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Atensor H = (Hi, i,jr...jp,) € CHLZT X mxnLze X ig Hermitian if

Hiy o imitdm = it it im:
e The set of all such Hermitian tensors is denoted by Clremnm],
e Mixed quantum stated can be represented by Hermitian tensors.
e A rank-1 Hermitian tensor must have form
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e Every Hermitian tensor is a sum of rank-1 Hermitian tensors. The smallest
such length is called Hermitian rank of 7, denoted by hrank(H).
The following topics are studied in the work:

e The Hermitian rank of basis Hermitian tensors.
e Real Hermitian tensors

e Matrix flattenings of Hermitian tensors.

e Positivity and separability of Hermitian Tensors

e How to detect separabillity.

Basis Hermitian tensors

Let
]:(ila'”aim)a JZ(.jla"')jm)?
For a complex number ¢, £/7(¢) is the basis tensor such that

M)y =[E () p=c

with other entries being 0.

Theorem 1. Assumeny,...,n, > 2 andc # 0. If I = J, then hrank(E1 (¢)) = 1;
if I # J, then hrank(E'”(¢)) = 2d where d is the number of nonzero entries of
I —J.

Forn=(2,2,...,2)and I = (1,1,...
has the decomposition

1), J =(2,2,...,2), the basis tensor £/ (¢)
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where wu; = (1,eXp(ﬁ7T —1))7774@ —

(c, exp(—%ﬂ\/—_l)).

Example 2. For I = (1,2), J = (3,4) and ¢ # 0, the basis tensor £12)B3Y(¢)
C*4 has the Hermitian rank 4, with the following Hermitian rank decomposition
(in the following 7 := +/—1)

c 0 C 0 C 0 c 0
1o 1 1 0 1 1o 1 11l o 1
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0 1 0 —1 0 1 0 —1

d ®h L 4 ®h L d ®h L d ®h

Real Hermitian tensors

Real Hermitian tensors are Hermitian tensors whose entries are all real. The
set of all real Hermitian tensors is denoted by R ],
A tensor H € Rl s called R-Hermitian decomposable if

r 1
H=3" Nkl (1
where )\; € R and uf c R"k. The set of all R-Hermitian decomposable
N1, )

tensors is denoted by R

Not every real Hermitian tensor is real decomposable. Let R[g’l"" "l he the
space of all real Hermitian decomposable tensors,then

m m
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dim R}, _H( , =1] o (2)
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However, the dimension of all real Hermitian tensors is
1
dim R™1mm] = (m ;m ' ) (3)

Thus if m > 1,n; > 1, then dim Rt mml > dim R ]

Theorem 3. A tensor A € R 7ml is real Hermitian decomposable it and only
if

Al imirdm = Akpo i (4)
for all labels such that {ig, js} = {ks,ls} forall s=1,... m.

Matrix flattenings

For the Hermitian

tensor H with the decomposition H =
,ui| s, its Hermitian flattening matrix is

' 1)\2-(%1&---&uzm)(ul&---&u%n)*,

= ¢

where X is the Kronecker product and a™ is the conjugate transpose of a. The
canonical Kronecker flattening of H is

r
k(H) = Z(u,} RKulX - X u;-n_l X u;n_l)(u;n X W)T
i=1
rank(m(?)) and rank(x(#)) are both lower bounds for hrank(#). However,
the bounds can be very different.

Example 4. For m = 2 and n > 1, consider the Hermitian tensor in Rl

H = szzlei ® e; & € & e = (2321675 &) 67;) &) (Z:;lei & 67;).

Then,

m(H) = (Z:/:leiglei) (Z:L:lei&ei)To K¢(H) = (Z?zleieg)&(z:jzleieg) = Inz.

Thus, it holds that hrank(#) > ranks(#) = n” while rankm(H) = 1 .
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Positivity and separability

e A Hermitian tensor H € H™1"m can be uniquely determined by the
conjugate multi-quadratic polynomial

H(x,T) = Z

il)"'aimajla“'?jm

Hiyimirogm )iy (@m)in, (T1)iy -+ (Zm)i,

in the tuple x := (xq, ..., z;,) of complex vector variables x; € C".

o H € FlMir-nml (F = C orR) is called F-psd if H(z,T) > 0,Vz; €
F"i. Denote the cone of F-psd Hermitian tensors by :@J@l"“’nm].

o H e Flh-—mnlis called F -separableif H has the decomposition
H o= >0 ul, ..., u"sy for some u! € F"i. Denote the cone of

F-separable Hermitian tensors by ﬂ][_f””“’nm].

e The separability of Hermitian tensors are equivalent to the separability
of mixed quantum states.

The following theorem characterizes properties of Yﬁl""’”m], @[}7’1""’””&]
and their duality relationship.

Theorem 5. @g Lol gpng y(gnl""’nm] are proper cones, i.e. they are
closed, convex, solid, and pointed. L@IE? Lol ang Yll&nl""’nm] are closed
and convex. However, ﬁzl[g Lol s solid but not pointed: Yl[énl"“’”m] is

[nl,...,nm]

pointed but not solid. Moreover, CS”][_?’ Lol and & &
each other for F = R, C.

are dual to

Detect separability

Theorem 6. The tensor H € Fl--mml js F -separable if and only if there
exists a Borel measure 1. such that

H = /[331, ce axm]@)hdﬂ-

Checking separability is equivalent to checking the following moment prob-

lem.
min,, | F(Z)du
s.t. Re(H) = [ R(Z)dp (5)
Im(H) = [ 1(Z)dp,
where 7 := (27¢, 2™, ... 27¢ 2 and [z1, ..., 2m)en = R(E)+v/—11(7).

Theorem 7. Let H be a Hermitian tensor, then the following holds.

(i) If H is separable, then the kth order relaxation of (5) will give a mea-
sure that solves (5) for some k big enough.

(i) If H Is not separable, then the kth order relaxation of (6) must be
infeasible for some k big enough.



