)

< JXexp ( - / a(t)k(t,v) dt) +(1—A)exp ( - / b(t)k(t,v) dt)
= AE(a)(s,v)+ (1 —N)E(@D)(s,v).
We have
GAha+ (1 -=Xb)(v) = ERa+(1-20)(0,v)+ /1 E(Xa+ (1 —MNb)(s,v)ds
0

< AE(a)(0,v) + (1 — NE()(0,v) + /O 1(/\E(a)(s,1/) + (1= NE®b)(s,v)) ds
= AE(a)(0,v) + (1 — N)E®)(0

+)\/E (s,v)ds+ (1 — A /E (s,v)
- — NGB (v

This allow us the analogy with one dimensional case. We call a a super-
solution (sub-solution) if G(a) > f (G(a) < f).
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Lemma 4.5.2 If a is a sub-solution, then the Newton method gives a larger
sub-solution.

Proof. Let a be a sub-solution and let h be the solution of G'(a)h = f—G(a).
We have that G(a + h) < G(a) + G'(a)h = f, which states that a + h is a sub-
solution too.

Furthermore, G'(a)h > 0 since f — G(a) > 0, which gives

G(a+h) < G(a) + G'(a)h < G(a).

Our question:

Since the function is (pointwise) concave, can we extend in same “heuristic
way” the simple scheme Newton-Secant?

We know Newton-Secant works properly in the simple 1-D case, and it gives
an useful bound for the distance between the iterative solution and the true (un-
known) solution. Obviously it cannot be extended directly to multidimensional
setting. We recall that then the secant method gives the new approximation
c=a+[g(a)/(g(b) — g(a))](b— a), which lies inside (a,d) if g(a)g(b) < 0.

The convergence of the Landweber method is often quite slow. In our first
test examples, Landweber “converges” to a function that is far from the true
solution (see Fig. 4.2, A), while the residual is very small (see Fig. 4.2, B). We
try to include monotone ideas to pass by these Landweber trapping regions.

As first example, we test the following scheme.

Let a be the result coming from the Landweber method. Since the opera-
tor is concave, this solution is usually “sub-solution-close”, which means that

J(G(a) — f)dv < 0.

Let b be a super-solution (the simplest one is b = 0, related to the upper
bound G(b) = 2).

Now we consider subsequent corrections of the Newton-Landweber solution,
as follows.

Let =1,2, ..

e If j is even
¢ = Landweber(a + v(b — a))

with few iterations, where Landweber(h) denotes the Landweber method
with h as initial guess.

e otherwise
c=a+vy0b-a)
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Here ~ has to be a shift value in the direction of the expected better solution,
such as either v = [ G(a)dv/ [(G(b) — G(a))dv (secant method) or v = 1/2
(middle point).

If |G(c) — f|| < €, where € is the estimate data noise, then c is the solution
and stop.

Otherwise,
if [(G(c)— f)dv >0, let b=c, and
if [(G(c)—f)dv<0,leta=c.

4.6 Numerical results

We test the simplified model whit a discretization of 25 equidistant nodes in
[0, 1] for the altitude, and 50 equidistant nodes in [Viin, Vmax) for the frequen-
cies, where vpin = 40; Vmax = 89.

The function k is k(s,v) = (VIO(N + M)~ % /s + v.
The input (true) solution is the function a(t), = exp{—(t — 0.5)%/0.22}.

The initial guess for the Landweber method is
a(t)o = a(t)« + 0.3 * exp{—t(—0.3)%/0.12} + 0.5 * exp{—(t — 0.5)2/0.2%} + 0.3 *
exp{—(t — 0.7)2/0.1%}.

Fig. 4.1, shows true solution, initial guess and reconstructions by Landweber
method after 50 iterations; the restoration errors and the residuals are shown
in Fig. 4.2-A and Fig. 4.2-B (diamond = true solution; plus sign = Landweber
initial guess; asterisk = Landweber last iteration).

After the first 30 iterations, the Landweber methods does not more improve the
solutions. Note that at the latter iteration the residual is small, while the errors
is still high.

In order to get away from the region where the Landweber methods is static,
we apply the monotone trick of the previous section.
Fig. 4.3, show the first 5 iterations of the method. Fig. 4.4, show the next,
up to the 20-th, iterations of the method (diamond = true solution; plus sign
= Landweber initial guess; asterisk = Landweber last iteration; dashed line =
Landweber iteration in the monotone scheme; dotted line = iteration with linear
combination in the monotone scheme; points = last iteration of the monotone
scheme).
The restoration errors and the residuals are shown in Fig. 4.5 and an improve-
ment of the solution happens.

Unfortunately, the algorithm does not give monotonic decreasing of the
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Figure 4.1:

Iterations of the Landweber method
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A : Reconstruction errors B : Residuals
Figure 4.2: Reconstruction errors and Residuals of the Landweber Method

restoration error.

As we expect, differing from the 1—d case, a subsequent iterations could be worst
than the previous. The key point is that the concept of ”sub-solution-close” a,
and its measure [(G(a) — f)dv, are only heuristic considerations.
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Figure 4.3: First 5 iterations of the monotonic method
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Figure 4.4: Next iterations of the monotonic method
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A : Reconstruction errors B : Residuals

Figure 4.5: Reconstruction errors and Residuals of the monotonic method
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Chapter 5

Future Work

All of the members of the group have expressed an interest in continuing to
work on this problem. Brian Borchers is interested in following up on the
suggestions for improving and validating the implementation of the existing
statistical approach discussed in Chapter 1. Guillaume Bal and Kui Ren would
like to extend the work on small inclusions discussed in Chapter 2. Ronny
Ramlau and Markus Jéckels are continuing to work on the numerical scheme
discussed in Chapter 3. Alexandru Tamasan and Claudio Estatico would like to
continue working on the implementation of the Newton linearization approach
discussed in chapter 4.
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