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Abstract

It has been of great interest in recent years to ex-
tend known LP inequalities to general complex ma-
trices under the p-norms || X||, = Tr[(X*X)P/?]"/P,
where p > 1. It is well known that Holder and
Minkowski inequalities || X + Y||p < || X|lp + || Y]|p
and || XYl|1 < [|X]|p||Y]||lg (for conjugate indices
p,q) hold. However, we can also define || X||s =
Tr[(X* X)%/2]'/¢ for s < 1. For functions, it is known
1fall1 = [If]]s||9lls/s—1) provided g(x) = 0 on a set of
measure 0, and that ||f + gl||s > ||f||s + ||g||s when
f,g > 0. We establish the previously unstudied
matrix case for these Reverse HoOlder and Reverse
Minkowski inequalities. Finally, we comment on how
Hanner’s Inequality comparing (||f + g||» + ||f — 9]5)
o ((I[f[lp + 119llp)” + [|fllo — [191]p”) can be extended
both to functions and matrices for the s < 1 range,
and certain related matrix singular value rearrange-
ment inequalities that were previously only known in
the 1 < p < 2range that can both be extended to the
2 < p < 3range and the —1 < s < 1 range. This
combines new research with research in the recent
paper https://arxiv.org/abs/2009.04032.

Majorization

We use the technique of majorization for many of the
proofs. Let a,b € R" with components labeled in
descending order a; > --- > apand by > --- > bp.
Then b weakly majorizes a, written a <, b, when

=1

and majorizes a < b when the final inequality is an
equality.

Lemma 0.1. (Hardy, Littlewood, and Polya [1] [2];
Tomic, Weyl [6] [7] ) Suppose a <, b. Then for any
function ¢ : R — R that is increasing and convex on
the domain containing all elements of a and b,

> dla) <> o(by). (2)
j=1 j=1

If a < b, the ‘increasing’ requirement can be

dropped.

Lemma 0.2. Schur [5]; Mirsky [4] Let X € Mpxn(C)
be a self-adjoint matrix with diagonal elements x :=
(X‘]‘], ,Xnn). Then

X < A(X)
Lemma 0.3. (Horn [3]) Let A, B € M«n(C). Then

o1 (A)o,(B) <w 0(AB) <w o1(A)o+(B)

Reverse Holder

Theorem 1.1. Let A, B € M,n(C) with B in-
vertible, and 0 < s < 1, andr = 3%1 Then

1AB[1 = [|Alls]|Bl|- (9)

Proof. We directly calculate

n

|AB||1 = Z oi(AB)

= [|Alls]|Bl|r-

Dual Representation

Theorem 2.1. [et A > 0, and s < 1 with r
conjugate to s. Then

|Alls = inf
B>0,||B||,=1

Tr[AB], (10)
Proof. Forall B > 0,||B||, =1, we have

TAB] = [|Al[s||B[ = [|Alls. (11)
The infimum is reached by

B = [JAl[LA", (12)

giving Tr[AB] = || Alls.

Reverse Hanner
Theorem 4.1. Letx,y € R". Then

X+ Y[ +[1x = yl[§ < ([IXI[s + [[yl[s)° + |[[X]]s (13)
for0 < s < 1, with the inequality reversing when s < 0.
Theorem 4.2. Let C,D € M, »(C) with C+ D, C — D > 0. Then
|C + Dl[s +|C = Dlls- < ([|Cl[s + ||Dl[s)> + (||Cl[s — ||D[|s)° (14)
for0 < s < 1, with the inequality reversing when s < 0.
We sketch the main proof concepts for Theorem 4.1 and 4.2:
Proof. Assume ||x||s > ||Y||s- Then we can expand the Taylor series
(1xI1s + rllylls)® + [1Ix]ls = rllylls|* =2 > Lk 113 x][$ 2<% (15)
k=0
We compare partial sums of this series to the derivatives of
n
F(r) =[x+ ry[I§+1[x —ryl[§ =D X+ ryil® + [xi — ry|®. (16)
j=1
to find F(r)| _. < Sx(r)|,_, forall k when 0 < s < 1, reversing when s < 0.
We prove Theorem 4.2 the 0 < s< 1case. The functlon
(X +y)°+[x =y (17)

IS strictly decreasing in x for fixed y when x < y, and strictly increasing in x when x > y.
We consider C+D, C— D in the basis where C is diagonal. Then as C+ Dpjag, C— Dpiag > 0, we have ||C||s > ||Dpiagl|s >
|D||s. Treating ||Dpiag||s and the x of Equation (17), and applying first majorization then Theorem 4.1

|IC + D||g +1|C — D||g < ||C + Dpiagl|s + ||C — Dpiaglle (18)
< (||Cl|ls + || Dpiaglls)® + (I|Cl|s — ||Dpiaglls)® (19)
< (lIC||s + ||D||s)° + (||Cl|s — ||D||s)® (20)

The argument reverses for s < 0.

Singular Value Rearrangement

Theorem 5.1. Let C,D € M,«,(C) with C > |D| > 0 and o,(C) > o1(D). Then

C) — o (D)3 (21)
for—1 <s< 0and1 < s <2, with the inequality reversing for0 < s <1 and2 < s < 3.

Theorem 5.2. Let C,D € M,n(C) with C > D > 0. Then

|C + Dl[s+/C = Dl|s < [[o4(C

) + 0 (D)][s + [|o(

|C + Dl[s+|C = Dlls = [[o4(C

C) — op(D)||¢ (22)

for—1 <s<0and1 < s <2, with the inequality reversing for0 < s <1 and2 < s < 3.

) +o1(D)][s + [|o(

For each of the theorems, the conditions on C and D are necessary.
We sketch the proofs of Theorems 5.1 and 5.2:

Proof. A positive matrix X has the following integral representations, with ¢ being a positive normalization constant depend-

iIng on s or p:
XS=CS/OOtS( 1 >dt XS=CS/OOtS(1— 1 )dt (23)
0 t+ X 0 t t+ X
for -1 < s < 0and 0 < s < 1 respectively, and
< /X 1 1 S C X 1 1
XP=c/ (— ——) tP dit XP=c/ (——— — — >tp+1dt 24
Pl \ BT X 1 Pl \B TRt e x (24)

for1 < p<2and2 < p < 3 respectively. We recover || X||2 or HXH@ by taking the trace.
WeletH=C+t, K=H"12DH=1/2 Then

1 1 i
_ H—1/2 [+ K —1H—1/2 H—1/2 | — K —1H—1/2 _ H—1/2 K2kr2k H—1/2 25
t+C+D+t+C—D I+ K) * ( ) % (25)
We now can apply majorization relationships to Line (25) to see that
1 1 1 1 1 1
< < + (26)

t+0.(C)+01(D)  t+01(C)—0r(D) ~t+C+D t+C—D ~ t+0:(C)+0,(D) t+01(C)— o,(D)

Using the integral representations of the previous slide, we establish the desired inequalities.

Bibliography
References

(27) [1] Hardy, G.H., Littlewood, J.E., Polya, G.: Some simple inequal-
ities satisfied by convex functions. Messenger Math. 58, 145—

Reverse Minkowski
Theorem 3.1. LetA,B >0, ands < 1. Then

|A+Blls = [|Alls +[|Blls

_ _ 152 (1929). URL https://ci.nii.ac.jp/naid/10009422169/
Proof. We use the dual representation to di- en/

reCtly calculate Hardy, G.H., Polya, G.: Inequalities. Cambridge : Cambridge

University Press (1934). Bibliography: p. [300]-314
|A+ B|ls =Tr[(A+ B)Y]

- THAY] + TF[BY]

> [|Alls|| Ylr + [|Bls|| Yl]- | N N |

Mirsky, L.: Inequalities for normal and hermitian matri-
= ||Alls + || B||s- ces. Duke Math. J. 24(4), 591-599 (1957). DOI 10.1215/
S0012-7094-57-02467-5. URL https://doi.org/10.1215/
S0012-7094-57-02467-5

Horn, A.: On the singular values of a product of completely con-
tinuous operators. Proceedings of the National Academy of Sci-
ences of the United States of America 36(7), 374 (1950)

Schur, I.: Uber eine klasse von mittelbildungen mit anwendun-
gen auf die determinantentheorie. Sitzungsberichte der Berliner
Mathematischen Gesellschaft 22(9-20), 51 (1923)

Acknowledgements

Tomi¢, M.: Théoreme de gauss relatif au centre de gravité et

Thank you to Protessor Eric A Carlen for suggest- son application. Bull. Soc. Math. Phys. Serbie 1, 31-40 (1949)

iIng the problem and providing an introduction to the

general subject. Weyl, H.: Inequalities between two types of eigenvalues of a

linear transformation. Proceedings of the National Academy of
Sciences of the United States of America 35(7), 408—411 (1949)

This research was funded by the NDSEG Fellowship,
Class of 2017.




