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ABSTRACT

This note is devoted to a detailed computation of the commutators of the Hopf
algebra Uy (sl(n)). It can be considered as a second way to computation the brackets
of the Hopf algebra U,(sl(n)) which could be introducing and understanding the
Uy (sl(n)) for the students.

1. Introduction

Quantum groups, introduced in 1986 by Drinfeld [1], form a certain class of Hopf alge-
bras. U, to date there is no rigorous, universally accepted definition, but it is generally
agreed that this term includes certain deformations in one or more parameters of clas-
sical objects associated to algebraic groups, such as enveloping algebras of semisimple
Lie algebras or algebras of regular functions on the corresponding algebraic groups.
For more information see [2] and [3].

2. The Quantized Enveloping Algebra U,(gl(n))

The special linear Lie algebra of order n (denoted si,,(F) or sl(n,F)) is the Lie algebra

of n x n matrices with trace zero and with the Lie bracket [X,Y]:= XY - Y X

We fix an invertible element ¢ € C, ¢ # 1. So the fraction # is well defined. For

any integer n define [n] := % =" "B g g
If ¢ is not a root of unity, then [n] # 0 for any non-zero integer n. If ¢ is a root of
unity, then denote its order by d, i.e. d € N is minimal such that ¢¢ = 1.

We define Ug(gl(n)) as a unital associative complex algebra generated by

ei, fi,i=1,2,--- ,n— 1,kj,k;1,j =1,2,--- ,n subject to the relations
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k‘iK]’ = k‘jKi; k‘zk?;l = k‘;lkl =1; kiejkfl =q %q S 2oey, k‘lfjk‘;l =q %q %fj

21.2 2 2
ki ki+1 - kiJrlk:i
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eleir1 — (q+q Veieirre;+eiie? =0, f2fix1 — (q+q ) fifixa fi+ fix1 /7 = 0. The
generators e;, f; correspond to the simple roots.

les, fi] = dij s e fil = [fj,eil =0, ]i—3j[>2



3. The Main Results

Theorem 3.1. Let x, y and z be elements of Uy(sl(n)) with q,a and b arbitrary
parameters then

(1) [z ylq = [y, 2lg = (1 + @) (zy — yz).
(ii) [2,ylq + [y, 7]q = (1 — @) (zy + y).
(iii) [2,ylq — [y, 2]g-+ = (1 + ¢ oy — (1 + @ya.
(iv) [2,ylq + [y, 2]+ = (1 = ¢ Hay + (1 - g)yz.
(v) [z, ylg=ly, z]q, if [z,y] = 0
(vi) [[y, zla: #lp = [[y; 2]y, 2]a, with [z,2] =0

(MU [Zv [y,if]a]b = [ya [za m}b]az with [yv Z] =0

Proposition 3.2. The elements e12 and fi12 of Uy(sl(3)) have the bracket

le12, fi2] = (1 — ¢ ") ([er, e2lglfo, 1] + [f2, filler,ealy) — ([[[er; e2lqs filg1s fo] +
[[f% [617 62]4]q_17f1])

Theorem 3.3. The elements e;; and fij of Uy(sl(n)) have the bracket

leij, fij] = (1 = O(fis firrglalei eivrgl  +  leiseirigllfi, fivngle)  —
([[[fs, fix1,5]q €ilgs €ivn,5] + lleir1,g [fis fir1,ilqlgs €i]) where i, j =1,2---n.

Theorem 3.4. The elements h; and e;; of Uy(sl(n)) have the bracket
[, i) = (g = D(=aij(eieirrj + eivrge)) + (eileivg, byl + [eivn g, hylei).

Depend on the same technique of the proof of above theorem ,we can achieve the
following

Theorem 3.5. The elements hj and fi; of Uy(sl(n)) have the bracket
[hj, fij] = (@ = D)(—aij(fifirr,; + fivr,i£i)) + (filfirr 5. byl + [firr 5, byl fi)-
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