
Problem session exercises

1. Show that the functional τ on M⋊G given by τ(x) = ⟨x(1̂⊗ δe), 1̂⊗ δe⟩ is a normal faithful
tracial state (the harder part is faithfulness, for this you should define an “algebra of right
multiplication” by M⋊alg G in the commutant of M⋊G for which 1̂⊗ δe is cyclic).

2. Prove that in a tracial crossed product M ⋊ G, every x ∈ M ⋊ G admits a unique Fourier
expansion x =

∑
g ∈ Gxgug for some xg ∈ M so the sum converges in ∥·∥2-norm. Moreover,

show xg = EM(xu∗
g) (where EM : M ⋊ G → M is the trace preserving conditional expecta-

tion). (Hint: Consider x̂ ∈ L2(M)⊗ ℓ2(G)).

3. We say an action G ↷σ M is properly outer (or free) if for each g ∈ G, 0 is the only y ∈ M
such that yσg(x) = xy for every x ∈ M. Prove that a trace preserving action G ↷σ (M, τ)
is properly outer if and only if Z(M) = M′ ∩M ⋊ G. (Hint: use the Fourier expansion for
y ∈ M′ ∩M⋊G and compare the Fourier coefficients of xy = yx).

4. Let G ↷ (M, τ) be a trace preserving action. Notice that the center Z(M) is G-invariant.
Assume that the action is free (as in Problem 3.), then show that M ⋊ G is a factor if and
only if the induced action G ↷ Z(M) is ergodic (i.e. {x ∈ M : σg(x) = x , ∀g ∈ G} = C1).

5. Constructing the Gaussian von Neumann algebra via GNS. Let HR be a real Hilbert space and
define a ∗-algebra D0 = span{w(ξ) : ξ ∈ HR} with product and adjoint given by w(ξ)w(η) =
w(ξ + η) and w(ξ)∗ = w(−ξ) for all ξ, η ∈ HR.

(a) Show τ : D0 → C given by extending τ(w(ξ)) = e−∥ξ∥2

is a unital, positive and faithful
linear functional. (Hint: you will need to use that for any ξ1, ..., ξk ∈ HR the matrix[
e−∥ξi−ξj∥2

]
i,j

is strictly positive definite).

(b) Take the vector space D̂0 with the ∥·∥2-norm from τ . Show that for each ξ ∈ HR the map

ŵ(η) 7→ w(ξ)ŵ(η) = ̂w(ξ + η) extends to a unitary w(ξ) ∈ B(L2(D0, τ)).

(c) Sketch the proof that τ extends to a normal faithful tracial state onD = D′′
0 ⊆ B(L2(D0, τ)).

6. (Bonus) In this exercise you will study the unitary representation of G induced by the Gaussian

construction (which will determine the L(G)-bimodule structure of M̃ = D ⋊G)

Let HR be a Real Hilbert space and π : G → O(HR) an orthogonal representation

(a) Take the complexified Hilbert space HC = HR ⊗ C (where ⟨µξ, νη⟩ = µη̄⟨ξ, η⟩ for all
µ, ν ∈ C and ξ, η ∈ HR, identifying µξ := ξ ⊗ µ). Verify this is a Hilbert space.

(b) Denote the one dimensional Hilbert space by H⊙0
C = CΩ (with ∥Ω∥ = 1) and for n ∈ N>0

let H⊙n
C be the symmetrized n-fold tensor power of HC. Prove that for each ξ ∈ HR

we can define Exp(ξ) =
∑∞

n=0(n!)
−1/2ξ⊗n ∈ ⊕NH⊙n

C (where ξ⊗0 = Ω) and this vector
exponentiation satisfies ⟨Exp(ξ),Exp(η)⟩ = e⟨ξ,η⟩.

(c) We call SHC := ⊕NH⊙n
C the symmetrized (or bosonic) Fock space. Show that the set

{Exp(ξ) : ξ ∈ HR} is linearly independent and total in SHC. (This is more of a remark,
the proof can be found in [Gui72, Proposition 2.2]).
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(d) For ξ ∈ HR define the map w(ξ) by Exp(η) 7→ e−∥ξ∥2−
√
2⟨ξ,η⟩Exp(η +

√
2ξ). Show that

the operators {w(ξ) : ξ ∈ HR} extend to unitaries on SHC such that w : HR → U (SHC)
is a group homomorphism.

(e) Show that Ω is a cyclic and separating vector for D = span{w(ξ) : ξ ∈ HR}.
(f) Show that the orthogonal representation π induces a unitary representation of G on SHC.
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