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Our goal is to elaborate a general explicit method to
design controllers for large-scale networks.

Traffic’s evolution in some large urban network can
be described by a 2D conservation law model such as

2D LWR (macroscopic approach). It describes traffic
density p(x, y, t) on a 2D-plane Q as:

PEND G Bryp) =0, (1)

Ot
oD = DO(x,y, p)cfg(x, y): flow vector function

o flow direction: dy(x,y) = (cos®(x,y) sin(@(x, )"
e magnitude @ 1s a concave function of p (FD)
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We define Cl?g, Pmax> V¢ and w ¥ (x,y) € Q by interpola-
tion methods. Network can not contain loops!

Our contributions

e A method of transforming a 2D-LWR into a con-
tinuous set of 1D systems to simplify control.

e First explicitly derived controllers acting in large-
scale networks: 1) boundary controller track-
Ing a space- and time-dependent trajectory with
shocks, and 2) VSL controller achieving any

space-dependent desired equilibrium.

Boundary Control: Problem

Define IBVP 1n (&, n)-space:

where D(p), S (p) are demand and supply functions:

(0p&.n.t) (D& n.p)
o T e
Gin(n. 1) = min (7. 1), S P Emin(m). 0. D)) 2)

@out(na ) = min (D (0 (Emax(m), 0, 1) , Uout (1, t)) ;
&, n,0) = po(&,n),

A"

o), p € 0,pcl, Omax, P € 10, pcl,
D — S =
) {¢maxa P € (Pe, Pmaxls () {¢(P)a 0 € (Ocs Pmax]-
Problem 1

Design Y(n,1) € Q x R"

boundary control laws
u;,(n,t) and u,,(n,t) such that the vehicle density
from (2) tracks a desired trajectory as t — oo.

Remark 1

Notice that controls i;, and i,,,, are not always ac-

cepted by the system. We use the viability solution
in Hamilton-Jacobi formulation to analyse that.

Coordinate Transformation

M

X

gral curves of dy into a set of straight parallel lines:

(izli) = Co(x, y)Ro(x,y) (Z;C) ,

where Ry and Cy are rotation and scaling matrices:

R = .
% ¥) (— sin @ cos 6
where a and S are scaling parameters that satisty:

sin 96 (Ina) + COS d(Ina) = COS H@ + sin 0@
Ox oy Ox dy’

| | 6 6

COS 96 ( ;;’8) + sin 08 ( 81;'8) = sin 9% — COS Hg—y.

Introduce p = p/aB, ® = ®/B and rewrite (1) as:

Define a coordinate transformation translating inte-

cosf sin 9) oy = (a(y(c), y) . )(C) )

A continuous set of 1D-LWR equations

Boundary Control: Result
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where 1 parametrizes the flow path.

VSL Control: Problem

Assumption 1. In- and outflows are lower than the
minimal capacity during some time interval and

Gin(1, 1) < MIN Ppgr(17),  Poue(1, 1) < MIN P0,(17).

Assumption 2. Initial conditions have left (2).

Theorem 1

Under Assumptions 1 and 2, for any 7 € €2, given
the desired density p,(&,f) and boundary tlows
Bin (1), Bour (1) as in (2), the controls

(1) uju(t) = @ind(t) — ke(1), +
2) ftouet) = Bour, (1) + ke(®), €
Ema
where e(f) = f (pE.1) = pa(é. 1)) dé and k > 0,
gmin

provide that

b
Yab € Eninéna) Jim, [ (o€ put@.0)dé =0,

Remark 2

Integral convergence in Theorem 1 implies p = py
as t — oo, since a and b can be arbitrarily close.

Boundary Controller: Example

Grenoble downtown: desired time-periodic state
(up) and controlled state with k = 5 - 107 (down).
t=0 t =0.57 t =21

Consider VSL-dependent FD D&, n, p,u), where
u(é,n,t) € [0, 1] 1s the ratio of imposed speed limit
to the free-flow speed: no speed limit if # = 1, no
movement 1f u = O.

Real data showed that speed limits can increase criti-
cal density and enhance flow 1n congested regime.
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f(&,n,p) 1s the maximum flow over all VSL values:

f(g’ n’p) = Imnax (T)(é‘a 77»,5, l/l)
uel0,1]

Problem 2
| Y(&,n,t) € QxR" find u(é, n, t) such that:
lim(p(¢, n,1) = 0,
where p is deviation from 5*(&,77) € (0, Ppax(E,1)).

VSL Control: Result

Introduce a set G(£, n, p, ), which is the inverse func-

tion of FD wrt u:

G, m,p,¢) = {ue (0,1]: O, n,p,u) = ¢},
Theorem 2

Let u(é,n,t) be given Y(&,n,1) € Q X R™ by:

ucG,¢), with ¢ = Bmgin%

3
B, n,t)=1+vy f o0&, n, HdE, with y s.t. B > 0.
gmm(n)

Then for every po(&,1n) € C'(Q) the system has a
unique solution p(&,7n,t) € C'(Q) that asymptoti-
cally converges to the desired state.

and

VSL Control: Example

As p* we chose an optimal equilibrium correspond-
ing to the throughput maximization for the maximal
possible density, 1.e. more cars will pass Grenoble at
maximum flow that depends only on topology.

Optimal equilibrium Initial state

t = 10 min t = 30 min t =2 hours
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Macroscopic traffic modelling
2D-LWR model

dp(x,y,1)
ot
p(x,¥,0) = po(X,y).

+V-®(x,y,p) =0,

@ p(x,y,t): vehicle density
o & = d(x,y,p)ds(x,y): flow function

®(p)

¢max """

flow direction dy(x, y) 0 Pe Pmax P
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Objectives

Problem Formulation

Given network topology with infrastructure parameters (maximal speeds
and capacity for all roads) and a density from 2D-LWR model, design a
scale-free model-based control technique to achieve any desired state.

Main method: transform integral curves of the flow field as below.
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Boundary control

Grenoble downtown: desired state (up) and a feedback-controlled state (down)

at=0 b) t =0.57 c)t=2t
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VSL control

Equilibrium: throughput maximization for the maximal possible density

Desired state Initial state

t =10 min t = 30 min

t = 2 hours
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