SOLVING HIGH-DIMENSIONAL HAMILTON-JACOBI PDES USING NEURAL NETWORKS:
PERSPECTIVES FROM THE THEORY OF CONTROLLED DIFFUSIONS AND MEASURES ON PATH SPACE

Controlled diffusions

Let us look at SDEs of the form
dXs = b(Xs,s)ds + o(Xs, s) AW, Xy = xo, (1)
and their controlled counterparts
dX¢ = (b(X, s)+o(XS, s)u(X, s))ds + (X, s) dW, X =9 (2

The goal is to find u € U/ that steers the dynamics in a “good” way.

Equivalent problems

The following problems are (more or less) equivalent:
Problem 1 (Optimal control) Find v* € U such that
J(u*) = inf J(u), (3)
ueld

where
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Problem 2 (Hamilton-Jacobi-Bellman PDE) Find a solution V' to the PDE

L+ o)V (at) oV 0P + flwt) =0, (2.0 eRIx[0.T), (5a)

Ve, T) = g(x), reR? (5b)
where
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Problem 3 (Forward-backward SDE) Find progressively measurable stochastic
processesY : QO x R% x [0,7] = R and Z : ) x R% x [0, T] — R? such that

1
dYs = — f(Xs, s) ds + 5|ZS\2 ds + Zg - AW, Y = g(X7p). (7b)

Problem 4 (Conditioning) Denote by P and P" the path measures associated to
the solutions of (1) and (2), respectively. Define Q via

dQ B e~ WV B
=5 E=Elx(-WX)), ®)
where T
W) = [ X8 ds + glX0) 9)

Find u* € U such thatP* = Q.

Problem 5 (Importance sampling) /t holds that

dP
B esp(-WIX)) = E [exp(-WX) 5 | (10)
for all w € U. Find u* € U such that
x  dP , dPP
Var (exp(—W(X“ )>dIP>U*> = JIEIZ{:IVM (exp(—W(Xu))W> . (11)

Connections

The solutions to the problems above coincide,

Yy =V(Xs,s), Zs=—-u"(Xs,s)=0 VV(Xs,s). (12)

The target measure Q characterises u™* uniquely.
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A unifying perspective

We aim to find a functional £ (“loss”) that admits «* as its unique global minimum. Then
we can implement gradient-descent-like algorithms. We construct losses using divergences
between path measures, leveraging the map u — P provided by (2):

Lp(u) = DEFYQ), uwel, (13)

where D : P(C(0, T];R%)) x P(C([0,T];R%) — Ry U {400} is a divergence between
path measures. The perspective of approximating a measure on path space connects to
variational inference.

We define the KL-based relative entropy and cross-entropy losses,

AP 40
Lrp(u) = Epu llog @] : Lep(u) =Eg llog W] : (14)
and, for v € U, the variance-based losses
dP log dP
Loy, (u) = Varpo (@) , Evarv(u) = Varpe (log @> . (15)

We recover the formulation from the first column from (14) and (15):
Proposition 1 (Relative entropy vs. optimal control — Problem 1)
Lrpr(u)=J(u) —log Z. (16)
For arbitrary v € U and ©v* = —Z we obtain the generalised forward-backward SDE system
dX{ = (b(X:,s)+o(X, s)u(X,,s))ds+o(XS,s)dWs, X = o, (17a)
Ay = — (XY, 8)ds — (v-u™) (XY, s)ds + %\uyzds —ug - dWs, Yp =g(X7), (17b)
Proposition 2 (Log-variance vs. forward-backward SDE — Problem 3)
Lyt () = Var(Yp™" — g(Xf). (18)
This can be compared to a loss commonly used:
Lunoment,o(1,90) = E | (Y7 (y0) — 9(X§))?] (19)

Proposition 3 (Variance vs. importance sampling — Problem 5)

Infinite batch size properties

log . . .
The loss Ly~ is our favourite. Here are some properties:
v

Proposition 4 (Equivalence of log-variance and relative entropy loss) The Gateaux-
derivatives in direction ¢ € C([0,T] x R%:R?) satisfy

1 /0 0
5 (@5\%@(“; ¢))

—_r ). 21
= 5 LRE(W Q) (21)
This means that if the expectations required for the losses could be computed without sam-
log

pling error, then Lrg and £varv would lead to equivalent algorithms.

Proposition 5 (Equivalence of log-variance and moment loss) /t holds that

0 0 .l
(@Lmomem,v(ua Y0; ¢)> oy (@5\%@ (u; ¢)>

for all € Cb1 (Rd x |0, T7; Rd) independently of yy € R.

(22)

UV=Uu

U

To be precise, with ?T’” =Y;"" — yp we have

N T [ T
=2E (g(X%—Y%"“) /O s - AW | =2y E /O s - AW
] ) ] (23)

and in Monte Carlo simulations yy has an impact on the variance of the estimator. In fact,
the log-variance loss can be interpreted as a control variate version of the moment loss.

V=Uu

)
(ﬁﬁmomem,v (u7 Y0, §b>)

Proposition 6 (Absence of additional local minima) Let v € U and assume that

0

ﬁﬁRE(U; ¢) =0, (24)

for all p € Cg(IR{d x [0, T); R%). Thenu = u*.

Robusthess properties

oo . .
However, £\(}§r is more stable, at least close to the solution «*:
v

Proposition 7 (Stability of Ll\(}iv close to u*) At the solution u*, the variance
of the gradient estimator for the log-variance loss vanishes, i.e.

0 plog (. _
Var (5u u:u*LVarv<u’ o) vu) = 0. (25)

This not true for the cross-entropy and relative entropy losses and holds for the
moment loss if and only if yg = — log Z.

The log-variance estimator is stable in high dimensions:

Proposition 8 (Stability under tensorisation) The relative error
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This is also true for the relative entropy and moment losses, but not for the
variance and the cross-entropy losses.

can be bounded uniformly in M.  (26)

Numerical examples

We approximate the optimal control «* with a feed-forward neural network.

Ornstein-Uhlenbeck, linear costs, d = 40
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Fig. 1: Different convergence speeds of the losses, the independence of y, seems to be beneficial.
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Fig. 2: One dimensional double well. This shows the instability of Lrg close to u*, see Proposition 7.

Multidimensional double well

L2 type error control log-variance loss, t = 0.00
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Fig. 3: Only the log-variance loss can cope with a 10-dimensional metastable double well setting, see Proposition 8.

Our paper will be on arXiv very soon. We appreciate any kind of question or
comment on Slack or via e-mail.
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