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Two problems “inverse to each other” if the for-
mulation of one problem involves the other one.
“Direct problem”, the other one “inverse prob-
lem”. Possible “inverse problems” are the determi-
nation of the present state of the system from future
observations (i.e., the calculation of the “evolution” of
the system backwards in time) or the identification of
physical parameters from observations of the evolution
of the system (“parameter identification”).

Two different motivations: First, one wants to know
past states or parameters of a physical system. Sec-
ond, one wants to find out how to influence a sys-
tem via its present state or via parameters in order to

steer it to a desired state in the future.

Thus, one might say the inverse problems are
concerned with determining causes for a de-

sired or an observed effect.



Example 1 (Differentiation): Let f € C0,1] be
any function, § €|0,1[,n € IN(n > 2) be arbitrary,
and define

finlw) = f(@)+8sin (5] (e 1), (1)
Then
finl@) = f@)+ncos(55) (elo,1). (2)
Now, in the uniform norm,
||f_f5,nHoo:57 (3)
but
Lf" = finlloo = n (4)

The derivative does not depend continuously on the
data w.r.t the uniform norm.

f! solves the simple integral equation of the first kind

(So)s) = [als)ds = f(0) ~ F0) ()
solvable on C[0, 1] only if f € C[0,1].



Direct problem: compute f from x, i.e., integration,
integration smoothes, highly oscillatory errors in x are
damped out.

Why can we differentiate a function?

We have to be able to exclude data errors of arbitrar-
ily high frequency; can be done if we know a bound
for f".

S 1s a continuous linear injective operator, whose
inverse is unbounded. If we restrict S to the set
{z € CY0,1]/||z||so+]|7'||co < C}, which is compact,
then the inverse of this restricted operator is continu-
ous. Thus, we can “restore stability” by knowing an

a- priori bound e.g. for f" and f”.

Let f be the function we want to differentiate, fs its

noisy version with

If = fillo < 0. (6)



Want to use the central difference quotient with step

size h. If f € C?0,1], Taylor expansion yields

flz+h)— fle—h)
2h
while for f € C9)0, 1],

= f'(z) +O(h),  (7)

flz+h)— flz—h)
2h

Thus, the accuracy of the central difference quotient

= f'(z) + O(r*).  (8)

depends on the smoothness of the exact data. Instead

of f', we are actually computing

filw+h) = fslw—h) _fla+h)—flo—h) 0
2h 2h h

Thus, the total error behaves like

O(h") + . 0

where v = 1 or 2, if f € C?[0,1] or f € C®[0,1], re-

spectively. For a fixed error level 9, it looks as follows:



Js(+h)—fs(.—h)
|- Bt

—/

ho — h

If h becomes too small, total error increases due to
the error term %, if h is too large, then the approxima-
tion error becomes too large. There is an “optimal”
discretization parameter hg, estimate the asymptotic

behaviour of hy:

If A is chosen as a power of 0, 1.e.,
h ~ 6, (10)

then one can minimize (9) by taking k = § or k = 3,
which results in a behaviour of the total error as
O(V/3) or O(63) for f € C*[0,1] or f € C3[0,1], re-

spectively.



Thus, even in the best possible case, v > 2 is obvi-
ously not possible in (9) and for an optimal choice of
h, we obtain only a convergence rate O(83), where §
denotes the data error, i.e., there is an intrinsic loss of

information.

In this example, we saw some effects that are typical

for ill-posed problems:
— amplification of high—frequency error

— restoration of stability by using a—priori informa-

tion

— two error terms of different nature, one for the ap-
proximation error, the other one for the propaga-

tion of the data error

— the appearance of an optimal discretization param-

eter, whose choice depends on a—priori information

—loss of information even under optimal circum-

stances.



Example 2 In physical or technical applications, one
often has the situation that the physical laws govern-
ing the process are known, but quantitative informa-
tion about physical parameters are unknown. E.g., if
one considers heat conduction in a material occupy-
ing a three-dimensional domain {2 whose temperature
is kept at 0 at the boundary, the temperature distri-

bution u after sufficiently long time can be modelled

by
—div (a(z,y, z)gradu) = f(z,y,2) (z,9,2) €

u =0 on 09,

)

(11)
where f denotes internal heat sources and a is the

(spatially varying) heat conductivity.

The question is then how to determine a from internal

measurements of the temperature u or from measure-

ments of the heat flux a - gu at the boundary 0f).
n



Consider the one-dimensional version of (11) of deter-

mining the coefficient a = a(x) in

—(a(x)uy), = f(x) r € |0,1] (12)

(with appropriate boundary conditions) from mea-
surements of w. If u, vanishes nowhere, a can be

computed explicitely as

ola) = - a0 - [f9)ds] (13

and is therefore uniquely determined. Thus, in or-
der to compute a, one has to differentiate the data w,
which is an ill-posed problem as explained in Exam-
ple 1. In addition, there is another effect of instability
coming from the division by wu, in (13):

In regions where u, is small, errors e.g. in f are ampli-
fied, which is not surprising since where u, vanishes, a
cannot be determined at all, so that some instability

has to be expected where u, is small.



This is a nonlinear effect, while the ill-posedness in-
volved with differentiation of the data comes from the

fact that also the linearized problem is ill-posed.

Example 3 An inverse problem that was widely
studied recently because of its importance in e.g.
medical applications arises in “Computerized To-
mography (CT)”. We consider the two-dimensional
situation:

D C IR? compact domain with a spatially varying
density f. The aim is to recover the density f from

X-ray measurements in the plane where D lies.

emitter

deuuector
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If one assumes that the decay —AIT of an X ray beam
along a distance At is proportional to the intensity I,

the density f and to At, we obtain

Al(sw +twh) = —I(sw + tw™) f(sw + tw™) - At,
(14)

1

where w— is a unit vector orthogonal to w. By letting

At tend to 0 in (14), we obtain

i[(sw +twt) = —I(sw +tw™) f(sw + tw). (15)

I1(s,w) and Iy(s,w): intensity of the X-ray beam
measured at the detector and emitted at the emitter.

(15) has the solution
InI7(s,w) —Inly(s,w) = — [ f(sw+tw")dt, (16)
IR

so that the density f is related to the measured quan-

tities I;, and Iy via the integral equation of the first

kind

(Rf)(s,w) = [ f(sw+ tw™")dt (17)

IR
]L(87 w)

= —1
! [0<37w)

(w € IR, ||w|| = 1,5 > 0).

11



The integral operator R is called the “Radon trans-
form” after the Austrian mathematician Johann

Radon. Assumption:

fls,w)=F(s) (0<s<Rfw)|=1)  (18)

I1(s,wp)

Io(s.w0)" (19)

g(s) = —1In

We obtain an “Abel integral equation of the first kind”

f\/%dr:g(;) (0<s<R) (20

_1n gy
- [ A s 21)

This inversion formula involves ¢’, i.e., the data have

)

to be differentiated!

Example 4 A classical inverse problem in connection
with heat conduction is the “backwards heat equa-
tion”.

Let © C IR be the region that a body, whose

boundary is kept at constant temperature 0, occupies.

12



Putting all physical parameters to 1, the temperature

u = u(x,t) obeys the linear heat equation

Ay = g;‘ in D x [0,7T] (22)

with Dirichlet boundary condition
u=0 ondD x[0,T]. (23)

We look for the initial temperature u(x,0) (x € D)

from measurements of
f(z) :=u(x,T) forxeD. (24)

No solution of this inverse problem exists unless f is
analytic! Again, the operator representing the “direct
problem” (mapping u(.,0) onto f) has strong smooth-
Ing properties.

Let A1, A9, A3, ... be the eigenvalues for the Dirichlet
problem for Q, @1, ¢, -+ € L*Q) the correspond-
for all k& € IN,

ing normalized eigenvalues, 1i.e.

)

x|l 12() = 1 and

13



Ao + Ao, = 0 in €

(25)
o = 0 on Of).
Let
w0, 1) = ;kqbk(x)-exp()\k(T—t)) (z €Ot e0,7T)).
Then
(Au)(z,1) = (Adi)(x) - exp(Mu(T — 1)) =

Ak

= —¢p(z)exp(Me(T — 1)) = gtuk(il?, t),

With f; = gf\k, uy solves (22)—(24). Since (Ar) —
k

+oo,  lim || fellz20) = 0, but lim flug(., 0)]|z20) =

1
lim ()\ : exp()\kT)) = +o00. Thus, if we consider fy

k— 00 2

as perturbations of f = 0 with L?*-error I the cor-
responding error in the solution of the inverse prob-
lem is amplified exponentially, namely by the factor
exp(AxT). Especially, the solution of the inverse prob-

lem does not depend continuously on the data.

14



The exponential amplification of the error appears al-
ready for arbitrarily short time 7" > 0. but becomes

worse as 1’ increases.

Again, inverse problems of this type can also be rep-
resented by an integral equation of the first kind.
E.g., for the one— dimensional unbounded case (i.e.,
() = IR), the final temperature u(.,T) is related to

the initial temperature u(.,0) via

2\}ﬁj§u(s, 0) exp (—@4_];9)) ds = u(xz,T).
(26)

15



Example 5 Let 0 C IR? symbolize a part of the
earth, p the density. The gravitation potential at x ¢
() is given by

Ty .y 27)

dma o~y
where (G is the gravitation constant. In geophysics,
one is interested in finding p (or, at least, obtain-
ing some information about p) from gravity measure-
ments; ¢ itself cannot be measured, but derivatives of
differences of ¢ can. Via (27), this leads to an integral
equation of the first kind for p.

16



Example 6 Practically important class of inverse
problems: “inverse scattering problems”, where infor-
mation about an unknown object (e.g., a body, an
inhomogeneity in a material, a potential) is to be re-
covered from measurements of waves or fields scattered

by this object.

Consider the problem of identitying a spatially varying
“acoustic profile” (the reciprocal of the sound speed),
which is given by a function n = n(z) which equals 1
outside some compact set. We send in a time harmonic

wave Ul given by
U'(z,t) = e (). (28)

u! is the “velocity potential”, whose gradient with re-
spect to x represents the speed of the wave motion.
Since the “incident wave” is the one we would observe
if the inhomogeneity in n were not there, i.e.,if n =1

everywhere, U’ obeys the wave equation

o*U"
o = AU, (29)

17




which (by (28)) yields the “reduced wave equation” or

“Helmholtz equation”
Au' + k' =0 (30)

for the spatial component of the incident wave. Due to
the inhomogeneity, the truly observed wave U(x,t) =

e*tu(x) obeys

U 1
= —AU 31
ot?  n? (31)
and hence
Au + k*n*u = 0. (32)

We know u! and observe u, so that it makes sense to

define the “scattered wave” by

ut =u—u'. (33)
With

f=1-n? (34)

where this unknown function f has compact support,

we obtain from(30), (32) and (33)

At + k*u® = B2 f (u! 4 u®). (35)

18



The “inverse scattering problem” is now to compute
the unknown function f in (35) from u! and u®. The
problem of determining f in (35) from u! and u* is
nonlinear, even though the governing equations are
linear. In many applications it is reasonable to as-
sume that the scattering wave is much smaller than
the incident wave and to replace (35) by the “Born-

(Rytov—)approximation”
Au® + k*u® = k2 ful; (36)

the problem of determining f from (36) is now linear
and leads to an integral equation of the first kind for f:
Since the fundamental solution of the Helmholtz equa-

tion is given by

]_ eik|x_y|

G(r,y) = (x#ye R  (37)

dmlz —y]
u® as given by (36) can be represented as

L2 6ik|x—y|

uw’(z) =

") fly)dy.  (38)

— U
AT supp 7 |7 — Y|

19



Inverse problems frequently do not fulfill Hadamard’s
definition of well-posedness, i.e., they do not pos-

sess the following properties:

For all admissible data, a solution exists. (39)
For all admissible data, the solution is unique.  (40)

The solution depends continuously on the data.  (41)

The question of uniqueness is relevant in inverse prob-
lems where one looks for a cause for an observed
effect; if one just wants to find a cause for a de-
sired effect, then one is usually content or even happy
with having a variety of possible solutions, since then,
one can try to pick one which fulfills some additional

criteria.

20



Recall that a linear operator K : X — Y between

Hilbert spaces X and Y is called “compact” iff for all

bounded sets B C X, K(B) is compact. An impor-

tant class of compact operators are integral operators

K: L*G) —» L*G)
)
r — (Kz)(s) ::ék(s,t)x(t) dt,

where G C IR" is compact and Jordan— measurable
with positive measure, if the kernel k is in L*(G x G)
(especially, if k is continuous). If the kernel k is weakly

singular, 1.e., if for all s #¢t € G
M

|s — t|n—@

[k (s, )] <

(43)

with M > 0, > 0, then K is defined as operator on
C(G) and compact there. Note that the kernel in the

Abels equation (20) is weakly singular (for n = 1).

21



For any compact operator K between Hilbert
spaces X and Y, there exists a “singular system”
(04; ui, v )ienv ), Which is defined as follows:

If K* ©' Y — X denotes the adjoint of K (defined
via the requirement that for all x € X and y € Y,
(Kz,y) = (z, K*y) holds), then the (¢?);cv are the
non-zero eigenvalues of the self-adjoint operator K* K
(and also of K K*), written down in decreasing order
with multiplicity, o; > 0, the (u;);ev are a corre-
sponding complete orthonormal system of eigenvectors

of K*K (which spans R(K*) = R(K*K)), and the

(v;)iev are defined via

Kuz-
V; = .
C K]

(44)

As in the finite-dimensional situation (— singular
value decomposition of a matrix), the (v;);ey are a

complete orthonormal system of eigenvalues of K K*

and span R(K) = R(KK*). Analogous formulas

hold, namely

22



KUZ' = O;U; 45

(45)

K*Uz' — O;U, (46)
Kr = 51 oi{x,u)v; (x € X) (47)
(48)

K*y — ,Og.él Ui<yavi>ui (y S Y)) 48

where these infinite series converge in the Hilbert space
norms of X and Y, respectively; (47) and (48) are
called “singular value expansion (SVE)” and are the

infinite-dimensional analogues of the SVD.

If (and only if) K has a finite-dimensional range, K
has only finitely many singular values, so that all in-
finite series involving singular values degenerate to fi-
nite sums. If K is an integral operator of the form

(42) with an L*kernel k, this happens iff the kernel

k is “degenerate’, i.e., has the form

k(s,t) = ¥ @ils)ult) (s,t€ @)  (49)

1=

with n € IN and ¢;,v; € L*(G).

23



If there are infinitely many singular values, they accu-

mulate (only) at 0, i.e.,

hm O; — O, (50)

11— 00
which will be a crucial fact (and prove to be the inher-

ent reason for the ill-posedness of integral equations

of the first kind).

The range R(K) is closed if and only if it is finite—
dimensional, so that in the (generic) case of infinitely
many singular values, R(K) is non—closed. We will
see that the closedness of the range is equivalent to
the well-posedness of the best—approximate solution

of a first—kind equation

Kz =y. (51)

24



A prototype for (51) is an integral equation of the first
kind

C4!@(5,15)x(t) dt =y(s) (s€@q) (52)
with k € L*(G x G),y € L*(G), as it comes up in

many inverse problems.

Definition 7 Let T : X — Y be a bounded linear

operator.

a) r € X is called “least—squares— solution” of (51),
if
1Tz —yll = nf{||Tz —yll/z € X} (53)

b) x € X is called “best-approximate solution” of

(51), if  is least—squares—solution of (51) and

|z|| = inf{||z]|/z is least—squares— solution of (51)}
(54)
holds.

Definition 8 The “Moore-Penrose (generalized) in-

verse” of T € L(X,Y), symbol T, is defined as the

25



unique linear extension of T~ to

D(T" .= R(T) + R(T)* (55)

with
N(T") = R(T)", (56)

where
T =Ty - N(T)- — R(T). (57)

Let now (and below) P and @ be the orthogonal pro-

jectors onto N(T') and R(T'), respectively. Then:

TT'T =T (58)
T = T (59)
T = I—P (60)
TT" = Qlp(r- (61)

Proposition 9 a) 7" has a closed graph.

b) The following statements are equivalent:

b1) T is bounded, i.e., continuous.

b2) R(T) is closed.

26



Proposition 10 Let K : X — Y be compact,
dim R(K) = oo. Then KT is a densely defined un-
bounded operator with closed graph.

Theorem 11 Let y € D(T"). Then, (51) has

a unique best—approximate solution, which is given

by Tty. The set of all least-squares solutions is
Ty + N(T).

Theorem 12 Let y € D(T"). Then x € X is a
least— squares—solution of (51) if and only if the “nor-

mal equation”
T"Tx =T"y (62)
holds.

Theorem 13 Let (0,; uy,v,) be a singular system

for K;y € Y. Then we have:

2
x \Y, Un
a)y € D(K') < ngl i = i < 00.
b) For y € D(KT),
Kiy= & Whon), (63)



The condition for the existence of a best— approximate
solution is called the “Picard criterion”.

If dim R(K) = oo, (50) holds, so that data errors of a
fixed size can be amplified arbitrarily much, namely

by the factor —, which increases without bound.
On

E.g, if ysn = y + 0 - vy, then ||ysn, — yl| = 9,
' ' (0Up, Uy
but K'y — K'ys, = u, by (63) and hence
5 n
1K'y — KTysp|| = — — 00 an — oco. A special
O-’I’L
case of this effect appeared already in Example 1 for

the simple integral equation (5).

Of course, the instability in (63) (and the solvability
condition of Picard’s criterion) becomes the more se-
vere the faster the singular value decay. This makes
it possible to quantify the “degree of ill-posedness” of
(51): Usually, a problem is called “mildly (modestly)
ill-posed”, if ¢ = O(n~%) for some a € IR", and

“severely ill-posed”, is o, = O(e™") holds.
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For numerical differentiation, i.e., for the integral
equation (5), o, := O(n™'), while for the Abel equa-
tion (20), which modeled the axisymmetric case of
CT,o, = O(n_%); roughly that rate also holds in
general for C'T" in two dimensions, so that these prob-
lems are mildly ill-posed. However, “incomplete data
problems” in C'T', where e.g. X-ray measurements

are available only for some directions, are severly ill-

posed.

Example 14 We consider the one—dimensional ver-
sion of the backwards heat equation.

We consider the heat equation

Ou 0*u
—(x,t) = @(a:,t) re|0,m],t>0 (64)

with homogenous Dirichlet boundary condition
u(0,t) =u(m,t) =0, t>0 (65)

and assume that the final temperature

flz) =u(z,1) (ze€l0,nr]) (66)

29



is given with f(0) = f(7w) = 0; we want to determine

the initial temperature
Uo(@) == u(z,0) (z € [0,7) (67)

2
The functions ¢,(x) = ( -sin(nx) are a complete
T
orthonormal system in L?[0, 7] and eigenfunctions of
d2

2 on [0, 7] with homogenous Dirichlet boundary
x

conditions. Thus, u, € L?[0, ] can be expanded as

wl(@) = ¥ copale) @elom)  (65)

)
with ¢, = (/UO(T) sin(nr)dr.
T

0

Ansatz by separation of variables:
u(z,t) = §1 an(t)on(z) (z €]0,7], t >0) (69)

O§Ol a' ()on(z) = — % a,(t)e!(z) and hence since

n=1

((70;; — _n290n)

30



The a,, have to solve the initial value problems

a (t) = —na,(t) t>0
(71)
a,(0) = ¢,
Hence, for n € IN,
an(t) =co-e ™t (£ >0). (72)
Thus, u(x,t) = OEO cne ™ o, (), so that by (66),
o8 2
flz) = nZ:: " on(x) =
2 oo T
= — / )sin(n7) dre” 2sin(m:)
T n=1
With
2 0 _2 . .
k(x,7) = — Zle "sin(nt)sin(nx),  (73)
T n=
we thus have
fk (x, T)ug(T)dT = f(x). (74)
0

Thus, the inverse problem is equivalent to solving the
integral equation of the first kind (74).

Note that a singular system for the integral opera-

tor in (74) is given by (e \/%Sin(na:), \/%sin(na:)).
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Since the singular functions are complete in L?[0, 7],
we have that N(K) = N(K*) = {0}, and that
D(K") = R(K) is dense in L?[0,7]. Thus, it fol-
lows from Theorem 13 that (74) and hence our inverse

problem is (uniquely) solvable if and only if

> e f]% < oo (75)

n=1

holds, where the
Jﬁ ) sin(nT)dr (76)

are the (classical) Fourier coefficients of f. In this case,

the solution is given by

uo(x) = E > e"an - sin(nx). (77)

n=1

(75) and (77) show that this inverse problem is ex-
tremely ill-posed:
A solution exists only for such f for which the Fourier

coefficients (f,,) decay extremely rapidly (much faster

than (e‘”2)), i.e., for very smooth f. A small error

in the n—th Fourier coeflicient is amplified by the fac-

for e"’! Thus, already an error of, say 1078 in the 5"
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Fourier coefficient of the data leads to an error of about
720 in the initial temperature. Thus, one can consider
at most about 3 degrees of freedom in the data and
has to filter out everything else. The problem is just
very severely ill-posed!

Now, we turn to methods that can cope with these
problems, namely “regularization methods”:

In general terms, “regularization” is the approxi-
mation of an ill-posed problem by a (parameter—
dependent) family of neighbouring well-posed prob-
lems. There are various ways of finding such approx-
imations. First, we describe a method based on spec-
tral theory.

We start by recalling that (02, u,) is an eigensystem

for the self-adjoint compact operator K*K and that
K'Kz = §1 o7 (T, ui)u; (78)
holds, which will be written below as

K'Kx = /)\dE/\.CE (79)
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We define

T I = X fodeuu, (30
T IOV d(E,y) = E F(07) @ uy, 0),61)
TIdiBal = E fedlm )l (2)

(for non—compact operators defined via functional
calculus).  Now, we will present a quite general
spectral- theoretic method for constructing regular-

1zation methods. Heuristic motivation:

“‘Kly = ( / i dEA) K*y*. (83)
However, since 0, where the integrand has a pole, is
in the spectrum of K, the integral in (83) does not
make sense. Now, the idea is to replace the inte-
grand i\ by a parameter— dependent family of func-
tions {(U(a, \), « > 0} which are (piecewise) contin-

uous on an interval containing [0, o%] and which con-

verge to — as a — 0;

A
To = Ula, K"K)K*y = ([U(a, \)dE)) K™y; (84)
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for perturbed data ys fulfilling

|y —ys]| <6 (85)

we define
1’ = U(e, K*K)K*y; (86)
and call (%) “regularized solutions”.

Theorem 15 Let, for an ¢ > 0, U : IR"x
0,07 + €] — IR fulfill the following assumptions

for all & > 0,U(a, .) is piecewise cont.; (87)

there is a C' > 0 such that for all (88)
(a, A), [N - Ula, A)| < C holds
, 1
for all X\ # 0, lim Ula,\) = 3 (89)
Then, for all y € D(KT),
lim U(e, K'K) K"y = KTy, (90)

holds.

Theorem 16 Let U be as in Theorem 15, ,, and 2°

be defined by (84)-(86). For a > 0, let

gu(a) = sup{|U(a, N)|/X € [0,07]}.  (91)
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Then

|lzo — 2]l <6 -/Cyu(a) (92)
holds.

The convergence of z, to K1y can be arbitrarily slow
without additional assumptions which is typical for
the approximation of ill-posed problems. A-priori
assumptions that enable us to estimate the conver-

gence rate are so—called “source conditions”
K'y € R(K*K)") (93)

for a v > 0, which can be interpreted in various ways:

First, (93) means that there exists a w € X such that

Ky = (K°K)'w = ¥ 07w, u;)u;
because of (63), this is equivalent to

;i = o (w, ;) for i € IN. (94)

0

Since ({(w,v;)) € [, this in turn is equivalent to the

condition

X |<y7 vi>‘2
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which reduces to the Picard criterion (cf. Theo-

rem 13a)) for v = 0.

Theorem 17 Let U be as in Theorem 15, z,, be de-
fined by (84). Then, if (93) holds for a v € IR™,

|0 — KTyl = O(w(a,v)). (96)

where w 1s such that for all A in an open interval

containing [0, o7,
N1 =AU (e, A < wla, v) (97)

holds. Then

|z — KTyl < w(a,v)+6-(C-gula).  (98)

One has to choose « such that

lim (67 - gur((d))) = 0 (99)

0—0
in order to obtain convergence; this condition is not
only sufficient, but also necessary. o = «(d) is not
allowed to go to 0 too quickly, since otherwise, stability

is lost in the sense that the data error is amplified too
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much. Of course, also

lim o(8) = 0, (100)

has to hold in order to achieve that the first error term
goes to 0.
Now, one has at least the following possibilities for a

parameter choice:

a) “A-priori parameter choice”: Here, a = «(d) is
chosen such that the total estimate on the right—
hand side of (98) goes to 0 as fast as possible. In
order to optimize this estimate, however, know-
ledge of v is necessary, since v appears in the error
term w(a,v). Thus, such an a—priori choice can
only be optimal under the assumption of having

the “correct” a—priori information (93).

b) “A-posteriori choice”: Here, @ = a(d, ys) is chosen
during the calculations already using quantities as
they appear in the calculations, e.g., certain resid-

uals. Quite surprisingly, in this way one can find
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parameter choice strategies that give rise to opti-
mal convergence rates without having to use any

a—priori knowledge of the form (93).
We specialize these results to concrete methods now:

Example 18 The simplest choice of U tulfilling the

requirements of Theorem 15 is

Ula,\) = (101)

a+ N

o |-

for this choice, C =1, gy () (: sup {|%H|/A e [0, af]}) —
2

— 0.

Hence, (99) reduces to the requirement that
N
a+ A
lating the supremum of this function that

a(d)

and obtain by calcu-

We can take w(a,v) =

w(a, ) = old’) 0<v <1 102)

Oa) v >1.

Note that for v > 1, the rate with which w(«, v) goes
to 0 does not improve as compared to v = 1. Thus,
a—priori information (93) can effectively be used only

for v < 1. This is different for other methods, as we
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will see!
Now, (98) implies that

O<v<l)

|z — KTyl = (103)

5~

under the a—priori assumption (93). If we want to
choose a@ ~ §* and want to optimize w.r.t. k, we
immediately find that the choice minimizing the right—

2
hand side of (103) is k =
and side of (103) is 2

, 1.e., the “optimal”

a- -priori choice of « is
() ~ T (104)
and leads to the rate

2v

|z — KTyl = O(67). (105)

What is actually the method considered? It follows
from (84) that

x? = (al + K*K) ' K*ys, (106)
which is called “Tikhonov regularization”. We see that

(Y5 Vn) Un, (107)

On

5 o0
Ty = 2 5
nle’n—l—CY
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Tikhonov regularization also has a “variational” char-
5

acterization: x,

1s the unique minimizer of the func-
tional

z = [[Kz — ysl* + alz]”. (108)

Another motivation: if we have to solve (51) with per-
turbed data y; fulfilling (85), it does not make sense
to look for an z fulfilling Kx = ys. Any x fulfilling

Kz —ys|l <o (109)

is sufficient. Since we are looking for a least— squares
solution of (51), it makes sense to pick (out of the
many solutions of (109)) the solution of (109) with
minimum norm. Thus, we solve ||z|| — min. under
the constraint (109). Via Lagrange multiplier theory,
this leads to (108). The minimum of ||z is assumed
at the boundary of the feasible set (109), which gives
a nonlinear equation for the Lagrange multiplier, i.e.,

for the regularization parameter, namely

IK x5 — sl = 6. (110)
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This parameter choice rule is called the “Morozov dis-

crepancy principle”.

Example 19 An extension of Tikhonov regulariza-

tion is “iterated Tikhonov regularization (of order n)”,

J

where the regularized solution 20 . is defined itera-

tively via
xg,o — O
(al + K*K)2b; = K'ys+azd,, (ie{l,...,n})

(111)

Example 20 Another easy choice of U that fulfills

the assumption of Theorem 15 is

% A>
Ula,\) = (112)

0 \<oa.
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By (86), this results in the “truncated singular value

expansion”
70 — §1 fry Y5 ond, (113)
n= o
a%za "

i.e., the small singular values (“high frequencies”) are
filtered out by a “low—pass filter”. By specializing
the results obtained in this Chapter, we obtain that
convergence is obtained if the regularization parame-
ter (“cutoff frequency”) oo = a(9) is chosen such that
h_r)r(l)oz((S) = ( and 11—%022) =0

Also iterative regularization methods play a role.
There, one use an iterative method that would con-
verge to KTy for exact data y and uses the itera-
tion index as regularization parameter, i.e., one stops

the iteration according to a “stopping rule” where the

stopping index is chosen as a function of the noise level

J.

n

.Cl?((s) — U(n,K*K)K*y((g), (114)
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Example 21 Let
Uln, \) == S;(l + ) (115)

e, 20 = _§1(1+K*K)_iK*y5, which can also be

written in iterative form as

) = 0
(116)
I+ K*K)x = Kys+2°_, (n€IN).

This method is called “Lardy’s method”.

Example 22 A more widely used method is

“Landweber iteration”, which is defined as follows:

For 3 €]0, J%[, let

) = BK*ys

10 = (I — BK*K)x®_, + BK*y;.

(117)

As opposed to (116), where the operator I + K*K
has to be inverted (which can be done in a very stable
way, since all eigenvalues exceed 1), (117) is an explicit

1teration.
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The CG-method is iteratively defined as follows:
Let g € N(K)*, rg = —dy := K*(Kxg—y), and let

for n € WO
I N
| K dy||*
Tpil ‘= Ty + Qpdy,
o1 = K (Kxp —y), (118)
5o Il
7ol
dn—l—l = _Tn—l—l_l_ﬂndn-

Convergence rate under (93) with v > 0 :
|z, — Kyl| = O(n™), (119)

For compact K with singular values (o,), the finer
result
|z — KTyl = o(074,), (120)

holds under the same condition.

The theory developed in this chapter so far is still
infinite-dimensional. =~ For numerical computations,

one still has to combine any regularization method
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with some projection into a finite-dimensional space
(e.g, discretization, collocation, quadrature, Galerkin
methods,...). This involves an additional error, which
can essentially be treated in an analogous way as the
data error. Before we discuss this in more detail, we
turn to “regularization by projection”:

The first idea would be to use a sequence of finite-
-dimensional subspaces X; C Xy C ... C X with
U X, = X and use Tly (with T), == T|x,) as ap-

n=1

proximation of T7y. This approach, however does not

always lead to convergence even for exact data:
Another approach is to construct finite-dimensional
approximations via the range space:

Let {t1,%9,13,...} C R(K) linearly independent
with linear span dense in R(K). As n-the approxi-

mation for KTy (y € D(KT)) we use the solution z,
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of the following problem:

re X, = Iln{K*Yq,... K*Y,}.

(121)

x, can be computed as follows: Let aq, ..., a, be the
unknown coefficients in z,, = ,%1 a; K*1);; then (121)
1=

implies for j € {1,...,n}:
(Y, ;) = z i (KK i, 9)) = z i (K i, K™;).

The coefficients a4, ..., a, are thus solutions of the

linear system

a
Qn| : | = Yn (122)
O
with
Qn = ((K™i, K™Yj))1<i j<n, (123)
(Y, 1)
Un = .| = Ru. (124)

(Y, Yn)
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Since the ¢; € R(K) = N(K*)*, the K*1; are lin-
early independent, which implies the regularity of @,,.
Hence, the aq, ..., a, and thus

o= % oK"Y, (125)

are uniquely determined.

We have the following convergence result for exact

data:
Theorem 23 For y € D(KT),

x, — Ky, (126)
where x,, is determined by (121), or, equivalently, by
(122)-(124).

The next question concerns of course the influence of
perturbed data on x, as defined by (121). As data,
we take R,y (defined by (124)), which is the quantity

actually used for computations, and assume that we

have perturbed data fulfilling

19 — Ryl me < O (127)
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The approximate solution z,, is then defined by

w
(<KJJ, ¢'>>1< <n — gn
T (128)
x € X,, |
We obtain the (sharp!) estimate
N On
|0 — Znl| < (129)

Vn
Theorem 24 Let &, be defined by (128) and let

(0,) — 0 and
O — 0 b (130)
as n — 00
vV An ’
Then
T [}, — KTyl| = 0. (131)

Thus, A, plays the role of a regularization parameter;
it depends on the dimension n of the approximating
subspaces X,,, on the operator K and on the choice of
the basis functions ;.

So far, we were looking for best—approximate solutions
of (51), i.e., for least— squares solutions of minimal

norm (cf. Definition 7). In some applications, it will
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not be appropriate to minimize the norm among all
least— squares solutions; e.g., one might like to find
a function fulfilling some integral equation that min-
imizes /1 (z'(s))? ds among all its solutions. In order
to inco(r)‘porate this, one defines the “L-best approx-
imate solution” of (51) as the least—squares solution

such that (54) is replaced by

|Lz|| = inf {||Lz||/z is least—squares solution of (51)}
(132)

and denotes it by sz.

Theory can be carried over from case L = I by con-

sidering the Hilbert space D(L) with the inner product
(21, 29] == (Kx1, Kxo) + (Lxq, L1o)

(under some conditions on K and L).
Tikhonov regularization in this structure can also be

written as

(K*K +al"L)r = K" ys. (133)
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