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Abstract

In this paper we prove in dimension n > 3 that knowledge of
the Cauchy data for the Schrodinger equation measured on particular
subsets of the boundary determines uniquely the potential.

0 Introduction and Statement of the Result

Let 2 C R™ be a bounded domain with C? boundary. We denote by v the
unit-outer normal to 0S2. Let

HA(Q) ={ueD(Q)|uec L*Q), Auc L*(Q)};
HA(Q) is a Hilbert space with the norm
0l ) = 30y + 1A -
For u € Ha(S), we have u|yg € H™2(99) and Sl € H=2(09) (see Sec-
tion 1). We define the set of Cauchy data for ¢ € L>(2) by
C oo 2 ) (A —qlu=00n 9, ue Ha@)
=< | ulon, =— —q)u=0o0nQ, u .
q LI P q ) A
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2 Recovering a Potential from Partial Cauchy Data

We have C, € H 2(0Q) x H 2(99).

If 0 is not a Dirichlet eigenvalue of A —¢ in €2 then C, contains the graph
of the Dirichlet-to-Neumann map A, conventionally defined on H'/2(0$2) by
the relation Ay(f) = 2%|,,, where u € H'(1) is a solution to the problem

(A—q@u=0 inQ, ulpg=7r;

B (A | f € BY209)) € G,

It was shown in [SU] in dimension n > 3 that C, determines uniquely the
potential. In two dimensions this is known for generic potentials [SuU1] and
for potentials of the form ¢ = % with v > 0 [N]. We also know that in two
dimensions C, determines the L*-singularities of ¢ ([SuU2]).

It is an open problem whether partial information of C|, still determines
uniquely the potential. The only case known previous to this paper is that
of real-analytic ¢. In this case it is proven [KV] that if ' denotes an open
subset of 0€2 and we measure A,(f)|r for all f supported in I' then we can
recover ¢ uniquely. This result follows since in this case we can determine
from A, all derivatives of ¢ on I'.

Before stating our main result we establish some notation.
Fix £ € S"7! = {R", [¢] = 1.} We define

aQ+(€) = {x € 00 | <V7€> > 0}7
0Q_(§) = {r € 99| (v,§) <0}

and for ¢ > 0
09, () = {r € 09| (1,€) > 2},
00_.(6) = {z € 09| (1,€) <.

Here and in the sequel we use the notation (a,b) := Y, a;b; for real and

complex vectors a and b.
We also define the set of restricted Cauchy data

ou
Cq,a = { (U|E)Qa 5

Our main result is

89,5(5)) ‘ (A—q@u=0in Q, u € HA(Q)} :
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Theorem 0.1 Let n > 3 and ¢; € L®(Q), i = 1,2. Given £ € S™ ' and
e >0, assume that Cy, . = Cy, .. Then ¢ = qa.

Theorem 0.1 has an immediate consequence in Electrical Impedance To-
mography. Let v € C?(Q) be a strictly positive function on Q. the equation
for the potential in the interior, under the assumption of no sinks or sources
of current in €, is

(0.1) div(yVu) =01in Q, ulsg = f.

The Dirichlet-to-Neumann map is defined in this case as follows:

ou
0= (13)
/() Tov ) laa
It is easy to see that A, extends to a bounded map
A, H73(0Q) — H™2(09).
As a direct consequence of Theorem 0.1 we prove

Corollary 0.2 Let ; € C*(Q), i = 1,2, be strictly positive. Given £ € S*~*
and € > 0, assume that

Ay (Dloa_ o) = Mo (floa_ ) Vf € H 2(09).
Then v1 = 5.

As far as we know, Theorem 0.1 (Corollary 0.2) is the first global unique-
ness result for the Schrodinger equation (conductivity equation) in which
the Cauchy data are given only on part of the boundary beyond the case
of a real-analytic potential. In [GU] it is proven that one can determine the
Radon transform of the potential on a plane by measuring the Cauchy data of
certain approximate solutions of the Schrodinger equation on a neighborhood
of the intersection of the plane with the boundary.

We briefly outline the main steps of the proof of Theorem 0.1.

The global uniqueness result of [SU] uses complex geometrical optics so-
lutions in the whole Euclidean space. Namely, let ¢ € L (R") have compact
support. Then for p € C*, (p, p) = 0, |p| sufficiently large, one can construct
solutions to

(A—qu,=0



4 Recovering a Potential from Partial Cauchy Data

of the form
(0.2) up = e (1 + 1y (2, p))
with
C
(0.3) ||¢’q( : ,P)||Hs(n) < W, 0<s<2,

for some C' > 0 independent of p.
The function ,(x, p) solves

prq = q(l + wq)7
where
A, (u) = e @A),

A natural way to attack the problem of finding a potential from partial
information of the Cauchy data is to construct solutions of the form (0.2)
with 1, = 0 on part of the boundary. In this paper we show that this is
possible for particular subsets of the boundary. More precisely we prove

Lemma 0.3 Let n > 2. Let p € C* with (p,p) = 0 and p = 7(§ + in) with
&,n € S" L. Suppose that f(-, p/|pl) € W*>®(Q) satisfies Ocf = Opf = 0,
where O¢ denotes the directional derivative in the direction £. Then we can
find solutions to (A — q)u =0 in Q of the form

(0.4) u(z, p) = et (f (x ﬁ) +1(, p)), Yloa_ =0,
with
(0.5) [0 o2 <

for some C' > 0 and 19 > 0.

) 7_27_07

A lQ

The construction of the complex geometrical optics solutions (0.4) and
the proof of Theorem 0.1 is radically different from the one in [SU]. We use
Carleman estimates for the operator A,, which is not an elliptic operator if
we consider the dependence on the parameter p, to construct the solutions
and prove the main result.

The Carleman estimates we use are developed in Section 2. In Section 1
we discuss some preliminaries related to the set of Cauchy data. In Section 3
we prove the main results of the paper.
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1 Traces of Functions in the Space HA(f2) and
Green’s Formula

In this section we discuss some preliminaries about traces and Green’s for-
mula for the space Ha(2) defined in the previous section.

We have H?(Q) C Ha(Q), where H™(Q) denotes the standard Sobolev
space. Hence the trace theorem for the space Ha(Q2) must be weaker than
that for H%(2). We will use the following lemma:

Lemma 1.1 (i) Suppose that 9Q € C*. Then the trace map

u

Vjuzwaga ]:0717

defined on C*(Q) has an extension, again denoted by v;, which is continuous
from HA(Q) into H77Y2(08). Thus there exists a constant C' > 0 such that

(1) 5ll 554 gy < Clllliraco

(ii) If we assume in addition that you € H2 () then u € H2(Q), nu €
H=(09), and

ullz@) < Cllullra@) + 1v0ull 3 50)-

Il 4 50y < Clllullaa@ + 1voull ;3 ,50)
for some constant C' > 0.

The proof of this result is standard (see, for example, [LM]). We give it
here for the sake of completeness.
Proof. (i) Let u € C®(Q). For w € H3(dQ) we define [(w) = [, wwdS,
where dS denotes the surface measure. By the standard trace theorem for
H?(Q) functions, there exists a function v € H?(Q) such that

ov
Yov = 0, *ylvza— =w,

v lon
and

[vlla2(0) < Cllwll 4 50,
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Then using Green’s formula, we obtain

l(w) = gz ds = / (uAT — Aut) dz

and hence

[(w)] < Nullms@llvllaz@) < Cllullas@llwll g o,

which proves that [ € H=2(0Q) and the map v, : u — | € H™3(dQ) is
bounded on C*(€) provided with the norm of Ha(fQ). Since C®(Q) is
dense in HA(2), v can therefore be extended to a continuous linear map
of Ha(R) into H™2(09):

ol gy < Cllellmacen

so we have proved (1.1) for j = 0. Now we consider the case j = 1. Let
uwe C®(Q) and w € H2(8Q). We define

ou
l[(w) = —wdS.
(w) DY

Then again by the trace theorem there exists a function v € H?(Q) such that

v ‘ 0
V=W V= — —
Yo ) B! o laa )
and
[vlliz) < Cllwll 3 50,
Using Green’s formula, we obtain
l(w) = Ou vdS = / (Aut — uAv) dx.
a0 au

Therefore,

()] < llullms@ llvlla2@) < Cllullas@llwll ;3 40,

As in the previous case this estimate proves the estimate (1.1) for j = 1.
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(4i) Consider first the case you = 0. Take u € C?(Q) with you = 0. We
have

Ou

(1.2) /an %

(1.3) 2/9|Vu|2dx: —Q/QuAudxg /Q(|u|2+ |Aul?) do = ||u||qu(Q).

2
< C/ | Aul|? dx;
0

Since 00 € C?, Kadlec’s formula (see [T, p. 340]) gives
(1.4) S / 0%l dx < / |Aul? do + c/ ‘%‘st

laj=27® Q ol oV
for some constant C' > 0. Combining (1.2)—(1.4), we find that

lull 2oy < Cllullpae),  we C*(Q),  You=0,
with another constant C' > 0. Using standard density arguments, we obtain

[ullt2@) < Cllullga) Vo € Ha(Q) 0 {u | you = 0}
Thus u € H2(2) and by the trace theorem y,u € Hz () and
1005 gy < Cllullreey < il

This result also follows from general regularity results near the boundary
(see, for example, [T, pp. 393-394], where this type of result is stated for
0Q) € C*° and general elliptic operators; for the Laplacian it is sufficient to
assume that 0Q € C?). Thus we have proved (ii) in the case you = 0.

If you € H?(99) by the standard trace theorem there exists v € H2(€)
such that vou = v and then the function w := u—v € Ha(2) and yyw = 0.
Thus we have reduced the general case to the case you = 0, completing the
proof of the Lemma.

As a straightforward consequence we obtain the following

Corollary 1.2 (i) For u € HA(Q2) and v € H?(Q) we have the generalized
Green’s formula

(1.5) /Q(A—q)uvdx _ /Qumdm/m <%v—u%) as,
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where ¢ € L*(Q), 00 € C?, and

denotes the duality between H3(0Q) and H=(0S) and

v
u—dS = (You, 110
o OV ot 119)

denotes the duality between H 2 (0Q) and H2(09Q).

(i1) We define ;IA(Q) = {u € Ha(Q) | vou =0, yyu = 0}. Then (since
H?(Q) is dense in HA(Q)) we have

/Q(A—q)u@dx:/umdx

Q

for all u € }O[A(Q) and v € HA(Q).

2 Carleman Estimates
As before we fix £ € S" L. In this section we prove the following estimate:

Lemma 2.1 For all complex-valued u € C%(Q), ulao = 0, and all T > 0 we
have

8 2
@1y T [ ereoupan g / 27 (€, v)e 20 |9, uf? dS
d® Jo o9,

S/e_%(x’g) Au|2dx—/ 27 (¢, V>€_2T(x’£>
Q a0

Here d = b — a, where Q C {z € R" | a < (2,§) < b}.
Proof. In the estimate below we use the following notations:
ov v

= — ’Uk-
8£Uk, J

O,ul? dS.

0=V = (81:17 "'7awn)7 8§ = <V,§>, Uk

8£Ukl’j

We define
I= / 7D | Ay(2) 2z, >0,
Q
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and estimate it from below. We have

(2.2) I= /|(5_T(5’5’3>A(57<§””>(3_T<§””>u|2 = / |Pov+ P_v|*dx
Q Q
= /(|P+v|2 + |P_v|* + 2Re(Pyv P_v)) dz,
Q

where P = e &0 Ae™6%) = A + 270, + 72, P, = A+ 72, P_ = 270, and

(2.3) v =e &0y,

A straightforward calculations give

2Re(Pyv P v) = 2Re((A + 7°)v 279,0) = 2 Re(Av 279:0) + 47° Re(v 0, 1).
We have 2 Re(v 9¢0) = O¢|v|? and hence

(2.4) 473 Re(v 0:0) = 27°0¢|v|?.

Since 2 Re(vkk T)j) =2 Re(@k(vkﬂj)) —2 Re(vk@kj) = 28k Re(vk@j) - Gj |Uk|2, we
conclude that

(2.5) 2Re(Av270:v) = (27)2Re Z V€05

= 2TZ(ak2 Rezvﬂkfy Zgja |UI€| )

27(2 dlv(Re(agv Vu)) — d1V(|VU|2§)).
So from (2.4) and (2.5) we obtain
2 Re(P,v P_v) = div(41 Re(9:v Vv) — 27| Vv|*¢€ + 27°|v]*¢€)

and hence the divergence theorem gives
(2.6) / 9 Re(P,v P o) do
Q
:/ 47 Re(050,0) — 27(v, )| Vol + 27 (v, €) v dS.
o9

Since u|gn = 0, v]sq = 0 and therefore the tangential component of Vv|sq is
zero. Thus

(2.7) (Vo)? = |0,0[%,  Oev = (&, v)d,v
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Using (2.6) and (2.7), we conclude that

(2.8) /2Re(P+vP—v) dx
0
_ / or e, D0 dS = [ 2re 6 (e 1) 0,ul? dS,
20 20
because, by (2.3), v; = e77&2) (u; — 7&u) = ey, on 9Q, since u|aq = 0.

We also need Poincaré’s inequality in the following form (see [DL vol. 2,
pp. 125-126)).

Proposition 2.2 Let 2 be an open set in R" lying in a strip {z € R* | a <
(x,€) < b}, and let d = b — a. Then for all v € HZ(Q) we have

2
(2.9) /|U|2dx§ d—/ Dev|? da.
Q 2 Q

It follows from (2.9) that

/|P v|* dr = 47? /|8 v|2da:>—/|v|2da:—— e 27@8) |y)? d.

Then, appealing to (2.2), (2.8), and the last inequality, we complete the
proof of Lemma 2.1.

By taking 7 sufficiently large, we can derive the following estimate for the
Schrodinger operator:

Corollary 2.3 (i) For ¢ € L>(Q) there exist 7o > 0 and C > 0 such that
for all u € C*(Q), ulsa =0, and T > 15 we have the estimate

(2.10) Cr? / e @8y |2 dx + T/ (&, ) e ™ @00, ul? dS
Q Giom
< / e @O(A — q)ul?d — 7'/ (€, )|eT™ @89, u)? dS.
Q 20—

(4i) Let Q C R™ be an arbitrary bounded open set. For all u € C3(Q) and
T > 19 we have

CTZ/ le @8y 2 dr < / le @O (A — q)ul? da.
Q Q
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Proof. For ¢ € L>(Q),
Aul* = (A = g)u+ quf* < 2/(A = q)ul* + 2[|g|[7 (g |ul*

and hence if we choose 795 > 0 such that

8
(2.11) 0< i 2||gl|Foe(qy - 70 2 =: 2C

then from (2.1) and (2.11) we obtain the corollary.

3 Proof of the Results

In this section we prove the results stated in the Introduction. We first prove
Lemma 0.3.

Let £ € S" ! be fixed as in the previous sections. Let L2(Q2), 7 € R, be the
weighted Hilbert space with the scalar product (u,v), = [, > @O u(z)v(z) do
and the norm [[u]|2 = [, €*" @ |u(z)|? dz. Tt is Clear that L2(Q) and L% _(Q)
with pairing (u,v), are dual to each other and every bounded linear func-
tional on L2(f2) has the form I(u) = (u, v)o, where v € L? _(Q2). We define

ov

=0, —

D= {u € ()

- 0}.
294(8)

Let f € L2 _(Q). For ¢ € L>(R2), we define a linear functional [ on the linear
subspace L = (A — q)D of L?(Q) as follows:

(3.1) (A = q)v) = (v, fo-

)
Using the Carleman estimate (2.10) with £ replaced by —¢ and u replaced
by v € D and noticing that 9Q_(—¢£) = 99, (£), we obtain

(3:2) Cr*llollz < 1A = q)ull7, 727 >0,
with C' > 0. Thus, using (3.1) and (3.2), we conclude that

(A =q)o)| < lvll-Ifll-- < \/—II( Qoll-[lfll-7-

Thus [ is bounded on L C L2(Q2) and, by the Hahn-Banach theorem, it has
an extension [ to a linear functional on LZ(2) with the same norm. Therefore
there exists u € L? _(Q) such that

(3.3) (v, f)o = (A — Qv u)g
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and

Jull -7 = [l < 7> 19> 0.

\/—Ilfll ™

;From (3.3) we conclude that u is an L?(Q) solution to the equation (A —
q)u = f. Moreover, since u, f € L*(Q2) we have u € Ha(2). Green’s formula
(1.5) gives

ov 9,4y OV
—dS = Q =
/ L dS=0 VYveC(Q), a0 oo o 0

and hence u = 0 on 9Q_ (). Thus we have proved
Lemma 3.1 For every f € L> _(Q), 7 > 19, there is u € L* () such that
(A=qu=fonQ, ulsa ¢ =0.

Moreover,
C
lull < Sl 72

for some constant C' > 0.

End of proof of Lemma 0.3. As in the statement of the Lemma 0.3 we
define p = 7(¢ + in) &ne S (€n) =0, 7> 1. Then (p,p) = 0,
Ip|? = 272, Let f( L&) be a function in WQOO(Q) such that 0¢f = 0,f =0

on 2 (in the two d1men51onal case this implies that f = const).
We define v = u — e/ f(z, £) and ¢ = e~ »®v. Then we have

ol
(A —q)v=(q¢f — Af)e™ € L* (Q), v]aa_(¢) = 0.

Since

I(af — ANEP|| = llaf — Afllo < llaf — Af]lze(vol ©)'/7,

using Lemma 3.1, we obtain
C 1/2
1llzae = lloll-r < —llaf = Afllz. (vol )77 =0 as 700

for some constant C > 0.
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Remark 3.2 In Lemma 3.1 we assumed that 092 € C?, since we use Green’s
formula (1.5). But if we define in the proof of Lemma 3.1

D = C3(Q)

then we will have the analog of Lemma 3.1 for an arbitrary open bounded
domain @ C R™ without boundary condition on 0Q_(§). Namely, we have
proved

Lemma 3.3 Let Q be a bounded domain in R* (with no regularity assump-
tions on the boundary). There exists a solution u € HA(2) to (A —q)u=0
in Q which has the form (0.2) and satisfies the estimate (0.3) with s = 0.

Proof of Theorem 0.1. As before we let £ € S""!. Fix k € R" such
that (£,k) = 0. Using Lemma 0.3, we choose a solution uy € HA(S2) to
(A —q)ug =0 in Q of the form

Uz = 6(:1:,/)2)(1 + 1/)42 ($, p2))

as in (0.2) with
_ k+1
P2 = Tg ? 9 )
where (I, k) = ([,€) = 0 and |k+I|> = 472 (with these conditions (pa, p2) = 0).
In dimension n > 3 we can always choose such a vector (.
Since Cy, . = Cy, ., there is a solution u; € HA(2) to (A —¢1)u; =0 in
Q2 such that

8u1 . 8u2

u =u a9, T v '
1|8Q 2|8Q’ 31/ 89—,5(6) al/ 39—,5(6)

Let us denote u := u; — us and ¢ := ¢; — q2. We have
(A —qi)u=quz in Q, ulag = 0.

Note that, since ulsgo = 0 and u € HA(Q2) (in both cases), from Lemma 1.1
(i) we conclude that u € H?(Q). Therefore, by Corollary 1.2, for an arbitrary
v € HA(2) we can use Green’s formula (1.5) and obtain

ou

/(A—%)M_de:/quﬂdx:/u(A—(h)?—Jd:v—i- —udS;
Q Q Q o0 OV



14 Recovering a Potential from Partial Cauchy Data

ie.,

(3.4) /quﬂdmz/u(A—qﬂ@d:U—i—/ @@ds.
Q Q o0 OV

Now, we choose
0= P14 gy, (z, 1))

as in (0.2) to be a solution to (A — ¢,)v = 0, where

k—1

pr=—TE— 1

with &, k, and [ as before so that (p;, p1) = 0. Notice that with this choice
of pj, 7 = 1,2, we have
p1+ p2 = —ik.

With these choices of uy and v, the identity (3.4) now reads

ou
3.5 /u@z/ —udS.
( ) Qq 2 aQal/

The final step in the proof is to show that the right hand side of (3.5) goes
to 0 as 7 — o0.
By hypothesis,
&,u|397,€(§) =0.

Then we have

%@ dsS = @@ ds = @@ ds.
aq OV NN ov Oy e ov

The Cauchy-Schwarz inequality and the estimate ||ty ||c(a) < CT'/*, which
follows from (0.3) and the Sobolev embedding theorem, yields

ou
—odS| =
a0 81/ ‘

[ G e ds

N4 e ov

<[ |%ersnq +wq1<-,pl>>\ as
(ewyze | OV

< C(14 7Y (vol 09 )/ ( / e, u? dS)
(€w)>

1
2
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for some C' > 0. Now we use the Carleman estimate (2.10) to obtain

7'6/ le &9, ul?dS < 7'/ (€, x) e ™M, u? dS
00 - 204

/|e TED(A — qy)ul? dx—/|e €2) quy |? da
< 2(llq1lz=(0) + gzl z=()* (1 + [¥2]|72(0)).

Hence, we have proved that

(3.7)

/ @ﬁdS‘ <Cr Y50, 1o 00
0

Qal/

By letting 7 — oo and using (0.3), (0.5), (3.5), and (3.7), we conclude

that
/ e~ @k g(z) de = 0
Q

for all k L £. Changing £ € S"!in a small conic neighborhood and using the
fact that g(k) is analytic we get that ¢ = 0 finishing the proof of Theorem 0.1.
Proof of Corollary 0.2. As is well known by now we can transform the

. . . . 1
problem (0.1) to the Schrédinger equation using the transformation w = 2 u.
If u solves (0.1), then w solves

(A—¢qw=0inQ

AVY

N It is easy to see that

with ¢ =

1 1 1 a
Aolf) =7 Hloahs (7 F o f) + 5077 ) lon -

Now Kohn and Vogelius showed in [KV] that given any open subset I" of 042,
if we know A, (f)|r for all f then we can determine v|p and %h‘, reducing
therefore the proof of Corollary 0.2 to Theorem 0.1.

The authors thank G. Dytalov for his careful reading of the manuscript.
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