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§0. An Introduction to the Electrical Impedance Tomography Problem.

We start by considering a very simple one-dimensional problem, in which we are given
an electrically conducting wire of length £. We use x, 0 < x < /, to refer to an arbitrary
point on the wire in terms of its distance from one of the endpoints (fixed). Between any

two points 2 < y on the wire we let U(z,y) denote the voltage difference, given by

(0.1) Uz, y) = u(y) —u(z) ,

Here u denotes the voltage potential, which incidentally only is determined up to a con-
stant. For any 0 < z < ¢ we let I, denote the current passing through the point z (from
left to right, say); we subscribe to the convention that a positive current is associated with
a voltage drop.

We assume that no interior points of the wire are connected to current sources, and
we consider a situation of steady state electric conduction arising from the application
of equilibrated sources to the endpoints. Conservation of current now implies that I, is
independent of x. The other main physical principle which we shall need to characterize

the voltage potential u is a constitutive law, in this case the socalled Ohm’s law:

This law asserts that there is a linear relation between the voltage difference U(z,y) and
the constant current I, the positive factor of proportionality being R(z,y), the socalled
resistance of the wire between the points z and y. It follows directly from (0.1) and (0.2)
that resistance is additive, i.e., R(z,y) + R(y,z) = R(z,z). We shall assume that R is
differentiable in some sense. This implies that we may define the resistivity (density) by

the relationship

(0.3) Re) = [ " o(z) dz

We assume that p is strictly positive (that it is non-negative follows directly from the

positivity of R(z,y). It is convenient to introduce the notion of conductivity, v, by

(0.4) V(@) = —



The identities (0.1)—(0.4) allow us to write

w(w) — u(0) = U(0, ) :—I-R(O,a:):—l/owp(y) dy:—f/owi dy |

or
Differentiation now gives
i.€.,

This latter is the infinitessimal version of Ohm’s law. An additional differentiation gives

(0.5) (v(2)u'(x))" =0 .

We shall base our discussion of the inverse problem on (0.5), not because it is the simplest
way to describe the problem in the one dimensional context, but because it is the way
that most closely resembles the situation in higher dimensions. At this point we know
that all possible steady state voltage potentials are solutions to (0.5). The coefficient y(z)
embodies the electric properties of the wire.

Our inverse problem is the following: imagine that the wire is enclosed in a black
box, with only the ends exposed. We suppose that we have a device for measuring voltage
differences and currents. How much can we learn about the wire (i.e., y(z)) by making
all possible voltage and current measurements at the two exposed ends? We begin by
examining what independent measurements we may perform. First notice that any possible

measurement consists of four numbers

{(0),7(0)u(0), u(f), y()u'(0)} ;

these are the voltages and currents at 0 and ¢ respectively. Notice also that adding a con-
stant to a voltage potential or multiplying a voltage potential by a constant gives another

voltage potential. Since a voltage potential (a solution to (0.5)) is uniquely determined
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by the values of u(0) and ~(0)u'(0), it follows that once we have made a measurement
corresponding to «(0) = 0 and (0)u’(0) = 1, all other measurements can be inferred, and
hence can yield no further information about . Secondly notice that current is conserved
so that in the above case y(¢)u’(£) = y(0)u’(0) = 1. The equation (0.5) can be integrated

directly to yield

u() = ~(0)!(0) / (o) = / e

In other words, all the possible boundary measurements may be inferred from the single

1 dy
01, S

which only contains information about the integral

the total resistance of the wire. In summary, there is only one single experiment to perform:

measurement

measure the voltage difference corresponding to a unit current passing through the wire.
There is only one integral quantity of y(z) that may be determined: the total resistance
of the wire.

This is not terribly surprising, nor is it terribly encouraging when it comes to the
complete recovery of vy(x). The fact is, however, that in higher dimensions it is possible to
perform many more experiments and to infer much more information.

Let Q be a bounded region in R™ (n > 2) which represents a conducting medium. Let
u(z) represent a voltage potential (i.e., u(x) —u(y) is the voltage difference measured by a
voltmeter with electrodes attached at the points x and y). The current is now represented

by a vector which we denote by i(x), and Ohm’s law becomes

(0.6) i(z) = —v(2)Vu(z)

The current is no longer independent of position in €2, however, since we are considering
steady state conduction, charge cannot accumulate in any subset Q C Q. This means that

the net flow of current across 0f2 is zero, i.e.,

/~ i(2) - v(z) dS() =0 |
o
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where v denotes the unit outward normal to dQ. The divergence theorem implies that

/Vz(x) de =0 .

Q

As Q is arbitrary, we have, for every

V-i(z)y=0 .
Substituting (0.6) into this identity we arrive at the multidimensional analog of (0.5)
(0.7) V- (y(z)Vu(z)) =0 inQ .

The coefficient y(z) is in general a positive definite symmetric n x n matrix; if y(z) is a
scalar valued function we say that the medium is isotropic, in all other cases we refer to it
as anisotropic.

To give a simple example of the additional information available in dimensions higher
than one, consider the following two dimensional example (taken from [K-V I]): Let Q

denote the unit square Q = [0, 1]?, and let u(z1, z2) denote the solution to

V:(y(z1)Vu) =0 in Q, with

u(0,z2) = u(l,z9) =sinmxy and

w(z1,0) =u(z1,1) =0 on 9N .
As additional measured data we take 788—;2|$2:0 = k(z1), 0 < &1 < 1. Due to the strong
version of the maximum principle it follows immediately that k(x;) > 0 for 0 < 27 < 1.
Because of the special form of the Dirichlet boundary data we get that that w is of the

form

w(xy, x2) = a(zy) sinwzy

where a(z1) is the solution to
(y(z1)a' (z1))" — 7?y(z1)a(z1) =0 in (0,1) with
(0.8)
a(0)=a(l)=1 .

The measurement k is related to v by

(0.9) k(r1) = my(w1)a(r1) or y(z1) =




Due to the facts that k(z1) > 01in (0,1) and a(0) = a(1) = 1 we conclude that 0 < a(x1) <
1in (0,1) (and 0 < a(xz1) <1 on [0,1]). A combination of the identities in (0.9) with (0.8)

yields the following equation for b(z1) = —loga(xz1) >0
(k(z)b (21)) = —7%k(21) in (0,1) with v(0) =v(1)=0 ,

which by direct integration gives the formula

v(zy) = —m? /Ow ﬁ {/Osk-(t) dt—c] ds , with

= ( /O% ds)” /O% [y s

From (0.9) it follows that

(0.10)

(0.11) (1) = ’f(;’:l)eb(ml)

The formulas (0.10) and (0.11) together provide the explicit solution to our inverse problem:
a formula for v(z1) in terms of the single measurement k(x1). For a general v that depends
on both variables ;1 and x2 a single measurement will not suffice and such an explicit
formula is not available. In addition to illustrating the added information available even
from a single experiment in two dimensions, the example does illustrate an additional
feature of the solution of the inverse problem: the very weak continuous dependence of the
reconstruction on the measured data. As is seen even small perturbations of k(x;) may
lead to exponentially large perturbations of the reconstructed ~.

The central aim of impedance tomography is to infer as much as we can about 7y(z)
from multiple boundary measurements of voltages and currents. This is therefore an
example of a nondestructive testing situation: it is forbidden to penetrate the interior of €2
with a probe, electrodes may only be attached to the boundary. If €2 is a smooth domain,

then the set of all possible smooth measurements consists of
(0.12) {(f,g) € C=(0Q) x C*(0Q) : f =ulgq, g = 7%|39 and u satisfies (0.7)} .

A mathematically (and practically) somewhat more satisfactory approach is to consider

the set C, of all Cauchy data associated to the equation (0.7). The set C, is larger than
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the set (0.12) — if we restrict attention to solutions of (0.7) with finite energy, then C, is
the closure of the set (0.12) in the H'/2 x H~'/2 norm. Whereas it is natural to think
of all the information contained in the set (0.12) (or C,) as emerging from a special type
of experiment — fix voltage pattern and measure current flux across the boundary (or vice
versa)— it does also encode the information related to all other possible experiments, such
as fixing voltage pattern on part of the boundary, 0€2;, fixing current flux on the remainder
of the boundary, 0€23, and then measuring current flux and voltage pattern on 9¢€2; and
0€), respectively.

To elaborate a little more on the natural interpretation of (0.12) we mentioned above,

consider the Dirichlet problem
(0.13) V:-(WVu)=0 inQ, u=f ondQ .

This problem is well posed, and therefore the first component of an element of (0.12) can
be any function in C*°(92). For any such f there is exactly one pair (f,g) contained in

(0.12), namely the pair (f,72%|sq). We define the map A,

9)
Ay(f) = fya—zbg where u solves (0.13)

The map A, is referred to as the Dirichlet- to Neumann-data map. The set (0.12) is
the graph of this map (over C*°(0€2)). Our mathematical formulation of the impedance
tomography problem is to infer information about v from the Dirichlet- to Neumann-
data map, A, (or from its inverse, the Neumann- to Dirichlet data map). The use of
the Dirichlet- to Neumann-data map among other things permits a simple dimensional
analysis which illustrates the relative difficulties of the reconstruction process. The map
A, is a linear map from C*°(09) to itself; as such it has a distribution kernel. Roughly

speaking this kernel A, (z,y) permits us to write

Ay f(x) = /8 (I ) dS()

where dS(y) represents surface measure on J€2. We note that if Q is a bounded domain in

R™ then A, is a “function” of 2 x (n — 1) variables, as both  and y belong to the n — 1
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dimensional manifold 0€2. If we wish to identify an isotropic conductivity then we must
recover a function of n variables, v. When n = 1, A, is a “function” of zero variables
— the space of boundary measurements is 1-dimensional — so that formally the problem
of reconstructing v is underdetermined. This is consistent with our earlier analysis. For
n = 2 the problem is formally determined, since both + and A, depend on two variables.
If n > 3, the problem is formally overdetermined.

We shall see in chapters 2 through 6 that this purely formal discussion has some
relevance. For dimensions n > 2 we will show that A, does indeed provide sufficient infor-
mation to determine an isotropic conductivity (assuming for instance that the conductivity
is twice differentiable.) It will also be apparent that the proof of this fact in case n = 2
uses much more of the information available through A, than does the corresponding proof
in case n > 3.

It is not surprising that there are limits to the validity of this purely formal dimen-
sionality argument. As we shall show (in chapter 7) it is not possible to reconstruct an
anisotropic conductivity from knowledge of A,. It seems possible to determine anisotropic
~ up to a very natural action by a diffeomorphism. In chapter 8 we shall also give a com-
plete statement and proof of this fact in two dimensions. The dimensionality argument,
of course, is not able to distinguish between isotropic and anisotropic conductors, and
therefore gives no indication as to the extreme difference between these two cases.

Aside from the identifiability question we shall also study the continuous dependence of
the reconstructed conductivity on the boundary data. The continuous dependence results
at the boundary are quite good (Lipschitz and Holder estimates) whereas the continuous
dependence results in the interior are quite weak (changes in the measured data may result
in exponentially large changes in the interior conductivity).

The application areas of the technique of electrical impedance tomography are diverse
—ranging from medical tomography and groundwater seepage to nondestructive inspection

of aircraft parts.



61. The Dirichlet Problem and the Dirichlet- to Neumann-data Map.
In this section we sketch the basic existence and uniqueness proofs for the solution to

the Dirichlet Problem

0
Lou=V -yVu=—~;;i—u=F in )
(1.1) K 7 dz; 'Y B
w=f ond .

In doing so we shall use a quite standard Hilbert space approach. We always minimally

assume that v is almost everywhere bounded, symmetric and strictly positive definite, i.e.
vij € L°(), vij = ;i and
0 <cl¢]? <7ij(2)G¢ YCER™ ae. 2€Q
the domain €2 is always assumed to be smooth (C'*). As we proceed we also develop some
basic properties of the Dirichlet- to Neumann-data map.

In order to analyze the problem (1.1) it is necessary to recall a few basic properties

of the L? based Sobolev spaces H!(2) and H®(0S2). On  these spaces are for integer
exponents k > 0 defined by

8\ d \*"
k = : — R 2 ;> i P < .
H*(Q) = {u <a$1> <3a:n> u€ L*(Q) Ya; >0 with Y o <k}

On 012 these spaces are for integer exponents defined by means of local charts through the
requirement that all derivatives up to a certain order be in L2. The intermediate spaces for
noninteger exponents are in both cases defined by complex interpolation (see [L-M] or [A]).
We use the notation HE(Q) for the closure of the set C5°(€2) in the H*(Q2) norm. The first

property we shall need concerns the restriction map r : C*°(Q) 3 u — u|02 € C*>°(09Q)

Theorem 1.1. The restriction map R extends to a bounded surjective map
t t—1 1
R: H*'(Q) — H"2(09) foranyt>§

The kernel of the restriction map R is given by H}(Q) N H*(2). Furthermore the map R
has a bounded right inverse, i.e., given any f € H'2(9Q) there exists u € H*(Q) such
that Ru = f, and

lulle ) < ClFI -y
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the constant C' being independent of f.

For a proof of this, see [A]. It is essential here that the exponent ¢ is greater than

, there is no continuous extension corresponding to ¢t < % The second fact we shall use

N[ =

regarding Sobolev space norms is a version of the socalled Poincaré’s inequality

Theorem 1.2. Let I' be an open nonempty subset of 0S2. There exists a constant C' =

C(Q,T") such that for any u € H(Q)

L
[ul|720) < C (Z ||%“%2(Q) + ||RU||%2(89)>
i=1 v

The proof of this estimate may also be found in [A]. The results of Theorem 1.1
and Theorem 1.2 together with the Representation Theorem for Hilbert spaces enable
us to prove the unique solvability of the Dirichlet problem (1.1) in an appropriate weak
sense. The well known Representation Theorem for Hilbert spaces (frequently referred to

as Riesz’s Representation Theorem) may be stated as follows

Theorem 1.3. Let H be a Hilbert space with inner product (- ,-)g; then the map
GH : H— H*
from H to its dual space H*, defined by

Guf:=(.,fu
is an isomorphism.

Before we are able to formulate the theorem that asserts the unique solvability of the

Dirichlet problem (1.1) we note that L, = 52-7;;52- may be conveniently viewed as an
i J

operator from H'(Q) to the dual of H}(Q), denoted H~1(Q), by means of the following

identity

ou 0v
1.2 —(L = i —— H(Q) .
(12) (L) = [ S de o e (@)

The notation (-,-) is used to signify the standard duality pairing between the Hilbert
space H}(2) and its dual, H~(2). This duality pairing is the extension of the L? inner
product. If v is in C'*°, then the above definition is consistent with the natural way in

which a differential operator acts on distributions (or in this case functions in H'(Q)).
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Theorem 1.4. The mapping
F o HY(Q) = H Q) x H?(0Q)

defined by

(1.3) Fu = (%’5) ,

is an isomorphism. That is, for any F' € H*(Q) and f € Hz (99Q) there exists a unique
u € HY(Q) such that
F
Fu =
(7)
This solution u satisfies the estimate

(1.4) lullzr oy < CUIF =10y + 13 o) -

The above theorem guarantees the existence of a unique solution to the boundary
value problem in a very specific sense. Because of the definition (1.2) the u which solves
Fu = (F, f)t is also the unique function in H'(€2) which satisfies

ou Ov

ii———— dz = —(F,v) Yv € H}(Q) ,

| g g e = (P ¥ & HY(@)
and Ru=f .

(1.5)

This formulation is quite standard; u is frequently referred to as the weak solution of the
boundary value problem (1.1).
Proof of Theorem 1.4. We introduce an inner product on H'(Q) by the following

formula

ou Ov
(1.6) (6, 0)y 1= /Q%Ja—%ﬁ—a:z dx + /asz uv dS(x)

In the last integral we have for brevity used the notation u and v in place of Ru and Ruv;
we shall frequently do so whenever no misunderstanding is possible. The notation H!({)
refers to the set H'(2) equipped with this y-dependent inner product. As ¢l < v < CI,
it follows from Theorem 1.1 and Theorem 1.2 that the norm, [ - |4, associated with the

inner product (- ,-), is equivalent to || - || g1 ().
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By definition the set H}(Q) is closed in H'(Q) and hence it is also closed in H!(Q).
We use the notation HG(2) to refer to the set H(Q) equipped with the y—dependent
inner product (1.6). The Hilbert space H!(Q) may therefore be written as a direct sum of

the closed subspace H}(€2) and its (closed) y—orthogonal complement (H3(£2))1~:

(1.7) HH(Q) = Ho () @ (Ho()

Since the elements of H(2) and H{(2) are exactly the same as those of H!(Q) and
H} () the map L., may also be interpreted as a map of H'(Q) into H~'(€2). Using this

interpretation we easily see that
Ly =Gy on HY(®)

where Gﬂé denotes the representation isomorphism introduced in Theorem 1.3. In order to
see this we have used the fact that the boundary terms of the inner product (- ,-), vanish
on H{(2). The Representation Theorem now implies that L., is an isormorphism between
Ho(Q) and H~1(2). The map L. and its inverse are continuous whether the space H "
is equipped with the dual norm coming from H}(Q) or that coming from Hy ().

We next note that the restriction map R, restricted to (H3(€2))1+ is an isomorphism
onto Hz(8). This follows directly from Theorem 1.1: the map R maps H() continu-
ously onto Hz (9Q) and its kernel is exactly HL(Q), it is therefore an isomorphism between
the orthogonal complement to its kernel and its range, H 3 (092). The Closed Graph Theo-
rem (or the existence of a bounded right inverse as stated in Theorem 1.1) guarantees the
boundedness of R~ : Hz (9Q) — (HE(€))1>. The function v = R~1f € (H(Q))L may
also be characterized as the element in H!(2) of minimal ||-||, norm which satisfies Ru = f.
According to (1.7) every u € H'(2) has a unique (orthogonal) splitting u = u; + ug, with
up € H(Q) and uy € (HE(Q))1~, so that the mapping

Ul L7U1
v () ()
is an isomorphism between H!(2) and H=1(Q) x Hz (9). If we now verify that

(1.8) Lyu; =Lyu and Rus =Ru |,
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then it follows that the map u — Fu is an isomorphism between H'(Q) and H~(Q2) x
Hz(89), and from the equivalence of the norms of #!(2) and H' () it follows that the
map F is an isomorphims between H'(Q) and H~1(Q) x Hz (%), as asserted in the
statement of this theorem.

We proceed to verify (1.8). As u = uy + ug and as Ru; = 0 the identity Rus = Ru

1

is obvious. To verify the statement about L. we notice that for any v € (H(2))>~ and

w € H(Q) 9 5
v Jw
0 (U7w)')’ \/S;’Y]al.] amz €T

= —(Lyv,w) ,
where as before (- ,-) denotes the duality pairing between H}(Q) and H~1(Q). It follows
that L,v = 0 for any v € (H§(2))*~, and therefore that L,u = Lu;. [ ]

We just demonstrated the existence and uniqueness of the weak solution to the Dirich-
let problem (1.1). There is another very common characterization of the same weak so-
lution in terms of energy minimization. For this characterization we need the notion of
a projection map P: H'(Q) — H(Q). To be specific we take P to be the orthogonal
projection from H'(Q) onto H} (L), say, in the H'(Q) inner product.

Theorem 1.5. Let F and f be elements of H=1(2) and Hz(Q) respectively. The weak

solution to the boundary value problem
Lu=F in Q u=f on 00,

introduced by Theorem 1.4 may also be characterized as the unique minimizer to the
Dirichlet integral

1 ow Ow
Drw) == | 7ol 2 dpt < F,Pw > |
r(w) 2/9’“3:17]- oz, T+ < w >

in the set {w € HY(Q) : wlaq = f }-

Proof. Let u denote the solution introduced in Theorem 1.4. As noted this solution satisfies

the identity

ou Ov
(1.9) /Q’Yijajja—gji dz = —(F,v) ,
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for any v € H}(Q). Tt is a simple calculation to check that

1 O(u—w)d(u—w)
3 /ny” oz, oz, dx = Dp(w) — Dp(u) + R,

for any w € H'(Q), with the remainder term R given by

R = /%];Zau— =) ot (P Pl — w))

For any w € H'(Q) with w|sq = f we have that u — w € H}(Q) and P(u — w) = u — w.
From (1.9) it now follows that R =0, i.e.,

(1.10) %/Q%ja(%;jw) 3(7“;;_1“) dz = Dp(w) — Dp(u),

for any w € H'(Q) with w|gq = f. Since the left hand side of (1.10) is positive, except when

w = u, this proves that u is the unique minimizer of Dr(-) in {w € HY(Q) : wlsa = f }.

[]

If the coefficient v is assumed to be infinitely often differentiable then the weak so-
lution, u, is as regular as the data F' and f naturally permit. If the data are sufficiently
regular then it follows immediately that the weak solution is also the unique strong solution

(by this we mean a function in C?(Q) which satisfies (1.1) in the classical sense).

Corollary 1.4. If v, in addition to being positive definite, is in C*° (), then the map F
defined by (1.3) is an isomorphism

F o HY Q) — H2(Q) x H'™%(0Q)
for any value t > 1.
The fact that the weak solution to (1.1) satisfies an estimate of the form
(1.11) lullre @y < CUPs=2@) + 11l s o)

for any integer k > 1 follows from the regularity theory concerning elliptic boundary value

problems. We shall not here give a proof of (1.11), but instead refer the reader to chapter
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7 of [F]. Corollary 1.4 now follows for arbitrary ¢ > 1 from interpolation between Sobolev
spaces and the estimates (1.11) corresponding to integer k. We note that the interior
regularity of w is fairly easy to assert; the regularity up to the boundary is slightly more
tricky and in particular requires that the boundary of the domain €2 is C'*°. We also note
that the estimate (1.11) for a fixed k does not really require that the conductivity v be in
C>(Q), it suffices that v be in C*~1(Q).

We are now finally in a position to define the Dirichlet- to Neumann- data map.

Consider the boundary value problem (1.1) with F' equal to zero
V:-AVu=0 inQ, u=f ondd .

If the boundary data f is in H?(9€), and v is in C1(Q), then the unique solution to this
problem, as we have just seen, belongs to H?(€). Therefore Vu is in H'(Q) and as a

consequence Vulsg = R(Vu) belongs to H= (9€2). We may now define

(1.12) Ay f = (vVu) - v|gg) = ’Yij%”ibﬁ € H™2(0Q) ,

where v denotes the outward unit normal to 0§2. As we shall see below A, is defined
for f € HY2(9Q) (and v € L>®(2)) even though the classical formula above, in terms of
the restriction map, does not make sense. The classical formula fails to make sense for
f € HY2(09Q) because in that case Vu is generally only in L?(Q) and therefore there is
no appropriate notion of a restriction to the boundary. Similarly if v is only in L ()
then we would generally only know that fyz'jaa—w“j is in L?(€2) and there would again not be
an appropriate notion of its restriction to 0€2. In order to define A, on all of H 3 (092) we
shall need its dual space H~2(9€). The duality pairing between Hz(92) and H~= (912)

is the extension of the L?(9Q) inner product; we shall also use the notation (- ,-) for this

duality pairing.
Theorem 1.6. Assume thaty € C'(Q). The Dirichlet to Neumann data map, A.,, defined
by (1.12), extends as a bounded map

Ay @ HZ(0Q) — H™3(09) .
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Proof. Ifu,vand -~y are arbitrary but smooth functions then Green’s formula immediately

gives

Ju v 0 ou ou
1.13 ii——=—dr=— [ — | vij=— d ii=——V; v dS :
( ) /9733:17]3331 J; /Qal', (’hﬁm]> v x+/@ﬂf}/]a$]’y v (.T)
From the continuity of all the terms involved it is clear that this formula holds for u €
H?(Q), v € HY(Q) and v;; € C1(Q). If u is the solution to V- yVu =0in Q, u = f on
011, defined in the sense of Theorem 1.4, then we know that

ou 0Ov
1.14 ij———— dz = H}(Q) .
(1.14) | g e =0 ¥ & HY(@)

As noted above the solution, u, is in H2(Q) if f is in H? (99); it follows from a combination

of (1.13) and (1.14) that

0 ou
o = Hy(Q) .
/ani (738@) vdr=0 Yve Hy(Q)

From the above identity it follows immediately that the L? function %%.j Ou

5, vanishes.
Tj

Inserting this fact and the definition of A4, (1.12), into (1.13) we get

Oou Ov

_ Lo 1
(1.15) [ Ayg o ds(@) = /ny,, o o o€ H(@)

Given any g € H? (9Q) Theorem 1.1 guarantees the existence of a v € H'(2) such that

’U|3Q = Rv = q and ||U||H1(Q) S C“g“H% (09)

Insertion of this v into (1.15) yields

ou Ov
Ay f g dS(z) —/Q’ma—%a—% dx

< Cllullz @) llv] g1 (o)

< ClIfll

o

H? (89) gl ;3 (09)

Here we have also used the estimate of the H*(£2) norm of « in terms of the Hz (92) norm

of f, as given in Theorem 1.4. Since the duality between Hz(9) and H~z (%) is the
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extension of the L?(0€) inner product we get, by taking the maximum over all g with

19058 ey < 1

The above estimate was proven under the assumption that f € H 3 (092). This estimate,

however, is sufficient to insure the existence of a unique extension of A, from H B (09) to

H3(09). [ ]

Remark 1.1. The extension of A, the existence of which we proved above, may easily
be expressed in terms of the maps R and G we have already introduced. Recall that the

map R is an isomorphism
R : (HYQ) — HZ(89) .
Its Hilbert space adjoint R*, defined by

(Rv.g),) = (0, R*g), .
is an isomorphism
R* : HZ?(09Q) — (HL ()

Furthermore, with this notation (R*)~! = (R~1)*, so that

(1.16) (R ) tv,g) .4 = (0, R7g)y

H?
Following Theorem 1.3 let G 1 denote the representation isomorphism between the space
H?z(0) and its dual, H~2 (9). We claim that for all f € H? (0Q)

(1.17) Af=G(R)T'R™f — f .

To see this we calculate
(GL(R)T'R™ f,9) = (R )T'R™'f.9),
= (R_lfaR_lg)v .
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Here (- ,-) denotes the duality pairing between Hz(99) and H~2(9Q). We have used
(1.16) to get the last identity. If v and v denote the solutions to L,u = Lyv = 0 with

ulaq = [ and v|pq = g respectively, then

(R_lfa R_lg)'y = (R_lf,’u),y )

[ [ 0,
Vi o0 0x; 83:1 Q%J Ox; Ox;

The first of these identities holds because R™1g —v is in H}(Q) and R~1f is in (HS(Q))+
The second holds because R~ f —u is in Hj(2) and the function v satisfies [, yVoVw dz =

and

0 for all w € H}(€2). A combination of the two identities above gives

_ _ _ ov OR™1!
(R R0 = (R )y = [ 20 L s [ g aste)
7 i

o

ov Ou
Yij - dx + fg dS(z) .
= [ g [ g asia)

We may combine this identity with (1.18) to obtain

ou Ov
R 'R f. ¢ :/ ; de+ | fgdS(z) .
( ) > 7]8 8.771 50 ( )

(@G

[V

Using (1.16) we now get that

<G%(R*)‘IR‘1f,g>=/ (Ayf + ) g dS(z) = (Asf + f.g)

o0
for any f € H2(0) g € H2(99). The map f — G1(R*)"' R~ f — [ is clearly bounded
from Hz (8Q) into H ™= (912), from the last identity we conclude immediately that it is the
desired extension of A, . |:|

The above discussion leads to a quite general definition of the Dirichlet- to Neumann-
data map for any positive definite v € L>°(£2). Given f and g in Hz (9Q) we let u denote
the weak solution to Lyu = 0, u|ao = f and we let v be any function in H'(2), with the

property that v|ag = g. We then define A, f € H -3 (092) by the requirement that
ou Ov
1.19 A — | vy dzx .

18



It is easy to see that the right hand side of (1.19) is independent of which v satisfying

v|aa = g we take. This follows immediately from the fact that

Ju Ow
iin—2— dr =0 Ywe Hj(Q) .
Furthermore, since there exists v € H'(Q) with v|aq = g and ||v]| g1 () < C’||g||H% (62)’ the
right hand side of (1.19) for fixed u (i.e., for fixed f) defines a bounded linear functional

on Hz(9Q). This ensures the existence (and uniqueness) of A,f € H~3(9Q) satisfying
(1.19). From the inequalities

ou Ov
/Q dr < Cllullgr@)llvllar@) < ClIfl

7"7'%3—3;1. H%(asz)“g“H%(aQ) ’

and the definition (1.19) it follows immediately that the “generalized” map A is bounded
from Hz(9Q) to H—2(9Q) Tt is obvious that this general definition yields exactly the
extension of the map defined by (1.12) for v € C*(Q).

Returning to the variational characterization of the weak solution to
Lw=0 inQ, u=f onodQd ,

we recall that it was shown in Theorem 1.5 that this u is also the unique minimizer to

1 ow Ow

in the set {w : we HYQ), wlag = f }. The functional Q. defined by

ou Ou ow Ow
— i —— d = i 27 =~ d )
Q’Y(f) /QVJ 8.Tj 8.’171 x weHl(gl)u;lUbQ:f /QfYJ 8.’17j 8.717, v

is a quadratic functional on H= (99). From the formula (1.19) it follows immediately that

A, is the selfadjoint linear map associated to this quadratic functional, i.e.,

(AL f, f) = Q(f) Vfe HE(0Q) .

Knowledge of Q. (f) is therefore the same as knowledge of (A, f, f). Since knowledge of
the two quadratic expressions (A, (f + g), (f + ¢)) and (Ay(f — g),(f — g)) by means of

the formula
KAy f,9) = Ay(f +9), (F+9) — (Ay(f —9), (f —9))

leads to knowledge of the expression (A, f,g), it follows that
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Proposition 1.7. Knowledge of Q. (f) for all f € H> (092) leads to knowledge of (A~ f, g)
for all f,g € H=(0Q) and therefore leads to knowledge of the map A,. Conversely knowl-
edge of A, also leads to knowledge of Q).,(f) for all f € H> (092).

In the later chapters we shall see that many of the developments for the inverse
conductivity problem have parallels when the boundary value problem V - yVu = 0 in 2
u = f on 0f) is replaced by the Schrodinger equation

Au+qu=0 1in
(1.20)
u=f ondQd .

We assume that ¢ € L>°(2). The operator A + ¢ with Dirichlet boundary conditions is
self adjoint from D(A + q) C L?(2) to L?(€2). The domain of definition, D(A + q), equals
H2() N HL(R), and the operator has a compact resolvent [K]. Given f € H? (9€) the
boundary value problem, (1.20), therefore has a unique solution, u € H?(Q), exactly when
zero is not an eigenvalue for A + ¢. In this case it is also possible to show that (1.20) has
a unique weak solution for any f € Hz(9S); this weakly defined solution is in H'(Q). If

zero is not an eigenvalue we may define the Dirichlet- to Neumann-data map
ou
1.21 Af =—
(1.21) of =5, loa

as a map from Hz (9Q) to H= (9€2). Based on what we have seen earlier it is not surprising
that this map extends as bounded map from H?z (9Q) to H~z(9). We summarize the

previous discussion with

Theorem 1.8. Suppose that ¢ € L>®(Q2) and that zero is not an eigenvalue of A + ¢
with Dirichlet boundary conditions, then the boundary value problem (1.20) has a unique
solution satisfying

t>1 .

el < Ol s oy *>

The map A, defined by (1.21) has a unique extension as a bounded map
Ay : H2(0Q) — H-3(9Q) .

There is a very direct relation between the isotropic conductivity equation and the

Schrédinger equation. Suppose that v is in C?(Q) and that u € H?() is a solution to
Lywu=V-yVu=0 inQ, u=f ondQ ,
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for some f € H?2(0Q). If we define

=

w="y2u

then we find that
Aw+qw =0 in Q

with
A’}/l/z
q—=—
y1/2

At the same time

w:’y%f on 0Q)

and we therefore easily calculate that

1 3 3 1
A(v2f) = awkm = 5(72w)|aﬂ

1 _187 _1
=57 g fHrTEAS

Through substitution of g = ’y% f this yields

1 8’}/ 1 1
Ag=—y 1L “IA (v 2
=57 5,97 A (7 2g)

We have therefore proven

Theorem 1.9. Let v be a conductivity in C?(Q2) and define

A,Yl/2
9= —"75 >
y1/2
then
_1 _1 1 _,0v
Ag=7"2A,(v"> ')+§7 151 :

Remark 1.2. It is interesting to note the similarity between the equation for w in terms

of ¢, and the equation one may write for v!/2 in terms of ¢:

S

A7%+q7 =0 .

This equation itself will enter in a very natural way in Chapter 6, where we prove the

unique identifiability of v in the two dimensional case. I:l
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We conclude this chapter with a remark owing to the fact that the Dirichlet- to
Neumann-data map is not always well defined for a Schrodinger operator. It is therefore

often convenient to work with the set of Cauchy data
1 _1 ow )
Co=14(f,9) € H2(0Q) x H™2(0) : f=wlsq, g = %bg, with Aw + qw =0
The normal derivative g—?ﬂag is here defined by Green’s formula:

ow ow Ov
<$|BQ7¢> - /Q (8371 8.771 _qu> dr )

where v € H(Q) satisfies v|pn = ¢. We note that that when A, exists, C, is just its graph

Co={(f, Agf) : FEHZQ)} .
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§2. Identification of the Boundary Values of an Isotropic Conductivity.

The goal of this section is to show that if two conductivities v; and 2 are in C*(Q)
and give rise to the same boundary measurements (i.e., A,, = A,,) on the entire boundary,
then the conductivities, and their normal derivatives of all orders agree on 0€2. This was
the first identifiability theorem proved for the conductivity equation [K — VII] and it
seems to remain a necessary ingredient in any proof of identifiability in the interior.

We begin our discussion with a simple inequality involving Dirichlet’s principle. For

any v and s,

(2.1) ()= Q) = [ WiVl do= [ alVuol? da
where
L Uy = 0 L U2 = 0
2.2 Y1 ) Y2 ”
(2:2) u1lag = ¢, uzlo0 = ¢.

Recall that @), is the quadratic form associated to the DN map A, (see Corollary 0.4)
and is therefore computable from boundary measurements. As u; minimizes the second

integral in (2.1)

(2.3 ()~ () 2 [ (1= )Vl do
Let U, (p) = QN B, (p) denote the intersection of 2 with the ball of radius r about a point
p € 0. Then

(24)  Qn(d) = Qu(¢) > /

(v1 — 72)|Vus |? da:+/ (y1 — ¥2)|Vus|? dz .
Mr(p)

Q\U.-(p)

Let p(z) denote the distance from = to 9. The following lemma states that we may con-

struct solutions to (2.2) which have most of their energy concentrated in the neighborhood

U, (p). Specifically,
Proposition 2.1. For any integer £ > 0, for any p € 0f2, any r > 0 and any C, there
exists an ¢ € C*°(0Q) such that

(2.5) / Pt Vuy|? do > C’/ |Vuy|? do
Ur(p) Q\U- (p)

As an immediate corollary of Proposition 2.1 we have our main result about boundary

identifiability.
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Theorem 2.1. Suppose that vy; and v, are in C*°(Q2) and

Ay, =A

1 Y2

then, for any integer £ > 0

2\’ 2\’
(2.6) <$> Y= <$> Vo on 09} .

Proof. Suppose that (2.6) is false, then, after possibly relabelling y; and ~s, there exists
a point p € 0L, a neighborhood U,.(p) and an £ > 0 such that

Y1 — 2 > e1pt in U, (p)

for some positive constant ¢;. Hence, for all ¢ € C°°(012), it follows from (2.4) that

@@ - Qu)ze [ FVwf o syl [ [Vufde
U (p) Q\Ur(p) Q\U,(p)

> (/ pe|Vul|2 dx — C’z/ |V |? da:)
U (p) Q\U-(p)

If we choose ¢ as in Proposition 2.1 (with C'= C3) then we have

Q’h (¢) - Q’Y2 (QS) >0

which contradicts the hypothesis Ay, = A,,. []

The assertion of Theorem 2.1 immediately guarantees that all derivatives of v; and
72 agree on 0f). As a consequence it follows that A, uniquely determines  within the
class of real-analytic . There is also a local version of Theorem 2.1 which guarantees
the coincidendence of all the derivatives of v; and 2 near a point p solely based on the
coincidence of A, (f) and A.,(f) near p for any f with support near p. We now turn
to the proof of Proposition 2.1. Our strategy is to estimate the right-hand side of (2.5)
from above (Lemma 2.2) , and the left-hand side from below (Lemma 2.3), all in terms
of the Dirichlet boundary data ¢. In a final lemma (Lemma 2.4) we will then construct a
particular ¢ by means of which these estimates yield the inequality (2.5).

We begin with a local version of the energy estimates for the Dirichlet problem. We

assume throughout that v € C'°(Q).
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Lemma 2.1. Suppose that
Lyu=F

ulog = f
and let U, (p) = QN B,.(p) be the intersection of ) with the ball of radius r about p € 0.
Given any 0 < d < 1 and any integer m > 1 there exists C, independent of p and r, such
that

(2.7) 1l (o) = Cr_m{“F“H’”*Q(Q\udr(p)) W12 (00000 )

el (Q\udr(p))} ,

with m* = max(m, 2).

Proof. Let 0 < a < 1 and let x¥ denote a smooth cutoff function with

_ (1 mRMNB(0)
X(x)_{o in B, (0)

Xs(®) = i(m ;p>

where the dependence on « and p is not explicity indicated.

For any s > 0 define

We first consider the estimate (2.7) in the case m = 1. In the above definition of ¥

choose « such that d < a® < 1 and let w be the solution to

Lyw = xorF'

wloo = Xarf -
We may without loss of generality throughout this proof assume that » < Ry, since the left
hand side of the inequality (2.7) vanishes for r sufficiently large. From standard energy

estimates and the fact that ||xar||cr < Cr~! we get
lwllz @) < C(lIXar Flla-—1@) + Xar flm1200))

25 <L (|F|

) “f“Hl/Q(asz\udr(p)))
In the last inequality we have used that x,, vanishes on a neighborhood of Uy, (p), since
d < o?. From classical L?-estimates [F] we also get

lwllzz@) < ClllxerFllzz) + [[Xar fllz2(a0))

(2.9) < (7|

L2 (Q\udr(P)) + ||f||L2 (aﬂ\udr(p))) *
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The constants C' and those that will follow depend on «y, Q and the particular choice of Y,
but are independent of p and r. Since x,, = 1 on the support of x, the function v — w

satisfies

(2.10) /nyV(u —w)V(x2v) dr =0

for any v € H'(Q), with x2v = 0 on 9. For the same reason the function u — w satisfies
X2(u —w) = 0 on 9Q. By inserting v = u — w into (2.10) and expanding the second

differentiation we get
[ v = w) do = - [ 4V w20 V(- w) do
Q Q
< ([ XV w)P de)/? - ([ [Vl = w)? da)'/?
Q Q

< mg%n’y/ CIV (= w)[? dz + Cr2|u — w|?
Q

2 (0\Uer ()

[N

After subtracting the first term in the right hand side from the left hand side and using
the fact that Ug,(p) C Uar (p) we get

’

2 N2 —20, 2
| V) do < Cr R,

which since x, =1 on Q\ U, (p) immediately yields

u — wl|? :/ Vu—wzdx+/ u—w)? dz
I HH1 (Q\Ur(p)) Q\Z,l,.(p)| ( ) Q\Mr(p)( )

§/xf|V(u—w)|2 d:U+/ (u —w)? dx
Q Q\U,(p)

< O =0l (o, )

Y

or

(211) =] ) <O =l

H' (2\U- (p) N\Ua, (p))

A combination of (2.8), (2.9) and (2.11) yields

<crH|IF|

lull . (204, )

)+l vl

a2 ) T I e (o0 ) (o)

<crH|IF| + lull

L2 (\Uar () T 1l (92\Uu, () L2 (2\Ua, (v)) }
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which is exactly the desired inequality in case m = 1.

We now turn to the case m > 2. The function yx,u satisfies

Ly(xru) = xr F + 29V Xy - Vu + uLy X,
(2.12)

Xruloo = xrf
As the right-hand side of (2.12) vanishes inside U, (p), the standard elliptic estimate [F]

gives

||Xru||Hm(Q) < C{“XTF“Hm72(Q\uaT(p))

(213) + ||X7’f||Hm_1/2 (3Q\uar(p))

+ ||VX7“ -Vu + UL'yXT||Hm72 (Q\Z/[a,.(p)) } ’

where the constant C' depends on 7 and €2, but is independent of r. We note that, for any

set of functions x and v
m
Ixollem < C Y lixller lloll -+
k=0
Applying this observation to the last term in (2.13) we get

m

-1
||VXT' : VU’ + ,U’L’YXT'“Hmfz(Q\uar(p)) S C Z ||X7“||Cm*k||u||Hk (Q\Mar(p))-
k=0

We note that

Ixrllr < Cr="

so that (2.13) gives

y i)

||U||Hm (Q\ur (p) Hm—2 (Q\uar(p))

(2.14) s ”Hm—lﬂ(aﬂ\um(p))

m—1

+ >l (Q\um(p))}

k=0

We may repeat the process which leads to the estimate (2.14) m — 2 times in order to

estimate the norms ||ul|g+, K =m—1, ... ,2 that appear in the last term of the right hand
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side. This yields

el gom () < O {HFIIHM(Q\MWW))

(2.15) + “f“Hm‘l/z (8Q\uam71r(p))
1
k
Dl (o 1) )
k=0
Using the estimate (2.7) corresponding to m = 1, which we have already proven, we may

estimate

1

r*full
g i o)

< C{IIF|l + lull

2 (@t ) T 2 (o0vtm, ) 1 2 (r0m )

A combination of (2.15) and (2.16) yields the desire estimate for m > 2, provided we select
a so that d < o™ < 1. []

We next establish

Lemma 2.2. Suppose that
Lyu=0

ulaa = ¢ € C°(00N)
and that
supp ¢ C Uy s2(p) N O

then for every integer 1 < m, there exists a constant C', independent of p and r, such that
(217) [Vl o< O lnony - 16llnseon -
Q\U:(p)

Proof. Clearly
Vul? do < |lullfr v, () .
/Q\ur(p) (Q\U- (p))

In the following let 1/2 < as < a3 < 1. Invoking the estimate (2.7) with F' identically

equal to zero and noting that

supp ¢ C Uy, ;2(p) N,
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we get

/ IVl de < Cr=2||ul|2
Q\Z/lr(p) L2 (Q\ualr(p))
< C?"_Z/ xu? dz
Q

where x is a smooth positive cutoff equal to one on R™\ By, (p) and zero on By, (p). We

(2.18)

denote by w the solution to
Lyw = xu
’LU|3Q =0 .

We now continue from (2.18) with

/ \Vu|? do < Or—2 / (Lyw)u dz
Q\U-(p) Q

= CT_2/ 'ya—w(ﬁ ds
a0 8V

o, Ow
<Cr 2||7%||Hm—1/2(39) N Bll-m+1r2(a0)

< Cr=?||lwl| gmrr(q) - |6l g-m+12(00)

< C’r_2||xu||Hm—1(Q)||¢||H—m+1/2(89)

m—1

<02 (3 IWlewull - g, ) ) 191200
k=0

< (0l ) ) =200
k=0

< (o ) )l

k=0
< Cr_m_1||¢||H1/2(aQ)||¢||H—m+1/2(89)

Notice that Lemma 2.2, with F' identically equal to zero was used in deriving the penulti-

mate inequality. There we also used that supp ¢ C U, o(p) N L. I:l

Lemma 2.3. Let u and ¢ be as in the previous proposition and let p(xz) denote the
distance to 0. For any integers £ > 0, m > 1 and any real numbers ¢ > £+ 1, s > n/2,
there exist positive constants ¢ and C, independent of p and r, and a constant ro depending
only on €2 such that
1/ _ (e—m—1
</ oVl dx) 1 > C||¢||H1/2(as2)(||¢||H1/2(asz) Cr=™ ||¢||H—m+1/2(asz))
Ur(p)

2—-2
|8l 2% o0

Y
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r < rg. If £ =0 then the estimate also holds for g =4+ 1 = 1.

Proof. We start by considering the case £ = 0. We divide the boundary 0f) into two
appropriate nontrivial parts 0€2; and 9€25. For p € 0€); there exist a constant, independent
of p and r, such that

19l 172 00) < Cllullm ()

(2.19)

The last estimate follows from Poincaré’s inequality, since u vanishes on a fixed subset of
005, independently of p and r < rg (it is here we need ro to be sufficiently small). A
similar estimate holds for p € 0€s; by taking the larger of the constants C' we get that
(2.19) holds for all p € 022 and r < r¢. Therefore

U.(p) Q\U.(p)

Employing (H1) we now get get ,
(2.20) /u Vul? de > el o0 (19202 — CF ™ bl a-miizon)
(p)

as desired.
For £ > 1, let a and ¢’ be positive real numbers with 1/¢+1/¢' =1 and aq’ < 1. We

then have

/ \Vu|® do = / p~ " p%Vu|? dx
U-(p) U-(p)

S (/ p—aq' d;l?)l/q’ (/ pa,q|vu|2q dl’)l/q
U.(p) U, (p)

< C- (sup |Vu|)2_2/q(/ p|Vu|? d:n)l/q
U (p) U (p)

_ o 1
< C||u||i1i/ffﬂ) (/u ( )p 1\Vul? dz) /a
r\P

For the last inequality we have used the fact that s > n/2 together with a well known
embedding result for Sobolev spaces [F]. By rearranging the above estimate we get
1/q |Vu|? dz
(/ p*|Vul® dﬂ?) > Cfur(p)z—z/q
U (p) ||u||Hs+1(Q)

fur(p) |Vu|? dz

(2.21)

2—-2
[y
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To justify the previous calculation we needed to insist that
1/q+1/¢ =1 and aq’ <1
Since ¢ > £ 4 1 these two requirements are satisfied if we choose
qg = —— and a=—.

In that case we furthermore have ag = £. Insertion of (2.20) into (2.21) now gives

0wl d /e S cllpll a2 o0y 10l 1200y — Cr=™ M@l gr-m+1/2(00))
ww” ) 16152 |
() Hs+1/2 (692)
as desired. |:|

The next proposition describes the choice of boundary data we will make to establish

Proposition 2.1.

Lemma 2.4. For any integer K > 0 and any p € 0XQ, there exists a sequence {¢pn}¥_; C
C>°(09) such that
i) supp o\ {p}
ii) [|pn || r1/2(a0) =1
iii) |pnlget1/200) < CsN® Vs > —K
iv) ¢nllet1200) = s N* Vs > —K.

The constants Cs and cs may be taken independent of p.

Proof. The property iv) is a direct consequence of ii) and iii) and the logarithmic convexity

of the H*norms [A]. As 1 = 2(—s+ 3) + 3(s5+ 3) logaritmic convexity asserts that

1/2 1/2
1611172 02) < 181152 12 o0y 101 H 212 002

It therefore follows by use of ii) and iii) that

1/2

1< CSN_S/2||¢N||Hs+1/2(aQ)

for any —K < s < K, 1i.e.,
||¢N||Hs+1/2(ag) >csN®, forany — K <s<K .
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For K < s we may for instance use the identity 3 = 252—7—1 -0+ 2sl+1 (s + 1), together with

ii) and iii) to derive the estimate

2s/(2s+1 1/(2s+1
L= llgnllmmreon) < 674 5ay lonllH b,

< O N~ g |

This immediately proves that
||¢N||HS+1/2({)Q) > CSNS, for any K < s .

As 092 is a smooth manifold it suffices, in order to prove this proposition, to produce
a sequence of ¢n’s defined on R"~! with support shrinking to zero, which satisfies ii) and
iii).

Let ¢(z) € C°(R™1) be nontrivial and define
¢n(z) = $(Nx)

(we will eventually choose ¢y = ﬁ) The functions ¢y satisfy
Nllg1/2

DGy |2e = N2 / D*P(Nw) de
Rn—l
— N2t Deg2,

so that

D@ |2 < CoNIel=*5

From this last estimate it follows (again using the logarithmic convexity of the Sobolev

norms) that

||<ZN5N||H < C'SNS_HT_1 for s > 0.

To obtain the similar estimate for s negative we will use duality, but we must also make a

special choice of 5 Namely, we choose

¢ =D"P(x), |of =K
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(i.e., we insist that ¢ is the a-th derivative of a C§° function ¢ for some |a| = K). With

this choice we may for any C§° test function 7 integrate by parts to obtain

[ e [ (0m)(an(a) da

=N | D)) dr

— (N[ o)D) do
Rn—1
For any 0 < ¢ we therefore get

| onn dx| < N~ (N)| e | D) 11—
Rn—l

< CNTEN= |
so that
||¢N5N||t—K < OyNiK-
In terms of s =t — K this gives

n—1

(2.22) lénlls < CsN*~"F forany — K < s.
On the other hand we also know that
lpnllze = N~"7 ||gllrz > eN~7

so that by using logarithmic convexity of the H® norms and the estimate (2.22) we get

n—1 ~
cN™7 < |lonllze

7 1/2 - 1/2
< g llif2 1o |t

< ONT2EH T gn 4

i.e.,
(2.23) |on e > eNE—F
The estimates (2.22) and (2.23) ensure that

¢N_¢7N

|on [l 71/2
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satisfy i), ii), and iii). [ ]

We are now in a position to prove Proposition 2.1, and this completes the proof of

Theorem 2.1.
Proof of Proposition 2.1. We choose ul¥ satisfying

Lyul =0

uy loo = N
and apply propositions H and L. with r fixed and N sufficiently large to see that for any
m< K

/ Vul¥ |2 de < ON™™ .
Q\U-(p)

The constant C' depends on r and m. Next, we apply propositions J and L to conclude

that for any ¢ > £+ 1, s > n/2 and N sufficiently large

1/q —-m
fe N (1 — CN-™)
(/ur(p) i d$> Z TN

or

/ p£|vu11\f|2 dx > cN—s(Zq—Z) > CN—En—e
Ur(p)
for any fixed € > 0. The lemma now follows by selecting

m > In

(therefore m > ¢n + ¢ for e sufficiently small) and taking N sufficiently large. In order
to be able to select such an m we have to choose the integer K from the definition of the

sequence {¢n} larger than /n. [ ]

A slightly more careful argument can be used to prove a stability estimate for the

inverse problem at the boundary. For that purpose we define the operator norm

|All1/2,-1/2 = sup 1Ad|| -1/2(00)-

|H1/2(8Q):1

If the operator A is an unbounded self adjoint operator on L?(9Q), then

|Al[1/2,—1/2 = sup (¢, AD) L2 (00|
||¢||H1/2(BQ):1
= sup 1Qa(d)]

||¢||H1/2(BQ):1

Where 4 denotes the unique quadratic from associated to A [F].
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Theorem 2.2. Suppose that v, and v, are isotropic C* conductivities on Q C R"
satisfying:

i)1/E<y<E

ii) ||’Yi||c2(§) <E,

Given any 0 < o < 1/(n+ 1) there exists C = C(Q2, E,n, o) such that

(2.24) 71 = 2llz=(00) < CllAy = Ayslliy2,-1/2
and

3'71 372 o
(2.25) HW - E“Lw(ag) < Cf[Ay, — A72||1/2,—1/2 .

Proof. Let p be an arbitrary point on 02. In order to verify (2.24) it suffices to prove
that

71(p) — v2(P)| < Cll Ay, — Ayulliye,—1/2

with C' independent of p. If v1(p) — v2(p) = 0 this estimate is trivial. We may without
loss of generality assume that 0 < 1(p) — v2(p) — if not we just interchange indices. We

start from the estimate (2.4) choosing ¢n as in Lemma 2.4

1Ay, — Ay, lliy2,—1/2 2 |Q1(dN) — Q2(dn)]

> / (11— 1) |Vl 2 der + / (11— 1) [Vl P dz .
U, (p) Q\U.-(p)

Reorganizing this estimate we get

| nm) vl s
U, (p)

2.26
(2.26) <Ay, = Ay lliye,—1/2 + Sup 71 — 72| Vul' |? do

Q\U.(p)

S ||A71 - A»72||1/27_1/2 + 2F - C?"_m_lN—m s 0<m S K N
where the constant C' and all those constants that appear in the following are independent
of p. To derive the last inequality we have used lemmas 2.2 and 2.4 (ii) and (iii). If we
choose r so small that

(71— 72)(p)

,=1,2
4 ? Y Y

sup |[Vy;| - r <
Q
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then we have

(1 —12)(2) = (11— 72)(p) + / V(1 — 7o) (7 + (1 — T)p)dr - (z — p)

(71— 72)(p)

>
- 2

for all x € U, (p) .

The estimate (2.26) therefore yields

W/ IVul |2 do < / (v1 = 72)|Vul |* dz
U.(p) U, (p)

< ||A71 - A72||1/2,—1/2 + Cr~mTINT™ , 0<m< K,

and use of lemmas 2.3 (with £ = 0) and 2.4 (ii) and (iii) now gives
clon =) ()1 = Cr ™ INT") < Ay, = ALz mrjp + Cr ™ INT 0 <m <K
If we simply fix m and r and let N approach infinity we obtain

c(y1 —72)(p) < ||A71 - A72||1/2,—1/2

with a constant ¢ > 0, that is independent of p. This completes the proof of (2.24).
We proceed with the verification of (2.25). Since ||8%(fyl — 72) ||z~ (a) is uniformly
bounded (hypothesis ii)) it clearly suffices to prove (2.25) for [|A,, —A4,|l1/2,-1/2 < 1, in

which case

1/(n+1 o
1Ay, = A 8 )y < 1Ay, = Ay 10 1s <1 foramy 0<o <1/(n+1).

We may furthermore assume that [[A,, — A,,[l1/2,—1/2 > 0, because if this norm is zero

Theorem 2.1 asserts that so is || (1 — 72)||p=(a0) and (2.25) is trivially satisfied. If

1/(n+1
12 (11 = v2)llz=oe) < 1Ay — Asy 117501,

therefore restrict our attention to the case

the proof of (2.25) is also complete. We may
0 1/(n+1)
||$(’Yl - 72)||L°°(agz) > [[Ay, — A72||1/2,_1/2 >0 .

Let p be a point on 9 where |2 (v, —~2)| attains its maximum. To verify (2.25) it suffices

to prove

8 g
|£(’Yl —72)@)| < ClA,, — A72||1/2,—1/2 ]
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with a constant C' that is independent of p. By interchange of the role of v; and 7y if
necessary, we may obtain that —-2 (v; —v2)(p) > 0. Let = € U,(p) and denote by ¢(z) the

closest point to 2 on 0€2.

(1 — 12) () = (71— 72)(0) + / Vi —72)((1 = 7)g + r2)dr - (2 — q)

= (1 = )(@) ~ (1~ 1) @)p(x) + Olp(x)?)
= (1~ 1)(@) ~ (1~ 1) (P)o(e) + Ble)plx)
where
R <(Cir.
Remember, v is the outward normal to 9. Choosing C17 = —3-2 (y; —72)(p) We now get

| on= ) vl do
Uy (p)

0
> [ @IV P dr = =) [ AVl s
U, (p) v U, (p)

- C’lr/ p|Vul|? dx
U-(p)

10
> —suppn =l [ |Vl o= 3 on =) [ pVul da
o Uy (v) 20v U, (v)
19 —n—e¢
> _C“A'Yl - A72||1/2,—1/2 - 55(’71 —Y2)(p)cN ,0<m< K .
Combining the above estimate with (2.26) and reorganizing we get
_12 — < C(N"te|A. — A —m—1prn—m+e
2 9 (71 —72)(p) < C( I " 72“1/2,—1/2 +r ) -
Since
L 9 1 1/(n+1)

"= =560 5, (M T 1)) > e lAn = Al mye > 0
it follows that
=1 < Ol|A,, — A, [T D)

1/2,—1/2

If we choose N as follows

N = smallest integer larger than ||A,, — A72||1_/C; s for some 1/(n+1)<a<l1/n
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then we obtain
0
=5, (1= 72)(p)
(2.27) < C(A -+ 4\ =(mtD)/(n+1)—a(n—m-+e))
_ O()\—a(n—{—e)-{—l + )\(a—1/(n+1))m—1/(n+1)—a(n+g)) 0<m< K :
with A = [|[Ay, — Ay, [l1/2,—1/2 < 1. We now select

L= ith o= OFE
n n-—+e¢

o =

Since 0 < 0 < 1/(n + 1) we also have 0 < ¢’ < 1/(n + 1) for ¢ sufficiently small, and
therefore the above choice of « satisties 1/(n + 1) < a < 1/n. With this choice of o we
also have —a(n +¢) +1 = 0. We now choose m (and K) sufficiently large that

1 1
ym —
n+1 n+1

—a(n+e) >0 .

(o =

After insertion into (2.27) this yields

0 0 o o
||$(’Yl - ’Yz)HL‘X’(BQ) - _5(’}’1 —72)(p) < CX” =C|A,, — A72||1/2,—1/2 J

as desired. |:|
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§3. Layer stripping and boundary determination
A Boundary determination

In this section we give an alternative approach to the proof of Theorem 2.1 developed
first in [S-U I] which uses the fact that A, is a pseudodifferential operator of order 1.
Then one computes its full symbol in appropriate coordinates. In [L-U] this approach
was further simplified by using a “factorization” method. We will follow this approach
here because it also leads to a Riccati type equation satisfied by the DN map. This,
and the boundary determination of the conductivity, are the key elements of the layer
stripping algorithm developed in [S-C-I]. Also the factorization method leads to boundary
determination results for more general equations and systems ([L-U], [N-S-U], [N-U IJ).
Furthermore it provides an easy way to show that the DN map is a pseudodifferential
operator. For related approaches using the singularities of the Green’s kernel instead see
[A] and [N IJ.

We start with a very simple example. Let Q = R} = {z = (2/,2,), 2, > 0}. Then
90 =R*"1. Let f € H>(R*1). Let us consider the unique solution, u € H'(R?), of

(3.1) Au =0 in RY
ulpg = f

Then the DN map is

(3.2) f—= -

where u solves (3.1).

We factorize

(3:3) ~A = (D, +iV=A")(D,, —iv-A)

n—1 82
1 9 s A = _ -
7a$j,j—1,...,nand A" = 2 52

J:]_ J

operator given by

v —A’ is the pseudodifferential

where D, =

/ _# iz’ & et T el /
~Nf = g [ T
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The point is that we can solve

(3.4) (D, +ivV=A)u =0 in R?

Ul n_g = f-
We simply take for z,, > 0
(3.5) u(w'sm) = [ € eI Fle g

From (3.4) we then deduce that

So the DN map in this case is just v/—A’ whose full symbol is |¢/|. Note that the term
(Dg, — iv/—A’) behaves like a heat equation in R?} and (D, + iv/—A’) behaves like a
backwards heat equation.

Now we try a similar idea for (—A + ¢q), ¢ € C*°(£2) where 2 is a bounded domain

with smooth boundary. First we take coordinates near a point xo € 0€) so that locally

Q={(2",z,),zn >0} and — % I %‘89 with v the unit outer normal to 0f.
In these coordinates
(3.6) —A+q= (D} +iE(z)Dy, +Q(z,Dy) +q)

with E € C*°(Q) real-valued and Q(z, D,/) a differential operator of order 2 in z’, with
no zero order term, depending smoothly on x,,, with full symbol gs(z, &) + g1(x, &) with
g2 > 0 and g; homogeneous of degree i in &', 7 =1, 2.

We try to find an operator B(z, D,) so that we have the factorization
(3.7) (—A+q)=(D,, +iE(x)+iB(x,Dy))(D,, —iB(x, Dy).
Using (3.6) and (3.7) B(z, D,’) must solve

(3.8) i[Dy, , B(x,Dy)]+ EB(x,Dy) + B2 —Q —q =0
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where [A, B] = AB— BA denotes the commutator. Notice that (3.8) is a Riccati type equa-
tion for B. We solve (3.8) using the calculus of pseudodifferential operators. If b(z,¢’) de-
notes the full symbol of B(x, D,/) a pseudodifferential operator of order 1 then the full sym-
bol of i[D,. , B(z, D, is %b(w,é) The full symbol of B? is Z 2108b(z, §') D3 b(x, €'
where the ) is interpreted asymptotically (as usual).

The full symbol of EB is b(z,&')E(z"). Therefore the equation we must solve for

b(x, ') is
(3.9) 05, b(x, &) +b(z, ") E +Z 08b(5,8) Db(,€') = g2(w,€)) — g1 (2,€') g = 0.
Now we write

(3.10) b(w, &) ~ Y by, &)

i<1
with b; homogeneous of degree j in ¢’
Now we compare terms of the same homogeneity in (3.9). The term homogeneous of
degree 2 in (3.9) is
b%(l'aé-/) - 92(377 gl) =0

Therefore we choose
(3.11) b1(z,&) = Vg2(z, ).

We choose the positive sign in the square root in (3.11) since we want the term
D, —iB(z,D;) to behave like a heat equation in Q. The term homogeneous of degree 1
n (3.9) is

n—1
Dr, b1(,€") + bi (2, &) E(x) + ) 0er b1 Dyr by + 2bgby — g1 = 0.
j=1
Therefore we choose
n—1
(312)  by= o & =0y bi(w,€) — bi(,€)E(x) — 3 OerbrDar by + g
. 0 Qb]_ ., Y1 ) 1 ) fj 1 z’, 1 1

J=1
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We will do one more step. The term homogeneous of degree 0 in (3.9) is
Oz, bo(z, &) + bo(x, ' YE(z) 4+ 2b_1by + b3
(674 (64 (674 (64 1 (674 (64
+ Z aglb(]lebl + Z agllewlb(] + Z aagllewlbl —q = 0
la|=1 |a|=1 |a|=2
We then choose

1

1 b_1 = —
(3.13) =

{—3wnb0(a:, &) = bo(z,&)E(x) — Y 08bo Dby

|a|=1
1
=) 08 Dby — Y — 08 b1 Dy by + q}.
la|=1 la)=2
Now the inductive procedure is clear. For any 57 < —2, collecting terms homogeneous of

degree 5 4+ 1, we obtain

1 1., o
(3.14) b = 2—61{—3mnbj+1 —bipE-2 ) . bbr— Y 1% (bl)Dw’(bk)}
l+k=j+1 || >1
1k>j41 I+k—|a=j+1

1,k<1

Note, that this forces [,k > j + |a| > j + 1, i.e. the procedure is recursive. Then we have

proven

Theorem 3.1. In local coordinates (x', x,,) as chosen above, there exists a pseudodiffer-

ential operator B(x, D) of order 1 depending smoothly on x,, such that
(3.15) —A+q=(D,, +iE(x)+iB(x,Dy))(D;, —iB(x,Dy))
modulo a smoothing operator.

Remark. The equation is solved modulo smoothing since we have only compared the full
symbol of both sides of (3.15).

Now we can solve the pseudodifferential equation
(3.16) (Dy, —iB(x,Dy))u =0 (mod smoothing)
ulgq = f

in the form

~

(3.17) u(a!,wn) = / e e a(a, &) F(¢)de!
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with a ~ Zaj, a;(z,&") homogeneous of degree j in &’. (See [T].)
3<0
Now the other term in the factorization (3.11) is a smoothing operator (see [T]).

Therefore we conclude that if w is the solution of
(3.18) (A +q@u=0

ulyo = f.
Then in local coordinates (z’, z™)

D, uw=1iB(x,Dy)u mod smoothing.

Therefore
(3.19) A, = B(2',0,D,) mod smoothing.
proving that the DN map is a pseudodifferential operator of order 1 on 9€2. Now we prove

Theorem 3.2. From the full symbol of A, we can recover 0%q|,,V a.

Proof. Using (3.19) we need only to compute the full symbol of B(z',0, D,/) i.e. b(z’,0,’) ~

D _bj(a',0,€).
i<1
The terms by, by don’t give any information on ¢ (see (3.11) and (3.12)). Now from

(3.13) we conclude that if we know b_;(z’,0,¢") we can determine g(z’,0) since all of the

other terms in the RHS of (3.13) are known.

Proceeding inductively: if we know that from b_j;;; we can determine g;g («',0),

and if we know by, £k > —j 4+ 1, then from (3.14) we conclude that we can recover from

b_;(x',0,¢) Bﬁlq(x’, 0) finishing the proof.

> 9gi Tt

We now use Theorem 2 to prove the Kohn-Vogelius result.

Theorem 3.3. Let v; € C®(Q), v; > € > 0, so that A,, = A.,,. Then

9” ’Yl|aQ =0 ’YZ|aQ Va

Remark. This result is also local, i.e., one only needs to take xy € J¢2 and a neighborhood
U(wo) of mg in @ so that Ay, (f)lrr(zg) = Ava (F)lpayy ¥ J supported in U(zo) to conclude
that 0%y (xp) = 0%y2(zp) ¥V .

43



We recall Theorem 1.9 relating A, and A, if ¢; = A\/‘{Y_f, j=12

3.19 A, f=n A( ) — (4t j=1,2.
( ) qu ’YJ 20 Yj ’YJ Bﬂf + 2 (7] 81/ 6Qf J
Now we know that

0'1(qu) =V 92(37/7075/) =7 ’ 50 Ul(A'Yj) 75 ’ 20

where o, (A) denotes the principal symbol of a pseudodifferential operator of order m. So

we deduce that

Y1loa v/ g2(2',0,¢) = o1(A,,) = 01(A4,) = 72la0V/ 92(2',0,&’)

We then have that v1]aq = v¥2|9q. Therefore under the hypotheses of Theorem 3.3, from
(3.19) we conclude that

L[ _10m L[ 107
Ao g (’Vl E) o 2 (’Vz D

Now we take the principal symbol of order zero in the above equation. By (12) we have

=0.
0

that A, — Ay, is a pseudodifferential operator of order zero and oo(A, — Ag,) = 0. We
then obtain that

| _or

o |50 OV |5
Therefore we have that Ay, = Ay, and by Theorem 2 0%q1] 50 = 0%q2]gq ¥ «. Since
q; = %ﬁ we arrive to the conclusion of the theorem. I:l

In [S-U I] it was proved that knowing the principal symbol of A, o1(Ay) = v|sq €|
implies the stability estimate (2.24) for just continuous conductivities. The computation
of oo(Ay — 7|50 A1) where A; is the DN associated to the conductivity 1 leads to the

following result in [S-U IJ.

Theorem 3.4. Let ; be measurable functions such that

1
0<—-—<vm<A
NS TS

If v; are Lipschitz continuous in Q and for some /3

sup |[Vy;| < B
meﬁ
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Then we have that the bounded linear map

B; : H> (89Q) — H=(89)

where
Bi = Ay, — 7ilao A1,
satisfies
1B = Bally 1 < CA B)lIv — v2llwre (o
and
71 = Y2llwr= (o) < C|Br = Bells 1 + [[Ay, = AyelL _1
where || 1,1 and || |1,—1 denotes the corresponding operator norms.

This method has been generalized for several more complicated cases.
(a) (Anisotropic conductivities) Let g(z) = g;;(x) be a smooth Riemannian metric
in Q, i.e. gij is assumed to be a smooth, symmetric, positive definite matrix in Q. Let Ay

be the Laplace-Beltrami operator associated to g, i.e.

~ 1 90 ;0
3.20 A, = det gg" —
(3.20) g ”zzzl Vdet g 0x; ( v99 33:]-)
where (g%7) = (g;;) 7"
Let f € Hz(99). Let u € H*(Q) be the unique solution of

(3.21) —Ayu=0

U’|8Q =f

The DN map is defined by

" Ou
(3.22) By(f) =3 iy -
i,j=1 L1682

where v; denotes the components of v. In section 1 of [L-U] the following result was proven:
Let (z/,2™) denote boundary normal coordinates with respect to the metric g. Then the

full symbol of A, determines Oy vV a.

g‘asz
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We recall the definition of boundary normal coordinates. For each r € 09, let a4 :
[0,€) — Q denote the limit-speed geodesic starting at r and normal to 9. If {z!,... 2"}
are local coordinates for 02 near p € 02, we can extend them smoothly to functions on
a neighborhood of p in Q by letting them to be constant along each normal geodesic. If
we define 2™ to be the parameter along each «., then {z!,..., 2"} are coordinates called
boundary normal coordinates.

The method of proof proceeds as before. Namely we find B(z, D,) a pseudodifferential
operator of order 1 in z’, depending smoothly on z,, such that we have the factorization

~Ay = D2, +iE(z)Dyn + Q(z, Dy)
= (Dgn +iE(z) + iB(x, Dy))(Dyn — iB(x, Dyr))
modulo smoothing.

Then we prove
Ay = B(z',0,Dy) mod smoothing.

Finally from the full symbol of B(z',0, D,/) we recover % . Notice that this state-
ment depends on the coordinates (z/, z™).

(b) (The Schrodinger equation in the presence of a magnetic field.) Let

A= (Aj(z),..., An(x)), Aj(z) € C>*(2) and ¢ € C*°(R2) be real-valued functions. The
Schrodinger equation in the presence of a magnetic field A and electrical potential ¢ is

given by
n 1 a 2

(3.23) Hg =Y (-,—_ + Aj> + q(z).
=1

We asume that 0 is not a Dirichlet eigenvalue of H . Let u € H 1(Q) be the unique

solution of

(3.24) Hz u=0 in

ulgg = f € H? (09)
Then the DN map is defined by

(3.23) Mi, (=5, +ild-n)f.



Sun observed in [Su I] that there is an obstruction to identifiability. Namely if we

replace A by A+ Vo (a gauge transformation) with ¢ vanishing to first order on 82, then

A A

A4ve,q — DAq
This can be readily seen by observing that if u solves

Hg’qu: 0

U’|8Q =f

Then ey = v solves

Hy

+V<p,qv =0

V|go = f
This shows that at best we can determine 9%( curl A) . V «. In fact one of the results

in [N-S-U] is

Theorem 3.5. Under the conditions on ff,-, qi, ©* = 1,2 indicated above, if

Agbm - Ag2,Q2

then there exists real-valued ¢ € C*°(Q) vanishing to first order on 02 such that

—

A = Ay + Ve
to infinite-order on 0f).

Proof. Introducing again coordinates (z’,z,) as in the case of A + ¢ we write
n ~
HA',q = Dazcn +iE(x) Dy, + Q(z, Dyr) + ZAJ'D%' +4q
7=1
where ﬁj denotes the components of A in the coordinates (z/,,). Now if we try a

factorization as before we get

Hy = (Dy, +iE(z) + Ay +iB(x, Dy))(Dy, — iB(w, Dy))
We first get rid of the term En by conjugating the operator qu with e fo i An(@ss)ds

Namely, we define



Then
Ly u=D; +iE(x)Dy, u+ Q(x, Dy)u
n—1
+ Z Cj(x)Dy,u + Gu

j=1
with C}, G depending explicitly on (ff, q). The point is that now a factorization of L ; . is
indeed possible.

Proposition 1. 3 B(z, D,/) a pseudodifferential operator of order 1 so that

L; = (D;, +iE(zx)+iB(x,Dy))(Dy, —iB(z,Dy)) mod smoothing

Aq
Following the same procedure as before one concludes that the DN map, £ A,q> BSSO-

ciated to Lj’q determines 3°‘Cj|wn Va,j=1,...,n—1. Now the result follows by

=0

relating £ 7 v and A ; v and using the explicity form of the C;’s. Namely we have

Lz, (f)=Az, (f)—2i A,

z, =0

B Layer stripping algorithm

Layer stripping algorithms have been developed for several inverse problems in one
dimension (see for instance [Sym]) and in higher dimensions by several authors (see the
Proceedings [C-K-N-S]| and the references given there). For the Electrical Impedance
Tomography the corresponding algorithm was developed in [S-C-I]. The idea is quite simple:
We embed the domain 0f2 in domains €, a > 0 small with Q¢ = . In the case of the

Schrodinger equation —A + ¢, €2, is given by
Qo ={(2',2,); 2, = a}

so we have a family of DN maps AS;’) = Ay|z, —=a. We know that we can determine q‘ago

from A,. Then we use the Riccati equation (3.8) (note that B(z',a, D) is the DN map)

dA . .
to compute - . We now use the approximation

x, =0

dA
Aq|mn=a ~ Aq|wn=0 +a d—q
Ln z, =0
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In this way we can determine Ag|;, —,. We can then determine ¢|,, —, and therefore we

can use (3.9) again to write

dA
Aq|mn:a+Aa, ~ Aq|wn:a, + Aa Wq

nlz,=a
Of course, the problem is that the Riccati equation is non-linear and there will be “blow-up”
as x, increases. Some regularization of this is needed. In [S-C-I] this was investigated for
a ball R? by dropping the high frequency modes. For a ball in R? and a radial conductivity
in the paper [Sy] the layer-stripping algorithm was regularized by adding a condition at the
center of the ball. In this way in [Sy| a convergent layer stripping algorithm was obtained
for radial conductivities.

We finish this section by showing another derivation of the Riccati equation (3.8) is
satisfied exactly, not just up to a smoothing operator as shown earlier. We follow [S-C-IJ.

We solve the family of Dirichlet problems

(3.26) Lyu= (D2 +iE(z)D,, +Q+ q)u(z,a) =0in €,

(3.27) u(z,a)l, _, = f(z')
We define the family of DN maps

(3.28) AW ()= - —

ou
Lq% =0

ou ou

- - — _Ala)

da s —a oz, o —a a ()
Therefore

0%u
2 ANH2(f) =

(329) ()= gl

Now we differentiate (3.28) with respect to a. We get

dAy" d \ (@
3.30 ( T )(f)z%(Aq f)
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_d <_ du )
T da\ Oz, _,
-~ (o ) (32)) @

= —iB()AGf +QF +af = (A{)*f
by using (3.26), (3.27), (3.28) and (3.29). So we get

dAL

(3.31) -

a a)\2 _
+EAS+ (A2 —Q—q=0

which is equation(3.8) since i[D,,, , B(z, D})|f(z") = 0,, B(x, Dy) f(z').
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t4. Exponentially Growing Solutions

If we look for “plane wave” exponential solutions to Laplace’s equation, i.e., if we seek
(4.1) u=e"" cecC”

which satisfy
Au

I
[=

then we must necessarily have

(4.2) ¢-¢=0;

conversely (4.1) solves Laplace’s equation whenever (4.2) is satisfied. As any nontrivial
solutions to (4.2) will have non-zero real part, the corresponding solution (4.1) will grow
exponentially in most directions. The search for solutions analogous to (4.1) with the
Laplacian replaced by A + ¢ will be the main subject of this section. The utility of expo-
nentially growing solutions in solving the inverse conductivity problem was first observed
by Calderén in [C]. We begin by exhibiting Calderén’s proof of injectivity of the linearized
inverse boundary value problem.

We recall that the mapping A defined by
= Ay

is an analytic map from L>(2) to BLy/2,_1/2, the vector space of bounded linear maps
from H1/2(0Q) to H~1/2(0) endowed with the operator norm. We denote by DA, [67] the
Frechet derivative of A at v acting on the perturbation dv. Calderén proved the following

result.

Theorem 4.1. The Frechet derivative of A at v =1, DA4[ - |, is injective. That is, if
DA1[07] = 0 for some 6y € L>(Q)

then

o1



Proof Let v = v(t) be a smooth curve in L>°(Q) and let u(t) and v(t) satisfy, for each ¢

Lyu =0, Lyv=0
(4.3) lab|asz =/, g|asz =g
Youloa = a, v52loa = B,

then integration by parts gives the identity

[ (18(0) - ga(0) d() = [ (Va1 Tu(t) - Va(O)10)Tu(t) d
o2

Q

Differentiation with respect to ¢ at t = 0 gives
£ B(0) dS(z) = / vu(0)T 7(0)Vo(0) dz |
oQ Q

where o denotes £ and u and v satisfy (4.3). Since 3(0) equals DAW(O)[’;’(O)]g this identity

may also be written

(. DAy [ (0)]g) = / Vu(0)T 3(0) Vo (0) da

for every f and g € H'Y/2(0Q). By taking ’;’(0) = ¢~ it now follows that he equation
is equivalent to
(4.4) / Vul§yVu dz =0

Q

for every u and v € H'(Q) which satisfy Lygyu = Lyyv = 0. If we further restrict to
v(0) =1 then (4.4) must hold for every pair of harmonic functions v and v. A very natural

set of choices for v and v are those exponentials (4.1) which satisfy (4.2), i.e., let
u=e" 1, v = e
with (j - ¢; = 0. Then it follows from (4.4) that

Cr- Cz/ e (G HC2) 5y dy = 0
Q
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or

e K LT LR

We now require that

C1+C2:ik, kGRn,

and note that since (1 - (1 =(-( =0

—(C1—=C) (C1—=C)=(C1+C2) (C1+C)=—k-k .

Hence DA1[07] = 0 implies that

k‘-k/em'k&y de =0 ,
Q
which again implies that

supp (xedv) C {0} ,

with yq denoting the characteristic function of the set {2. However, xqd~y is an element of
L2(R™), so that xodv is in L2(R™) and therefore cannot be supported at a single point.

As a consequence

X0y =0,
which proves that DAq[ - ] is injective. [ ]

Before proceeding, we formulate the analog of Theorem 4.1 for Schrodinger operators.

Let C,; denote the Cauchy data for A + ¢, defined by

C, = {(f,9) € HY2(0Q) x H-1/2(9Q) :

Jv € HY(Q) with Av+qv =0 in Q, and v|sq = f, %bg =g}.

The map
L>*(Q) > q»£>Cq € { linear subspaces of H? (092) x H™ 2 (0Q)}
is also real analytic, and we denote by DC,, its Frechet derivative at g.
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Theorem 4.2. The Frechet derivative of C at ¢ = 0, DCy][ - |, is injective.

Remark. For any fixed © and ¢ sufficiently small (||g||p-~ < smallest eigenvalue of —A
with Dirichlet boundary conditions) C, is the graph of the Dirichlet to Neumann map,
A, corresponding to the operator A + ¢. Hence, the Frechet derivative acting on the

perturbation dq is given by
DC,[5q] = {(0, DA,[6q]f) = f € HY*(0Q)},

and the statement that DCy| - | is injective is equivalent to the statement DA,[ - | is
injective at ¢ = 0. I:l

The approach that we will use to prove identifiability later in § 5 is based on ex-
ponential solutions which are constructed in a way that naturally extends the previous
construction for the Laplacian. To construct these solutions we shall make use of the

following norms, defined for any u € C§°(R"™) and any —oo < § < 00 :

1/2
4
lulles = ([ (+1oP) P az)

The space L? is defined as the completion of C§°(R"™) with respect to the norm || - ||L§

The main theorem in this section is:

Theorem 4.3. Let —1 < 0 < 0. There exists € = €(0) and C' = C(d) such that, for every

q < L§+1 N L* and every ( € C" satisfying

(4.5) (-¢C=0 and

1 2\1/2 - 1
I+ o) Pl +1 _

40 q e
there exists a unique solution to

(4.7) Au+qu=0 inR"

of the form

(4.8) u=e"(L+9(x,())
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with 1 (z,() € L3. Furthermore,

S41°

4.9 2
(4.9) [¥llz: < |<|||Q||L

This theorem has a counterpart for the conductivity problem, which is obtained by
envoking the correspondence in Theorem 0.6 between the Schrodinger equation and the

conductivity equation. The statement is

Theorem 4.4. Let —1 < § < 0. There exists e = €(§) and C' = C(6) such that, for every

positive 7y with 877 ¢ L2 541N L and every ¢ € C" satisfying
(-¢(=0 and
A 1/2
1+ |2)2 D [l + 1
<e,

<]
there exists a unique solution to

Lyu=0

of the form
u=ny"2e"(1+1(z,())

with 1 (z,() € L2. Furthermore,

14 (=, O||L2 |C|H 1/2 HL2

§+1

Most of the work necessary for the proof of Theorem 4.3 is associated with establishing

the following proposition.

Proposition 4.1. Suppose that (-( =0, [(|>¢>0, fe L}, and —1 < 4§ <0. There

exists a unique ¢ € L2 such that

(4.10) (A+2¢-V)p=f.
Moreover,

C
(411) lellz < SNz,
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We postpone the proof of this proposition to the end of this chapter, instead we first
show how it may be applied for the
Proof of Theorem 4.3

We seek u of the form

u=e"%(1+ 1)
satisfying
(A+gfe™(1+9)} =0
or
(4.12) A+ 2C-Vip = —q — qip.

To solve (4.12), we define

Ppo1=1
and we recursively define 1); by
(4.13) (A+2¢- V) = —qipj_y  for j > 0.
We claim that
(414 =30
j=0

is the desired solution. It needs to be proved that the functions ¢;, j > 0, are well defined,
and that the series (4.14) is convergent. We may without loss of generality restrict our
attention to € < 1, so that we only consider ¢ for which [¢| > 1. Since ¢ € L}, and
¢_1 = 1 it follows from Proposition 4.1 that there exists a unique 1)y € L3 that solves
(4.13) with j = 0. This 1o furthermore satisfies

(4.15) I¥olly < <P lallus,, -

If v is an element in L2, then the fact that (1+ |z|2)Y/2¢ is in L> immediately implies that

C(9)
|

qu is in L3, with the estimate

lavllzz,, < I+ 22 2q) o]l 2
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Using this observation in connection with Proposition 4.1 we conclude that if ¢;_1 is in L3

then there exists a unique solution to (4.13) in L3. This solution ; furthermore satisfies

C(9)

[5llz < 7 llawj—llrz
(4.16) ‘! ,
< (CONA+ |2 2]~ ;1
= < T

An induction argument based on the estimates (4.15) and (4.16) now gives that ;, j > 0,
are all elements of L? and satify the estimates
C () COI + |2[*)*?q|| L=
q Iq
By selecting e sufficiently small, say that § < 1/2, we now obtain that the series (4.14) is

145ll22 < 0llqll 2, with 6=

convergent, with the bound
C()
¥lzz < 25 Plllzz,, -

This completes the proof of the existence part of Theorem 4.3

To verify the uniqueness of the solution ¢ (and therefore of u), suppose that

A +2¢-Vip = —q — q¢
and
A +2(-Vip=—q—qi,
with ¢ and ¢ € L?. Then
AW =) +20- V() =) = q(vp — ) |

so that according to Proposition 4.1

Cll(1 + |=[)*2ql| .~

<Lz
< 1= 9llzz
which can only occur if
19 = llz =0 .

[]

It is not exactly Theorem 4.3 we use later on in our proof of identifiability, rather it

is the following version for a bounded domain.
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Corollary 4.3. Let 2 be a bounded domain in R™. There exist constants ¢ and C' such
that for every q € L*°(Q) and every ( € C™ satisfying
(-¢(=0 and

lalzs+1 _
a=©

there exists a solution u € H'(Q) to

Au+qu=0 inQ

of the form
u = em'g(l + (x, C))
with
C

HQZJHL?(Q) < m“qﬂlp(g) and

1Yl ar @) < Cllallz2 o)
Proof

Define

~ q inQ

1= { 0 inR"\Q
We may apply Theorem 4.3 to ¢, say with § = 1/2. This way we obtain the existence of a
solution to Au+ gu = 0 in R"™ (and therefore a solution to Au+ qu = 0 in Q) of the form
u = e (14 (z,¢)) with
C
4

By interior elliptic regularity estimates it follows that u € H'(€). It only remains to prove

(4.17) |1Yll2 ) < =llallze ) -

the estimate concerning the H' norm of 1. As a means to obtain this estimate we establish

a particular interior estimate for solutions to
Av=—F inR" ,
namely

(418) ||U||H1(Q) S C(“F“H—l(ﬂl) + ||U||L2(Q’)) s
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provided Q cC Q. Let x € C§(R"), 0 < x < 1 be such that x = 1 on Q and supp x C €/,

then integration by parts and use of Holder’s inequality yields

/ 2| Vo |? de :/ Fx2v dx+2/ xVx-Vvuvde
1
(4.19) < C||F |1 + §||X2’U||12ql(sz')
1
+ —/ X?|Vv|? dox + C V2| Vx|? dr .
4 n Rn
On the other hand
ol = [ V0P dot [ ol do
< 2/ x*Vol? da:+2/ 02|V x2? dx

+/ |X2'U|2 dx

<2 [ Vol do + Clolfiagay

(4.20)

A combination of (4.19) and (4.20) gives

/ V0 do < COIF 310 + 1))

1
+§/ X?|Vul? dz |

and therefore

1 1
—/ |Vo|? dz < —/ xX*|Vo|? dx
2 Jo 2 Jan
< C(IF -1 @) + IWIZ2 )
This immediately leads to the estimate (4.18).

Going back to the equation (4.12) we get that
A =—-20-Vip—q¢—qp inR",
and the estimate (4.18) thus gives

(4.21) Nl o) < C([12¢- VY + G+ q@lla—r @y + 10l 2))
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with Q cc Q. On the other hand we also have

12C - VY + G+ ¢l -1y < 2[C0 2y + 1l 22y + |l 2|9l 2

(4.22)

= 2[¢[l1¥ )Lz + lallz2o) + llalle2 @)Yl L2y
and

C . . C
(4.23) 9] 20y < mHQHLQ(Q') = mllfl“m(m :

The estimate (4.23) is obtained by replacing € by €’ in the estimate (4.17) (the constant
C' changes). A combination of (4.21)-(4.23) yields

laliZ qll 2
[l 2) <C (||q||L2(Q) L7 lallz2 ) |

q q

and since the assumption about || implies that 1/|(| < C min(1, ||q||221(m), we immediately
get
1] @) < Cllgllz2 )

as desired. |:|
We now return to the

Proof of Proposition 4.1
We first prove uniqueness. Suppose that w € L} and
Aw +2¢ - Vw = 0.
Fourier transformation gives
(4.24) (—[€]? +2¢ - i€)w = 0.

As this equation is invariant under rotations, we may without loss of generality assume

that
1 0
0 1
0 - fo : q
=5 + 18 = se; +18€3, S=—,
¢ . ) 1 2 V2
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in which case (4.24) is equivalent to
(4.25) (4 (ba—s)+&5 ... +& — ) +2is&1] - =0.

The content of (4.25) is that the tempered distribution w is supported on the manifold
M(s), where M(s) denotes the codimension 2 sphere which arises as the intersection of
the plane &1 = 0 and the n-1 dimensional sphere with center ses and radius s. Whenever
misunderstandings are excluded we shall for brevity use the notation M in place of M(s).

We will apply Plancherel’s theorem to @, but, in order to do so, we first smooth the

distribution w by introducing

where L
B(lz|) = (g) /Rn X(|f|2)€_i£”6 d¢ with

x € C*([0,00)) and supp x C [0,1] .

From these definitions it follows immediately that

B(1))(€) = x(I¢]?) -

We furthermore normalize 8 by the requirement that

(|2)) (€) de = (€2) de =1 .

X
R" R"
It straightforward to see that

lim @, = 0
el0

supp we C Ne (M(s)) = {¢] dist(&, M(s)) < e},

(=600 (£)) @) = ptte

(w, ) = (0, )

For any ¢ € S(R™)

= lim W0 dx
el0 JRrn ¥
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so that

o 1/2 1 1/2
o) < ([ ) - (5 [ etora)

As ¢ is smooth and the (volume of N.) /e? converges to a constant times the surface area

of M,

1/2
(1.26) w, )| < © (T el ( /M()|¢<s>|2ds<s>> .

1 n
(35) el =l

= [ 1B [w() do
< sup(| 62 (elol) (1 + 1) 1) -

As € S(R™), and 6 < 0, it therefore follows that

Moreover,

le]|Z> < Csup(|(1 +€**)°] - [(1+ %) °]) - [lw]| 7

< O w2,

Returning to (4.26)

1/2
|¢(E)I2d5’(£)>
M(s)

.0} < C Tale ) u] (/
Since § > —1, it therefore follows that
(w,p) =0

for every ¢ € S, so that w = 0.
We turn to prove existence of a solution to (4.10). Suppose for now that f € S(R™) and
define

. f(€
() =~
—[&[* 4+ 2iC- €
We shall prove that w is well defined and satisfies the estimate
C
(4.27) [wllzz < mllfHLg+1
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Once this estimate is established we can dispense with the assumption that f € S(R™) by

continuity. As we did in the uniqueness proof, we may assume that

¢ =s(ey +iex), s=

sz

and therefore
P A2 E =2+ (L —8)PH €2+ €2 — 24 2isEy = P(E, 5).
With this definition of the polynomial P it is easy to see that
P(¢,s) = s*P(¢/s,1) .
As before we denote
Ny (M(s)) = {§ € R?| dist (£, M(s)) <7}

and we define an open cover of R™ by

01(8) = Rn\Ns/Zn(M(S))

Os(s) = {|&2 — 5| > s/2n} N Ny(M(s))

w0

O;(s) = {Ig;] > s/2n} N No(M(s)) for j > 2.

It is useful to note that M(s) = sM(1) and that O;(s) = sO;(1).
Let x;(§) be a partition of unity subordinate to this open cover, so that
i - ~ X9 (8)

i=1

Since O1(1) is disjoint from M(1) and since P(£,1) — oo as |{] — oo there exists a

constant ¢ such that

PE1)>c>0 YEe O (1).

For ¢ € O;(s) this leads to the estimate

P(&,s) = s*P(£/s,1) > cs?
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so that

1 1
(429) lwilles < lnllze < —5 172 < —5 0l

Here we are use the facts that 6 < 0 and 6 + 1 > 0. Since our hypothesis guarantees that
|¢| = V/2s is greater than some ¢ > 0, (4.29) gives the desired estimate for w;.

To estimate each of the w;,j = 2,...,n we first introduce new coordinates in O;(s) by
m = 2§

ne==~& for L #£1, j

G+ (-5t .+
T S

In terms of these new coordinates

A

oy x4 ()
;(n) = s(nj =+ in1)

The Jacobian of this coordinate transformation on O;(s) is easily calculated to be
on 4¢€; )
Det [ — | = =2 f 2
) (35 > s i

and

0 4(&s —
Det (%)z% fory =2 .

These expressions are in all cases bounded from above and below on O;(s), j = 2,...,n
independently of s. At this point we shall make use of the following three results, the

proofs of which will be given later.

Lemma 4.1. The maps Z; defined by

A

f
fj + &1

(Z;1)(€) = ( ) feSR")

are bounded from L§+1 to L.

Lemma 4.2. For any x € C§°(R") and any f € S(R")

I(x(©F©)) N2, <Clfllzz.

541 5+1
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where the constant C' depends on Y, but is independent of f.

Lemma 4.3. Let O and O be open subsets of R Let f be in C3°(0') and let U be a
diffeomorphism from O to O’ such that the Jacobians DV and DV~! are bounded on O

and O’ respectively, then
IFo )l < Il

S+1

The constant C' depends on ¥, but is independent of f.

The proof of Proposition 4.1 now proceeds as follows. Let

then it follows immediately from the formula for the w; that

~

xifean]”
nj + i771

wj(z) = !

S

Vv
= = (x) .
s 77j+”71] (=)

1 { gi(n)
Using Lemma 4.1 we obtain that

- 541

C
(4.30) lwjllez < —llgsles
At the same time, if we define

Vv
hi = if| (@) and w(m) =¢m).
then we get
. v . v
= [ofer] = [izee]
so that according to Lemma 4.2 and Lemma 4.3

lgjllzz,, < Clhilizz,, = CllOGH 2

5+1 S+1
<C|flez,,

(4.31)

A combination of (4.30) and (4.31) gives estimate

C
< =

lwslles < SN, 5=

=
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Envoking the formula w = Z?Zl w; this completes the proof of Proposition 4.1. I:l
It still remains to prove the three auxiliary lemmas 4.1-4.3. If we note that ||f|| s =
||f||L(2;+1 then lemmas 4.2 and 4.3 merely state that multiplication by smooth, compactly
supported functions and composition with smooth diffeomorphisms are bounded operators

on H*(R"™); two facts that are well known. It thus only remains to give the

f \2
fr <5j+i§1>

>V feSRY)

Proof of Lemma 4.1 The map

may also be written

fo*(§j+i§1

Furthermore it is well known that for an appropriate constant C

1\’ C -
(g+@) “mrm®

where & = (z2,...2j_1,%j41,...%,) and 0y denotes a Dirac delta function at the origin.

Therefore Z; is given by
C -
f=fx———00(z) ,

T+ 1Ty
which is to say that Z; is proportional to the solution operator for the inhomogeneous
equation

(O, — @0, )v=f in R".

To prove Lemma 4.1 it clearly suffices to consider a single value of the index j, for instance
j = 2. We furthermore claim that it suffices to prove the estimate || Z2f| 12 < C||f||L§+lin
R2. To see this we note that

s = [ (0 o) futo)? da
< [ ratead ) do
since 0 < 0. Therefore
(432) ||Z2f||%§(Rn) < /dl'?) .. d.’l?n [||ZZf(7 X3y xn)”%%(R?)]
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Here we use the fact that (Zaf)(z1,x2,...2,) = [Z2f (-, Z)](x1, x2), i.e., we use that & =

(x3,...%,) may be treated as parameters untouched by Z,. At the same time
11 ey = [+ P17 de

> [ st ad) Ol do

since 1 + & > 0. Therefore

The estimates (4.32) and (4.33) immediately imply that it suffices to prove the estimate
1Z2fllz2 < CIfl 2, in two dimensions. This latter estimate follows from the following

lemma with p = 2. I:l

Lemma 4.5. If Z is defined by
1
Zf = -
f /RQ (’U,z — 1)2) + ’L(U,l — Ul)
then Zf is bounded from LY | (R?) to L§(R?) provided p > 1 and —=2/p <6 <1—2/p

flo,v2) dv  f e SR?)

Proof

The space L% consists of the functions

{u: (14 |z|>)°?ue P},

5/2

equipped with the norm [[u|z» = [|(1 + |2|2)%/2ul|Ls. Tt is well known that the spaces LY ;

and LY are dual, provided 1/p+1/g = 1. Due to this fact, it suffices to verify the estimate
{9, Z1)| < Clflle

§+1

_ g(u)f(v)
o 20} = ‘/m /R2 (ug — v2) +i(ur — v1) ducy
(g ()] +u)P @+ Jo))=*) - (F (@) + [u) =P+ p)*)
< Jo e

|u =]

l9llze, for any g € L? ;. We have

dudv

where a and S will be chosen later. Employing Holder’s inequality,

. 20)1 < </R2 {/Rz Lt |U|)p(°‘_5—1) du} (1+ |U|)p(6+1)|f(1))|pdv> v

ju = vl

([ 4 R D 0 4l "

< Cllfllee,, - llgllee,

541
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with the constant C given by

—pB p(a—d—1) 1/p
0= (o [ LHED e )
R2

v |U’_U|

q(B+95) —qa 1/q
o [ L )
R2

u |U’_U|

In order to guarantee that C' is finite, it suffices to require that

(4.34) 1/p<p<2/p and 1/g<a<2/q
with
(4.35) d=a—-pF-1/q .

On the other hand, if p > 1 and ¢ satisfies
—2/p<d<1-2/p,

then it is not difficult to check that it is always possible to select a and /8 such that (4.34)
and (4.35) are satisfied. This completes the proof of Lemma 4.5 and consequently the
proof of Lemma 4.1. I:l
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§5. Identification of an Isotropic Conductivity in the Interior, n > 3

In the first part of this chapter we use the special solutions constructed in Chapter 4
together with the boundary identifiability result of Chapter 2 to prove a global identifiabil-
ity result for dimension n > 3. This rsult is originally due to Sylvester and Uhlmann ([S-U
I1]). The case n = 2 will be considered in Chapter 6. In the second part of this chapter we
extend the main ideas of the proof of the identifiability result in order to establish a result
concerning the stable dependence of the conductivity on the boundary measurements. The

main identifiability result is

Theorem 5.1 . Let 2 be bounded domain in R™(n > 3) with a smooth boundary and

suppose that v and v, are C*°(S2) isotropic conductivities. If the two conductivities have

the same Dirichlet- to Neumann-data map, i.e., if

Ay, =A

1 Y2

then
Y1 =72
We will obtain Theorem 5.1 as a corollary of the analogous theorem for the Schroed-
inger operator (Theorem 5.2 below). Since the Dirichlet problem for the Schroedinger
equation need not always have a (unique) solution, the Dirichlet- to Neumann-data map

may not exist. It is quite natural to use the Cauchy data C, in place of the Dirichlet- to

Neumann-data map. The Cauchy data is defined as follows
C, = {(f,9) € HY2(0Q) x H™1/2(9Q) :
Jv € H'(Q) with Av 4 quv = 0in Q, and v|sq = f, ?bg =g}.
v

Theorem 5.2 . Let ) be a bounded domain in R™(n > 3) with a smooth boundary and

suppose that q; and qo are L°°()) potentials such that
th = qu

then
q1 = q2
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Before giving the proof of Theorem 5.2, we show that Theorem 5.1 is its corollary.

Proof of Theorem 5.1. According to Theorem 5.1, v, and v, as well as % and %

agree at 0{2. Theorem 1.9. now guarantees that

th = qu
where ¢; and ¢2 are defined by
1
A’ng
4G = "1
o
1 1 1 1
Thus Theorem 5.2 implies that ¢; = g2 = ¢«. Since Afy]? = —q; and since vy = 5

1 1 1 1
and 0v{ /0v = 0v5 /Ov on 012, it follows by unique continuation (ref ) that v7 = 5 in €;
therefore v1 = 72 in 2. In place of using this latter argument of unique continuation one

might alternatively (as done in [A II], [S-U II]) consider the function
()
v=log|—) .
72

V- (172)2 Vo) = (1172)* (g1 — g2) = 0

This function satisfies

(5.1)
vlag =0
and hence
v=0in Q,
€., y1 = 72 in L. I:l

We now turn to the proof of Theorem 5.2.
Proof of Theorem 5.2. Let u; € H'(2), j = 1,2 denote any pair of solutions to

Auj + qju; = 01in Q .
We then have

/(Ch — q2)uiuy de = — / (Augug — Auguq) dx
Q Q

= —/ %u — %u ds
N a0 ov 2 ov ! .
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Since by assumption C,, = C,, there exists a function v € H*(Q) so that

Av+qv=0in Q |

v:uQand@:%onﬁﬁ.

ov ov

The same calculation that led to (5.2) now gives

0= / (@1 — q)urv do = — / (Auiv — Avuy) do
Q Q

B ouy ov

A combination of (5.2) and (5.3) immediately yields that

(5.4) /Q(ql — q2)uruz de =0

for any pair of solutions to Au; + q;u; = 0.
At this point we shall choose u; and us to be the type of solutions constructed in

Theorem 4.3 of the previous chapter. Given any k& € R™ we choose (; and (s as follows:
G=1+i(k/24+m)
Ca=—l+i(k/2—m)

where [ and m are required to satisfy

l-k=l-m=k-m=0

55) iz = iz - F2
: 4

1 1
7| > Emax“(l +|2?) 2 g5l -

The constant € is the same as appears in Theorem 4.3 . It follows immediately that the (;
satify ¢j - (; = 0, as well as
1
(L + |2]*) % 5]l L=
Gl

We also have that |(j| — oo as |[| — oo. It is clear that the orthogonality relations

< €.

required of [ and m can only be satisfied if the dimension, n is three or higher. The

solutions corresponding to the vectors (; constructed in Theorem 4.3 have the form

uj = e"% (1 +;(z, ()
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where v; satisfies
C

(5.6) [%illz2(0) < m”quLz(Q) , and (|9 @) < Cllgjllz2(a) -
j

The identity (5.4) therefore becomes

0= / (1 — qz)em-(g1+§2)(1 +P1(x, C1)) (1 + Pa(w, (2)) do
Q
N /Q(QI — q2)e” (1 + 1z, (1)) (1 + b2 (x, (o)) dw

which leads to

(5.7) /Qem'k(% — q2) dz = —/ R (g1 — q2) (1 + o + P1ey) da .

Q
The right hand side of (5.7) depends on [ and m while the left hand side does not. If we let

|I| and hence |m| approach infinity and use the first estimate of (5.6), then (5.7) becomes

(5.8) /Qe”'k(ql —q2) dr =0

Let ¢; denote the function on all of R™ obtained by extending ¢; to zero outside 2. As
k is arbitrary, and since the functions ¢; vanish outside €2, (5.8) implies that the Fourier
Transform of (§; — ¢2) vanishes identically. Therefore ¢; equals ¢2; as a consequence ¢
equals ¢ in 2 and we are done. I:l

A somewhat more carefully crafted version of the uniqueness proof can be used to
prove the stable dependence of v on A,. By stability, or stable dependence, as opposed to
continuous dependence, we mean that, under the hypothesis of an a priori bound for 7,
and 7, (or ¢; and g2) in a high norm, we can estimate the difference, v; — v2 (or ¢1 — g2),
in a lower norm in terms of the difference of the Dirichlet- to Neumann-data maps (or
the Cauchy data). The stable dependence results presented here are except for minor
modifications due to Alessandrini ([A II]). To measure the distance between the Dirichlet-
to Neumann-data maps we use the operator norm for bounded operators between H/2

and H~'/2. To measure the distance between the spaces of Cauchy data we use

||(f7 g) - (fa g)“Hl/?@H*l/?

dist (Cq,,Cyq,) = max{ max _min

(f.9)€Cay (f,g)EC, N(F D regu-12
: ||(fvg)_(fvg)“Hl/QeaH—l/2
max _Inin
(f,.9)€Cq, (f,9)€Cq, ||(f7g)||H1/2®H*1/2
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The norm on the space H'/2 @& H~1/2 is defined by the expression

1, ) e gr-1r2 = (F e + NglFr-2) "2 -

It is not difficult to see that if the spaces C,, are both graphs of corresponding Dirichlet-

to Neumann-data maps A, then one has the estimates

(L4 1A, I

o D720+ Al )2l — Mgy

1
2

< dist (Cqy,Cgy) < [|Ag, — qu”%,—%
We first show

Theorem 5.3. Suppose that s > 5, n > 3 and
(5.10) g5 1| e (2) < M
then there exists C = C(M) and 0 < 0 < 1 (6 = o(n)) such that

(5.11) g1 — Q2||H—1(Q) <C (| log { dist (C(INC(ZQ)} |77 + dist (qucqz)))

Proof. Our point of departure is the identity (5.2). If (f, g) is an arbitrary element of Cg,

. 8’(1,1 8U2
/Q((h — @2)urug dz = /89 ( B U2 By u1> ds
. 3u1 3u2
= _/asz (E(Uz—f)— (E —9)U1> de .

To obtain the last identity we have used integration by parts and the fact that there exists

then we have

(5.12)

a function v € H'(Q) such that
Av+qv=0in Q ,

v:fand@:gonaﬁ.
ov

We continue with
[ = awyune dol < 152yl = Sl + sl 3152 = 0l

U2
< ||(U17 . -1 '||(U2—f7 E—g 1 -1

Wt o4



Now, minimization over all pairs (f, g) in C,, yields the estimate

0
o - dist (Cgy. Can)- [l (2.

0
e - 2
Ov "H2Z®H 2

6.13) | [ (0n-ge)urus do] < [ un, [
In case C4, and C4, are actually the graphs of Dirichlet- to Neumann-data maps A, and

A,,, an estimate corresponding to (5.13) would be

/(Ch — q2)uruz dx
Q
1 1
<luall gz - U+ 1A I _1)2 - I1Ag = Agally g - lluall 1 T+ Mgl 1)
Our next step is to choose u; and us to be the solutions produced in Theorem 4.3. That

is
(5.14) uj = e”% (1+ ¢;(, ;)

with )
C1:l+i(§+m> ,

42:—l+7:<§—m> ,

where k is arbitrary and [ and m satisfy the requirements (5.5). The functions 1; satisfy
the estimates (5.6). Since u; € H(Q) are solutions to Au; + gju; = 0 (with g; bounded

in L*°) it follows that
8’U,j

15, -3 o0y < Cllusllan ) -

Using the estimates (5.6) we now get

ou
I(u1, —— 1 < Ollut||my (e

9, Wetent
< C([le” Mm@l + Yillrz) + €™ 2@y - 11+ Y1l ai@))
< C|C1|e|<1|'D + CelaIP

where D denotes the constant D = max,cq |z|. Thus, for any fixed D, > D

8U1

’

uniformly in |(1|, and similarly

8U2
(5.16) Iz, 52 g3 <GP0
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1
uniformly in |(»]. Let r denote the parameter r = (@ + |m|? + |l|2> * — |k|. In terms of

r we have that |(1] = |(2| = |k| + . The parameter r must be sufficiently large, i.e.,
r>C>>1,

but it is otherwise free. A combination of the estimates (5.13)—(5.16) now yields

|/ qz mk dl‘|

< CAP-(FGist (€. o) +/ (g1 — qollto1 + o + Prio] da |
Q

or, by use of (5.6) and (5.10)

9 1
1= @) (8)] < © (2P0 i (€, + 20 )
k| +
where, as before, ¢; denotes the extension of g; by zero outside 2. We therefore have
g1 — q~2||%1—1(R”)
= [ 1@ - @ )P+ k) ak

~

(5.17) < /|k|<p (g1 — 62)(k)|2(1 + |k|2)_1 dk + /|k|>p (41 — 62)(k)|2(1 4 pz)—1 dk

1 1 -
S Cpn < 4D (p+T)(d]_St (Cq17C )) _> + 1 + 2 ||QI q2||%2(9)
n 4D, (p+r) (1 2 pt . C
< Cp"e (b )(d1st (CqrsCq))” + Cr_2 + F

In order to make the last two terms in the final expression of (5.17) small and of the same
magnitude (1/p?) we choose

nt2
r=pz,forp>>1.

With this choice we also have r > p. Concerning the first term in the ultimate expression

of (5.17) we get
(5.18) petP= P+ ((igt, (CqysCqp))? < CeET(dist (Cyy,Cyn))?
uniformly in p, for any fixed constant K > 8D,. If we now choose

=

1 .
p= <?| log{dlst (quycqz)}|> ’
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then
1 )
r = E| log{dist (C4,,Cq,)} ,

and therefore

(5.19) BT < dist (Cyy,Cqp) "t for dist (Cyy,Cyp) < 1
A combination of the estimates (5.18) and (5.19) gives

(5.20) petP= (P (dist, (€, Cyy))? < Cdist (Cy,,Cyy)

provided dist (Cg4,,Cq,) < 1. Insertion of (5.20) and the definition of p (and r) into the

ultimate expression of (5.17) yields the estimate
(5.21) g1 — 62||%I—1(R”) <C (| log{dist (Cq,,Cq, )}~ 7+ + dist (C(INC(ZQ)) ’

for dist (C4,,Cq,) < 1. The estimate (5.21) is trivially satisfied for dist (Cq4,,Cq,) > 1
because of the assumption (5.10). This completes the proof of Theorem 5.3. I:l

We now proceed to transform Theorem 5.3 into an analogous theorem for the conduc-
tivity problem. In the same fashion as earlier seen for the interior identifiability theorem
the proof of the interior stable dependence result makes use of the the continuous depen-
dence result (Theorem 2.2) concerning the boundary values. Among other things the proof

depends on the following lemma

Lemma 5.1. Suppose that s > % and that v; and 2 are C* conductivities on QCR",
satisfying

i)1/E<~v;<E

ii) |9l o2 ) < E.

Let g1 and ¢ denote the potentials defined by

Ary

1
2
J
1

(5.22) 0= ——

75

There exists C = C(Q, E,n,s) and o (0 = o(s)) such that
dist (Cqy,Cq,) < [[Aqy — Agpll2

1 _1
2°7 2

(5.23)
< C (A = Asullg -

1
2:7 2

1Ay = Anlly ) -
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Proof. Since ¢; are related to the conductivities v; by means of (5.22) it follows that
Cy,; are graphs of corresponding Dirichlet- to Neumann-data maps. The first inequality of

(5.23) comes directly from (5.9). A simple calculation gives that

[

_ _1 8’}’% 1
quqs:fyj A%.(fyj 2¢)+a—;¢ Vo € H2(012) ,

so that
H (Afh _Aq2)¢||H7%

1
< Ol = v Hllor ol (7 ¥ ) + gl
= Ulin Y2 T llot@9) 1My (Y1 9y 3

_1 _1 _1
+ Cllvz *ller o) (HAw (71 7¢) = Ayy (72 2 ¢)||H7%

1 1
ov:  Ovy2
+ 1%~ P oany 1812 ) -

Under the assumptions i) and ii) this immediately leads to the estimate
||(A(I1 _Aq2)¢||H7%
(5.24) _1 _1
<C (I = mloron + 1Ay (1 2 8) = Ay (45 2 D) -3 ) 1914

In a similar fashion we may also bound

1Ays (71 % ) =2 (72 * D)l -3
_1 _1 _1
<A (P =7 2)¢||H7% 1Ay = Aye) (7 2¢)||H7%
< Cllm =z2llor@a) + 1A = A lly — )l

2 2

Insertion of this into (5.24) yields

| —A) bl

(5.25)
< C(llv = rz2ller o) + 1Ay — Ay lls — 1)l 1
Since s — % > 5 — % = "T_l we may use Sobolev’s imbedding theorem and the logarithmic

convexity of the Sobolev norms to obtain

Iy = 2ller @) < v =2l yor s (5,

_2 2541
< Ol = r2llzz00)) = (I = 72||Hs+%(39))25+3

_2
< O(llve = 72llz200)) =
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To obtain the last inequality we have also used the trace estimate

v — 72||Hs+g(89) < Clivi = vellre+2(a) -

It now follows from the first part of the continuous depence result on the boundary (the

estimate (2.24)) that

_2
2543
1l _ 1

2

(5.26) 71— 12lloren) < CllA,, — Ay,

¥

[]

After insertion of (5.26) into (5.25) we obtain the desired estimate with o = ﬁ

The stable dependence result for the conductivity problem is
Theorem 5.4. Suppose that s > 5, n > 3, and that v; and vy are C* conductivities on
Q) C R™, satisfying:
i)1/E<~vy;<FE
i) [|vjllgs+20) < E,
then there exists C = C(Q), E,n,s) and 0 < 0 < 1 (6 = o(n, s)) such that

527) I —elliece) < € {l10glIAy — Ally —y 17+ 1Ay, = Anslly g }

Proof. In light of the bound ii) it clearly suffices to prove the estimate (5.27) for

[Ay, = Ay, ll1 —1 sufficiently small (<< 1). The last term in right hand side of (5.27)

2

is there to render the estimate trivially satisfied for [[A,, — Ay, |1 _1 large.

2

Consider the function

v =log <l> = log(71) — log(y2) -
V2
This function satisfies the boundary value problem
V- (172)2 V) = (172)* (01— ¢2) 1n ©
vloo =11 — 72
and hence
[ logv1 — log 2|l m (o) = lv]|a (o)

(5.28)
¢ <||q1 — @2lla-1(@) + [ logm - 10g’y2“H%(am>
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A combination of the estimates (5.11) and (5.23) gives that
||QI - Q2||H*1(Q) S C’| 10g{ dist (C(I17cq2)} |—cr1
(5.29) < Clog {1IAy, = AT, } 17

2

< Cllog {[|Ay, = Anylly 3 } 17
for [|[Ay, — Ay, [[1 1 sufficiently small. In view of Sobolev’s imbedding theorem and the
logarithmic convexity of the Sobolev norms we have
[logv1 — logv2|| L= () < Clllog 1 —logv2llu+ ()
s—1

s=1 2
< Cl[log vy — log 72l griva gy - 110g 71 — log 2l 7
2

S+1
(@) -

< C|logy1 — logv2||;

We also have

2542
2513

L2(09Q) || log y1 — log 2|

2542
25+3

L>(09Q)

2s+3
HF3 (80)

[og 1 —log72ll 1 5g, < Clllogm —log |

< C||log 1 — log 72|
Together with (5.28) and (5.29) these two estimates give
| log y1—log 72|l L (o)

s+2

2542 s-o-%
o 2s5+3
C<|10g||f\71— Ay llz — 1|77 + [[logy1 — log’YzlLi(am> ;

207 2

1 sufficiently small. Now

for ||Ay, — Ay, ||%,—2

| —1 = {/1 dt ] (Y - )
0 o) . 7
g71 g Y2 . (1 t) t v 1— 72

and, since by hypothesis

| =
IN
3
IN
&

it follows that

171 = 72ll= (@) < Elllogy1 —logyz2|lL=() »
and

| logv1 — log¥al|L=(a0) < Ellv1 — v2llL~(09)
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Therefore (5.30) translates into

2

2o42 2
6530 = slueio < © (110g1Ay, ~ Al 477+ =l )

for [[Ay, — Ay, |1 _1 sufficiently small. By combination with the boundary continuous

dependence result (Theorem 2.2) the estimate (5.31) becomes

_ 271
71 =12l (@) < Cllog[[Ay, — Ayl _1 7572,
for [|[Ay, — A+, [[1 1 sufficiently small. This completes the proof of the theorem. [ ]

80



