
Many applications in science and engineering require the solution of

least-squares problems of the form

❑ is a large matrix, whose singular values "cluster" at the

origin.

❑ The vector represents the measured data that is

contaminated by errors,

❑ represents the error vector that may stem from

measurements or other factors.

❑ represents the error free unknown vector.

❑ The observations are collected from indirect measurements, often

incomplete and use the data to obtain a target of interest.

❑ Problems with the above properties that have many solutions, no

solution or stability problems are called Ill-posed inverse problems.

An important problem
Sparse reconstruction plays an important role in many application such as

signal and image processing, compressed sensing, model selection and many

others.

To obtain the sparsest solution, one naturally impose to solve the following

minimization problems:

Methodology

We compare our proposed

method with Fista, IR, IRN and

IRNHtv. Our method reconstructs

with higher quality and faster.

Results and Examples Comparison

❑ In the signal processing field scientists would like to represent the

signal with as few elementary components as possible, without

significantly affecting the quality of the reconstruction.

❑ Biomedical Scientists would like to be able to minimize the amount

of radiation going through the body during MRI and CT. Reducing

the number of radiation yields loss of information.

❑ Neuroscientists would like to study group testing

in sensory systems, sparse (multidimensional) neural coding and

sparse

network interactions.

❑ NASA would like to deblur images coming from space.

Our main goals are:

➢ Impose nonnegativity to the computed approximate solution in

order to improve the reconstruction when the desired solution is

known to be nonnegative.

➢ Impose Sparsity to find the solution with the smallest norm in

order to minimize the number of nonzero components in the

desired solution.

➢ Prove the convergence of the proposed method.

Motivation and Goals
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❑We introduce a new method for solving discrete inverse

problems.

❑First we projected our data to a smaller subspace and then

we apply the linear Bregman iterations to find an

approximate solution of the true solution.

❑We observed that by reducing the solution subspace the

linearized Bregman iteration are computationally cheaper.

❑Imposing the nonnegativity constraints for some

applications where the solution is known to be nonnegative

improved the RRE compared to the non-constraint case.

❑ Based on all the tests that we did we observed that when

the noise norm is increased, the RRE of Projected

linearized Bregman solution does not grow fast.

❑This is an advantage of PLB method and it gives restoration

of higher quality when the noise level is high compared to

other considered method.

❑Our approach is computationally cheaper and faster then

the compared methods.

❑The quality of the reconstructed solution is improved.

❑The convergence of the proposed method is established.

Take home conclusions 

Krylov subspace type methods for the computation of non-

negative or sparse solutions of ill-posed problems.
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Example 1: Cameraman test

problem with out of focus blur and

noise contaminated.

Example    2:  Barbara test 

problem with motion blur and noise 

contaminated
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The goal of the linearized Bregman iteration is to find an

approximate solution of (1) of minimal ‘l1’ norm, i.e. to

approximately solve (2).

ቊ
𝑣(𝑘+1) = 𝑣 𝑘 + 𝐴𝑇(𝐴𝑢 𝑘 − 𝑏)

𝑠(𝑘+1) = 𝛿𝑇𝜇(𝑉𝑘𝑧
(𝑘+1))

(3)

𝒗(𝟎) = 𝒔(𝟎) = 𝟎
In order to improve the quality of the reconstruction and the

speed of the convergence, we propose:

▪ Projection to a Krylov subspace with a relatively small

dimension using k Golub-Kahan bidiagonalizations that

generates an orthonormal basis for the Krylov subspace of

dimension k given by:

𝐾𝑘 𝐴𝑇𝐴, 𝐴𝑇𝑏 = 𝑠𝑝𝑎𝑛൛𝐴𝑇𝑏, 𝐴𝑇𝐴𝐴𝑇𝑏,… , 𝐴𝑇𝐴 𝑘−1𝐴𝑇𝑏 ሽ.

▪ The Linearized Bregman Iterations for (3) become:

൝
𝑧(𝑘+1) = 𝑧 𝑘 + 𝐵𝑘+1

𝑇 𝑏 𝑒1 − 𝐵𝑘+1𝑉𝑘
𝑇𝑠 𝑘

𝑠(𝑘+1) = 𝛿𝑇𝜇(𝑉𝑘𝑧
(𝑘+1))

(4)

▪ Projection to the nonnegative cone by making zero all the

nonnegative elements. Define the set Ω0={x,x≥ 0ሽ and

𝑃Ω0
= 𝑝Ω0

𝑧 1 … , 𝑝Ω0, 𝑧 𝑛 .

Once the projection is applied, then the iterations become:

൝
𝑧(𝑘+1) = 𝑧 𝑘 + 𝐵𝑘+1

𝑇 𝑏 𝑒1 − 𝐵𝑘+1𝑉𝑘
𝑇𝑠 𝑘

𝑠(𝑘+1) = 𝛿𝑃Ω𝑊
(𝑇𝜇 𝑉𝑘𝑧

𝑘+1 )
(5)

𝑧(0) = 𝑠(0) = 0.

൞

𝑣(𝑘+1) = 𝑧(𝑘) − 𝐴𝑇(𝐴𝑢(𝑘) − 𝑏)

𝑧(𝑘+1) = 𝛼𝑘𝑣
(𝑘+1) + 1 − 𝛼𝑘 𝑣(𝑘)

𝑢(𝑘+1) = 𝛿𝑃Ω𝑊
(𝑇𝜇(𝑧

𝑘+1 ))

(6)

2. Further Improvement:   Accelerated PLB approach

The proposed method PLB is computationally cheap

and improves the quality of the desired solution, but it

might require a large number of iterations.

We propose another schema to speed up the

convergence by introducing the following iterations.

CASE 1: Our first comparison aims to show that projecting

to the nonnegative cone has practical improvements in the

quality of the restored solution.

CASE 2: We show that our approach PLB method is 

faster and cheaper than plain existing LB method.

CASE 3:
We show numerical examples supporting

the fact that the acceleration approach speeds up the

convergence and improves the quality of the

restoration.
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We claim that the PLB

algorithm is computationally

cheaper and faster than the

Linearized Bregman method.

Our numerical tests that

support our claim.


