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Chapter 1

Von Neumann Algebras

1.1 Strong and Weak Operator Topologies

Let H be a Hilbert space. There is a natural (metrizable) topology on B(#) given by the operator norm.
Studying this topology amounts to studying C*-algebras. To study von Neumann algebras, we will need to
consider two new topologies on B(#H). There will be several others later on that are also important, but
these first two will suffice to define a von Neumann algebra.

The formal definitions of these topologies are given below, but from an analytic perspective it is much
more important to understand what it means for a net to converge in these topologies. Let (x;);cr C B(H)
be a net and let © € B(H). Then (z;);es converges to x in the strong operator topology (SOT) if

i -z =0 VEEH.
and (x;);er converges to x in the weak operator topology (WOT) if

lim ((z—z:)¢,m) =0 VEmeH.

i—00

Viewing H as a metric space under its norm, SOT convergence can be thought of as “pointwise convergence.”
Compare this to convergence under the operator norm, which should be thought of as “uniform convergence.”

Remark 1.1.1. Strong operator topology convergence and weak operator topology convergence are often
referred to in the literature as strong convergence and weak convergence, respectively, but in these notes we
will typically avoid this terminology.

Definition 1.1.2. The strong operator topology (SOT) on B(H) is the topology generated by the basis
consisting of sets of the form

Ua; &, 6nie) = {y € B(H): [(z —y)§ll <, j=1,...,n},

forz € B(H), &1,...,&, € H, and € > 0.
The weak operator topology (WOT) on B(H) is the topology generated by the basis consisting of
sets of the form

U@;81,-- -, 6n5m, - e €) == {y € B(H): [((x —y)&,m5) | <€ j=1,...,n},
for x € B(H), &1y &nsMy -y € H,y and € > 0.

Operator norm convergence implies SOT convergence, which in turn implies WOT convergence (Exer-
cise 1.1.1), but the converses are not true. Here are some simple counter-examples:

Example 1.1.3. Let m be the Lebesgue measure on R. For a measurable subset S C R, let the character-
istic function 1g act on B(L?*(R,m)) by pointwise multiplication. Then (1j_, ,))nen SOT-converges to the



identity, but not in operator norm. Indeed, for any f € L?(R,m) and any e, there exists N € N so that

1/2
(/ Fik dm) <e.
R\[—N,N]

Thus, for any n > N we have

1/2
H(1 — ].[—n,n])fH2 = (/R\[_n n] |f|2 dm) <e.

Thus this sequence of operators SOT-converges to 1. However, 1 — 1[_, j = 1|_,, ;¢ is a projection and so
Hl[—n,n] - 1” =1 for all n. -

Example 1.1.4. Consider the following unitary operator on ¢2(Z):
UE)(n) =(n+1) el

For n € N, let z,, := U™. Then we claim that (z,,)nen WOT-converges to the zero operator but does not
SOT-converge. Indeed, fix £,1 € £2(Z). Let € > 0, then there exists N € N sufficiently large so that

1/2
> Em))? <e
n>N
1/2
( 3 n(n)l2> <e
n<—N
Then for m > 2N we have
| (@m&m) | < [€(n +m)|In(n))|
nez
= Y m+mlln(m)+ D [Em)ln(n—m)|
n<—N n>m—N
< [[€lle + ellnl]-

Thus (2, )neny WOT-converges to zero. However, since U is a unitary,

lznll = 1UEN = Il V€ € £(2),
thus (z,,)nen does not SOT-converge to zero. [ ]

You will explore how these topologies interact with the *-algebra structure of B(H) in the exercises, but
let us summarize things here. First, addition and scalar multiplication are both continuous with respect
to both the SOT and WOT (see Exercise 1.1.5). Taking adjoints is continuous with respect to the WOT
but not the SOT (see Exercises 1.1.6 and 1.1.7), though it is SOT continuous on normal operators (see
Exercise 1.1.8). Finally, multiplication is not continuous with respect to either the WOT or the SOT, but
on bounded subsets it is SOT continuous (see Exercises 1.1.10 and 1.1.11).

We leave the proof of the next proposition as an exercise (see Exercise 1.1.12).

Proposition 1.1.5. Let {p;: ¢« € I} C B(H) be a set of pairwise orthogonal projections. If F is the collection
of finite subsets of I ordered by inclusion, then net (ZzeF pi) converges in the SOT to a projection which

we denote by Y i pi-

FeZ



Exercises

1.1.1. Show that if a net (x;);e; C B(H) converges in operator norm to some x € B(H), then it converges
in the strong operator topology to x. Show that if a net (z;);c; C B(H) converges in the strong operator
topology to some x € B(H), then it converges in the weak operator topology to x.

1.1.2. Suppose (2;);er C B(H) converges to x € B(H) in the strong operator topology. Show that
|| < lim sup [Jz;]].
1—00
1.1.8. Show that (z;)er C B(H) converges to € B(H) in the strong operator topology if and only if
((x — z;)*(x — z;));er converges to zero in the weak operator topology.

1.1.4. Let (X,Q, p) be a o-finite measure space and let f € L>°(X, u). Show that a net (f;);er C L®(X, p)
converges to f in the WOT as pointwise multiplication operators in B(L?*(X,u)) if and only if the net
converges to f in the weak* topology as elements of the dual space L'(X, u)*.

1.1.5. Let (x;)icr, (yi)ier C B(H) be nets indexed by the same directed set and let z,y € B(H).

(a) Suppose (z;)icr and (y;)er converge to x and y, respectively, in the SOT. Show that for any o € C,
the net (aw; + y;)ier converges to ax + y in the SOT.

(b) Prove the corresponding statement for the WOT.

1.1.6. If (z;)ier € B(H) converges to x € B(H) in the WOT, show that (z]);c; converges to z* in the
WOT.

1.1.7. Consider the shift operator S on ¢?(N):
S(l‘l,l'g, .. ) == (0,171, T, .. )
Show that ((S*)™)nen converges to zero in the SOT, but (S™)pen does not.

1.1.8. ! In this exercise you will show that taking adjoints of normal operators is continuous with respect
to the strong operator topology.

(a) Show that y € B(H) is normal if and only if ||y&|| = ||y*¢|| for all £ € H.

(b) Suppose (x;)ic; C B(H) is a net of normal operators converging to a normal operator z € B(H) in
the strong operator topology. Show that (z});c; converges to z* in the strong operator topology.

1.1.9. Consider the operator S,, € B(¢?(N)) defined by
€j+1 1f1§j§n—1
Snej = el lfj =N
0 otherwise

(a) Determine a formula for S} and show that S, is normal.

(b) Show that (S,,)nen converges in the strong operator topology to the shift operator S € B(¢2(N)), but
(S} )nen does not converge to S*.

(¢) Reconcile the previous part with Exercise 1.1.8.

1.1.10. Let (z;)ier, (¥i)ier € B(H) be nets indexed by the same directed set that converge in the strong
operator topology. Show that if sup;c; ||z;|| < oo, then (x;y;)icr converges in the strong operator topology.

1.1.11. Find an example of bounded nets (z;);cr, (yi)icr C B(H) converging to =,y € B(H), respectively,
in the WOT but such that (x;y;)icr does not converge to zy in the WOT. [Hint: consider Example 1.1.4.]

1.1.12. Prove Proposition 1.1.5: For each i € I let K; := p;H and define
K .= span U K.
iel

Letting p € B(H) be the projection onto K, show that the net (>, ., pi)re# converges in the SOT to p.

IThanks to Lydia de Wolf for pointing out an error in a previous version of this exercise.



1.2 Bicommutant Theorem

Definition 1.2.1. Let H be a Hilbert space. For =,y € B(H), the commutator of x and y is denoted
[z, y] = 2y — y=.
For a subset X C B(H), the commutant of X, denoted X', is the set
X' :={ye B(H): [z,y) =0Vz € X}.

The double commutant of X is the set
X// = (XI)/

If X CY C B(H) is an intermediate subset, we call X’ NY the relative commutant of X in Y.

Observe that, regardless of the structure of X, X’ is always a unital algebra. If X is closed under taking
adjoints, then X’ is a x-algebra. It also easily checked (algebraically) that:

XCX”:(X//)H:"'
X =(X)' =

Note that inclusions are reversed under the commutant: X C Y implies Y’ C X’. Remarkably, the purely
algebraic definition of the commutant has analytic implications. This culminates in The Bicommutant
Theorem (Theorem 1.2.6).

Example 1.2.2. Let H be a Hilbert space. If 1 € B(H) is the identity operator, then for any o € C and
any x € B(H) one has [z, 1] = 0. Consequently, {C1} = B(H).

Conversely, one also has B(H)" = C1, which you will show in Exercise 1.2.1. As a special case of this,
consider H = C™ so that B(H) = M, (C). To see that M, (C)’ = CI, consider the matrices E; ; € M, (C)
for i,j = 1,...,n, where E; ; is the matrix with a one in the (¢, j)-entry and zeros elsewhere. Note that
E; jEre = 0j—1E; . Also, observe that that for any A = (Ai,j)?,j:l € M, (C),

Ei;AE;; = Ai;E;;

Thus if A € M, (C)’, then
Ai,jEi,j = Ei’iAEjJ = Eiﬂ'EjJA = Si:jEi,jA.

This implies A; ; = 0 unless ¢ = j; that is, A is diagonal. We also have for any 4,5 =1,...,n
Ai,iEi,i = EZ,ZAEz,z = Ei,jEj,iAEi,i = Ei,jAEj,i = Ei,jEj,jAEj,jEj,i = Aj,jEi,jEj,jEj,i = Aj,jEi,i'
So all the diagonal entries of A agree and so A = A; ;1 € C1. |

Example 1.2.3. For (X,Q, 1) a o-finite measure space, view L>(X, ) C B(L?(X, 1)) where f € L*>(X, i)
acts by pointwise multiplication. Then L% (X, u)" = L*°(X, u), which you will show in Exercise 1.2.3. As
a special case of this, consider N equipped with the counting measure. For n € N, let e, € £2(N) be the
function defined by e, (k) = §,—1. Note that e, € £°°(N) as well, and that for f € ¢?(N) one has

lenf](k) = en(k) f(k) = n=r.f(n) = [f(n)en](k),
that is: e, f = f(n)en. Now, if T € (°(N) and f € (2(N) we have
[T(N)](n) = en(n)[T(f)l(n) = [exT(f)](n) = [T(enf)](n) = f(n)[T(en)](n).
So if we define g: N = C by g(n) := [T'(e,)](n), then T(f) = gf. Also note that
lg(n)| = [T (en)](M)] < I T(en)ll2 < [T |lllenll2 < |IT]|-

Thus g € ¢>°(N). |



Definition 1.2.4. Let K C H be a subspace. For x € B(H), we say K is invariant for z if 2K C K. We
say K is reducing for z if it is invariant for = and x*. For a subset X C B(#H), we say K is invariant (resp.
reducing) for X if it is invariant (resp. reducing) for all z € X.

Note that if X is closed under taking adjoints, then a subspace is invariant for X if and only if it is
reducing for X.

Lemma 1.2.5. Let M C B(H) be a *-subalgebra. Let K C H be a closed subspace with p € B(H) the
projection onto K. Then K is reducing for M if and only if p € M.

Proof. Assume K is reducing M. Let x € M and £ € K. Then x€ € K so that
rp€ = x€ = pas.

If n € K+, we have
<CE’I77£> = <’I77£C*§> =0,

since z*¢ € K. Thus 2n € K+ and so xpn = 0 = pxn. It follows that xp = px so that p € M.
Conversely, suppose p € M'. Let € M and ¢ € K. Then for n € K+ we have

0 = (x&,pn) = (px&, n) = (zp&,n) = (x€,n) -
Thus z¢ € (K+)* = K. Hence MK C K so that K is reducing for M. O
We have the following theorem due to von Neumann from 1929.

Theorem 1.2.6 (The Bicommutant Theorem). For a unital x-subalgebra M C B(H), one has

50T _ 3fVOT _

Proof. We will show the following series of inclusions:

—SOoT —WoT —SOoT
M cM cM'cM .

The first inclusion follows the fact that SOT-convergence implies WOT-convergence.

—WOT
Now, suppose € M , say with a net (z;);e;r C M converging to x in the WOT. Let y € M’, then
for any £, € H we have

(wy&om) = lim (gyg,n) = lim (yai&,n) = (ya€,n) -

Since £, € H were arbitrary, we have xy = yx and thus z € M".

. —sor
Finally, suppose z € M". Note that to show z € M , it suffices to show for all n € N, &1,...,&, € H,
and e > 0 that there exists y € M with

[(z—y)&ll<e j=1,....n
FixneN, &,...,&, € H, and € > 0. For y € M, define n(y) € B(H®") by

ﬂ—(y)(nla v ann) = (ynla v 7y77n)

If you view H®™ as column vectors over H of height n, then 7(y) corresponds to the matrix
Y 0
0 Yy

With this perspective, one can show that (M)’ consists of matrices of the form

a1l 0 A1p

) )

an1 Qn,n



where a; ; € M’ for i, = 1,...,n, and that m(x) commutes with all such matrices since z € M" (see
Exercise 1.2.6).

Now, let S denote the closure of the subspace {m(y)(£1,...,&n):y € M} C H®". Then S is reducing
for w(M), and so if p € B(H®™) is the projection onto S, then Lemma 1.2.5 implies p € 7(M)" and so
pr(z) = w(x)p. Note that 1 € M implies (&1,...,&,) € S. Thus we have

’/T(il’)(fl, s 7571) = ﬂ—(x)p(gl" e agn) :pﬁ(l')(fl, s 7511) €S.

The definition of & then implies there exists y € M with

[m(@) (€, 6n) = (@) (s 60l < e

Unpacking our notation, we see that
1/2

[7(@) (€15 &n) =7 (@)(&1s - &)l = (2 = 9)&a, -, (2 = y)En)ll = ZH(SE*y)éjH2

Combining this with the previous inequality yields ||(z — y)¢;|| < € for each j =1,...,n. O

The double commutant is given by a purely algebraic definition, whereas the SOT and WOT closures
are purely analytic. Their equality in the above theorem tells us the following objects lie in the confluence
of algebra and analysis:

Definition 1.2.7. We say a unital #-subalgebra 1 € M C B(H) is a von Neumann algebra if M = M”
—WOT

(equivalently, M = M or M =1 ).

Recall from Example 1.2.2 that B(H)" = C1 and that C1’ = B(H). Hence B(H)"” = B(H) and C1” = C1
are examples of von Neumann algebras. Another example is L>° (X, u) for a o-finite measure space (X, Q, ),
since

Lo(X, )" = L®(X, p) = L™(X, )

by Example 1.2.3. We will explore these and other examples in greater detail in the next section, but first
we must define a few related concepts.

From the observation following Definition 1.2.1, we see that for M a von Neumann algebra, M’ is also a
von Neumann algebra. Consequently, so is M N M’ we which we give a name to here:

Definition 1.2.8. For M a von Neumann algebra, the center of M, denoted Z(M), is the von Neumann
subalgebra M N M'. If Z(M) = C1, we say M is a factor. If Z(M) = M, we say M is abelian.

For a Hilbert space H, B(H) is a factor by Example 1.2.2, while for a o-finite measure space (X, Q, u),
L>(X, p) is abelian. There are examples where C1 C Z(M) C M, so factors and abelian von Neumann
algebras only represent the two extremes on how much commutativity a von Neumann algebra permits.

We conclude by presenting a notion of what it means for two von Neumann algebras to be isomorphic.

Definition 1.2.9. We say two von Neumann algebras My C B(Hi) and My C B(H2) are spatially
isomorphic if there exists a unitary operator U: H; — Ho such that UM;U* = M. In this case we call
M; 2z~ UzU* € M> a spatial isomorphism.

Exercises
1.2.1. Let H be a Hilbert space. Given &,n € H, recall that the rank one operator £ ® 7 € B(H) is defined
by

E@m(Q) = (m¢E.

(a) Show that x € B(H) commutes with £ ® 77 if and only if there exists A € C with £ € ker(x — ) and

n € ker(z* — ).
(b) Show that FR(H) = C and that B(H) = C.



1.2.2. For (X,Q, ) a o-finite measure space and f € L (X, i), show that
L*(X,p) > g+ fg

defines a bounded linear operator on L?(X, 1) with norm equal to || f|o-
[Hint: for € > 0 consider {z € X: |f()| > || f|lcc — €}']

1.2.3. For (X,Q, u) a o-finite measure space, view L>(X,u) C B(L?*(X,u)) where f € L>(X, u) acts by
pointwise multiplication. Then L*°(X, u)’ = L>°(X, ). [Hint: first consider the case when p is finite.]

1.2.4. Let H be a Hilbert space, K C H a closed subspace, and p € B(H) the projection onto K.
(a) Show that K is invariant for € B(H) if and only if pxp = zp.
(b) Show that K is reducing for « € B(H) if and only if xp = pz.

1.2.5. Let H be a Hilbert space and fix n € N. For all T € B(H®"), show that there exist T; ; € B(H) for
i,7 =1,...,n such that

Tva - Ty &1

(&)= - Lo :
Tn,l T Tn,n gn

(In the above we are not distinguishing between row and column vectors.) Thus B(H®") can be identified
with n X n matrices with entries in B(H).

1.2.6. For x € B(H) and A = (A, ;)}';—; € M, (C), define x ® A € B(H®") by
Al’l.’IJ Al’n‘f

TR A=

Apiz -+ Appz

Let X C B(H), and for each 4, j =1,...,n let E; ; € M,,(C) be the matrix with a one in the (4, j)-entry and
zeros elsewhere.

(a) Show that

{I@InZJ?EX}/: Zyi,j®Ei7iji7jEX/i,j:L...,TL
ij—=1

(b) Show that

!

Zyi,j®Ei,jlyi’j€X, wi=1,...,n :{ZG@)I”II'GXN}.

ij=1

1.2.7. Let w: My — M5 be a spatial isomorphism.
(a) Show that 7 is an isometric *-isomorphism.
(b) Show that 7 is SOT and WOT continuous.

(c) Show that M] is spatially isomorphic to Mj.

1.2.8. Let Hy,...,Hy be Hilbert spaces, and for each j = 1,...,n define nj: B(H;) = B(H1 & - ® Hn)
by
Wj(l‘)(fl,...,fn) = (07...,0,$§j,0,...,0) (51,...,571) EH1D-- D Hn.

(You can also think of 7;(x) as an n x n matrix with « in the (j, j)-entry and zeros elsewhere).

(a) Show that 7; is an isometric *-homomorphism for each j =1,...,n.



(b) Let M; C B(H,) be a von Neumann algebra for each j =1,...,n. Show that

Mi® &M, := Zﬂj(.’bj)tijMj,j:]-w-'an

j=1
is a von Neumann algebra. (It is called the direct sum of My,..., M,.)
(c) Show that Z(M; @ ---® M,) = Z(M) ®--- @ Z(My).
(d) Show that M; & --- @ M, is not a factor for n > 2.

1.2.9. Let {H;: i € I} be a collection of Hilbert spaces and denote

H:Z@Hiz{f:I%U’Hi:f(i)EHi for all ¢ € I and ZHf(z)H2<oo

iel iel iel
For each i € T define m;: B(H;) — B(H) by
[mi(2) 1) = di=jzf(i)  xe€B(H:), feH, jel.
(a) Show that m; is an isometric *-homomorphism for each i € I.
(b) Let (;)icr be such that x; € B(H;) and sup,;¢; ||| < co. Show that
> mi(z)
iel
exists in B(H) as the SOT limit of finite partial sums.
(¢) Let M; C B(H;) be a von Neumann algebra for each ¢ € I. Show that
i€l iel
is a von Neumann algebra. (It is called the direct sum of {M;: i € I}.)

(d) Show that

P M = <U wi(Mi)> : .

iel iel
(e) Show that Z(D,.; M;) = B,c; Z(M;).
1.2.10. Show that a von Neumann algebra M is abelian if and only if M C M’.

1.2.11. An abelian von Neumann algebra A C B(#) is called maximal abelian if A C B C B(H) for
another abelian von Neumann algebra B implies A = B. Show that an abelian von Neumann algebra A is

maximal abelian if and only if A’ = A.

1.3 First Examples
1.3.1 B(H) and Matrix Algebras

For any Hilbert space H, we saw above that B(H) is always a von Neumann algebra and a factor. In
particular, if A is finite dimensional with d := dim(#), then B(#) is simply the matrix algebra My(C).
Though an elementary example, My(C) will eventually inform a great deal of our intuition about von

Neumann algebras. We highlight a few important features below.

@Mi = {Zﬂ'i(m‘i): x; € M; for all 4 € I and sup ||z;|| < o0
i€l

} |



As factors, matrix algebras are as noncommutative as a von Neumann algebra can be. They also contain
a lot of projections. For each pairé,j =1,...,d let E; ; € My(C) be the matrix with a one in the (¢, j)-entry
and zeros elsewhere. Then FE, ; is projection for each ¢ = 1,...,n and so is any sum of these matrices (see
also Exercise 1.3.1).

Recall that the unnormalized trace on M4(C) is a linear functional Tr: M;(C) — C defined as

Tr(A) =) A

The trace is invariant under cyclic permutation: Tr(AB) = Tr(BA) for all A,B € M4(C). In fact, up to
a scalar, it is the unique linear functional on My(C) with this property (see Exercise 1.3.2). Note that if
{e1,...,eq} is the standard basis for C¢, then

d
E (Ae;,e;) .
i=1

In fact, the standard basis in the above formula can be replaced with any orthonormal basis {fi,..., fa}
for C¢. This is because if U is the unitary matrix whose columns are fi,..., f4, then Ue; = f; for each
i=1,...,d. Consequently

d d d
S (Afi fi) =) (AUe;,Ue;) =Y (U*AUe;, ;) = Tr(U* AU) = Tr(AUU*) = Tr(A).
i=1 i=1 i=1

One can even define a trace for B(H) when # is infinite dimensional, but it will only be well-defined on the
trace class operators, which we revisit in Section 3.1.

1.3.2 Measure Spaces

For (X,Q,u) a o-finite measure space, we saw above that L>°(X,u) C B(L*(X,u)) is an abelian von
Neumann algebra. In fact, it is maximal abelian in the sense that if L>°(X,u) C A C B(H) for an abelian
von Neumann algebra A, then A = L*(X, u) (see Exercises 1.2.3 and 1.2.11). As with matrix algebras,
L (X, p) will also eventually inform a great deal of our intuition. Indeed, it turns out that all abelian von
Neumann algebras are of this form and we will see a partial proof of this in Section 2.2.

Despite the fact that L>°(X, u) and M4(C) are radically different in terms of commutativity, there are still
important similarities. L>°(X, ) also has an abundence of projections. Indeed, for any measurable £ C X,
1g € L*™(X,u) is a projection. In fact any projection in L>°(X, ) is of this form (see Exercise 1.3.3).
Consequently, the linear span of projections is exactly the set of p-measurable simple functions, which we
know from measure theory are || - || norm dense in L°°(X, u). Using Exercise 1.2.2, we can then deduce
that the linear span of projections is actually operator norm dense in L (X, ). Additionally, when p is a
finite measure, L°(X,u) C L'(X, i) and so

=X 3 1o [ f

is a natural linear functional on this von Neumann algebra, similar to the trace on M4(C).

1.3.3 Group von Neumann Algebras

Let T be a countable discrete group, which we can use to define a Hilbert space ¢2(T'). Consider the left
regular representation A\: I' — B(¢%(T")):

Ng)€l(h) =€(gth) e l*T), hel

Equivalently, if for g € T we let §, € £2(T) be the function d,4(h) = d4—p, then A(g)d, = 45, for all h € . The
operators A(g) are in fact unitary operators with A\(g)* = A(g~!), and in particular if e € T is the identity
then A(e) = 1. Denote C[\(T)] := span\(T"), which we note is a unital *-subalgebra of B(¢2(T)).
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Definition 1.3.1. The group von Neumann algebra for I is L(T") := C[A(T")]".

These von Neumann algebras can be abelian, factors, or something in between. If T" is an abelian group,
then C[A(T")] and consequently L(T") are abelian. To understand when L(T") is a factor, we require a definition:

Definition 1.3.2. We say that ' is an infinite conjugacy class (i.c.c.) group if the conjugacy class
{h~'gh: h € T} is infinite for all g € T'\ {e}.

Example 1.3.3.

(1) For n € N, the free group with n generators, F,, = (a1,...,a,), is an i.c.c. group.

(2) Let So denote the group of bijections 7: N — N such that m(n) = n for all but finitely many n € N.
This group can be viewed as the union of all permutation groups S,, n € N, where S,, — S,,+1 by
fixing n 4+ 1. Then S is an i.c.c. group.

(3) Any finite or abelian group is not an i.c.c. group. [ ]

You will show in Exercise 1.3.7 that L(T') is a factor if and only if T is an i.c.c. group.
As with our previous examples, L(I') admits a natural linear functional 7: L(I") — C defined by

7(2) = (@b, de) -

Since 7(A(g)) = 0g=c, T encodes the group relations; that is, g1g2---gn = e for g1,..., 9, € I if and only if
7(A(g1) -~ Mgn)) = 1. Also, like the trace on My(C), 7 is invariant under cyclic permutations: 7(zy) = 7(yz)
for all z,y € L(T") (see Exercise 1.3.8). Because if this we call 7 the trace on L(T).

In constructing the group von Neumann algebra, one could instead use the right regular representation:

[p(9)€](h) =&(hg) £ € P(T), heT,

in which case one denotes by R(I') := C[p(I")]”. There is a very natural relationship between L(T') and
R(T") (see Theorem 1.3.7), but in order to witness it we require some additional terminology. Recall that for
¢,m € £2(T') their convolution is defined by

(Exm)g) =>_&mn(hg).
hel

From the Cauchy—Scwarz inequality, we have [(£ * 1)(g)| < ||£|l2]|n]l2 for all g € T. So & xn € £°°(G) with
1€ * nlloe < [1€]l2lInll2-

Definition 1.3.4. We say & € ¢2(T) is a left (resp. right) convolver if & xn € ¢2(T') (resp. n * & € £2(T))
for all n € ¢*(I'). Denote the linear operator n + & %1 (resp. n — 1 * &) by (&) (resp. p(£)). Denote
LO(T) :={A(&): € is a left convolver} and RC(T) := {p(£): £ is a right convolver}.

Observe that A(dy) = A(g) and p(d4) = p(g). We claim that A(§) is bounded for any left convolver . By
the Closed Graph Theorem, it suffices to show that if (9, )n,en C €2(T) satisfies 1, — 0 and A(€)(n,) — ¢,
then ¢ = 0. Since the || - ||2 norm dominates the || - || norm, we see

[€lloe = T [[A(€)(1m)llcc = Hm_[|€ % 7nloc < Timsup [[€]|2][nnll2 = O.
n— oo n—oo n— oo

Thus ¢ = 0 and so A(€) is bounded. A similar argument shows that p(§) is bounded for any right convolver.
Hence LC(T), RC(T') C B(¢*(I)).

Lemma 1.3.5. £ € (*(T) is left (resp. right) convolver if and only if there exists ¢ > 0 so that ||Exk|2 < c||k]|2
(resp. ||k *&||2 < c||kl|2) for all finitely supported r € £2(T).
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Proof. We will consider only left convolvers, since the proof for right convolvers is similar. The “only if”
direction follows from the discussion preceding the lemma, where ¢ = ||[A(£)]].

Conversely, define for finitely supported x € £2(I") define xx := ¢ * . The hypothesis implies that 2 can
be extended to a bounded operator on ¢2(I"), which we also denote by z. Fix n € ¢2(I'). Given € > 0 there
is a finite subset F' C I' satisfying

> In(g))? < €.

gET\F

In other words, if x := nlp, then ||n — k||2 < e. Since & is finitely supported, we have zx = £ x k and so we
estimate

€0 —2n|lee < [|€ %1 — 2E]oo + [l2(k =)o
<€ x (= K)o + [[2(k —n)l|2
< [€ll2lln — £l + llzllllx — &ll2 < ([€ll2 + llz[])e.

Since € was arbitrary, we have £ * n = zn € £?(T'). Hence ¢ is a left convolver. O
Proposition 1.3.6. LC(T') and RC(T") are von Neumann algebras.

Proof. We will only consider LC(T"), the proof for RC(I") being similar. We also leave checking that LC(T")
is a unital *-algebra as an exercise (see Exercise 1.3.9). By the Bicommutant Theorem, it suffices to show
LC(T) is SOT closed. Let (&;);cr C £3(T') be a net of left convolvers such that (A(&;));er converges to some
xr € B(£3(')) in the SOT. Observe that A(&;)d. = &;, so if we set & := z8. then & = A\(&)de — 2. = &.
Using this and the SOT convergence of (A(&;))icr to x, we have for any 1 € ¢2(T') that

1650 = 2nlloc <[1€% 0 =& *nlloc + 16 % 1 — 21llcc < 1€ = &ill2llnll2 + (M) — 2)nll2 = 0.

Thus & *n = an € ¢3(T'), which implies £ is a left convolver and that A\(¢) = x. Hence z € LC(T") and LC(T)
is SOT closed. O

Theorem 1.3.7. R(T') = L(T")" and L(T") = R(T")'.
Proof. We begin by showing
L) c LC(T) c RC(T) c R()' c LC(T).

For any g € T, A(g) = A(dy4) € LC(T"). Hence L(I") C LC(I")” = LC(T") by Proposition 1.3.6, which gives the
first inclusion. Note that a symmetric argument implies R(I') € RC(T"), and so taking commutants yields
the third inclusion. The second inclusion follows from Exercise 1.3.10. Let z € R(T")" and set £ := xd.. Then
for any g € I we have

xdy = x(p(g)de) = p(g)(xde) = p(g)§ = & * 0y,

where the last equality follows from a direct computation. Consequently, for any finitely supported x € ¢2(T")
we have [|€ * k||2 = [|zk|l2 < ||z||||x]|2. Lemma 1.3.5 therefore implies that £ is a left convolver. The above
computation shows xd, = & * d; = A(§)d,, and since such vectors densely span ?2(T') we have z = A\(£). This
gives the last inclusion.

The inclusions established above show, LC(T') = RC(T)" = R(I'). A symmetric argument yields
RC(T") = LC(T'") = L(I")". Using the Bicommutant Theorem, these equalities imply

R(T) = (R(I))" = LC(T)" = L(T)".
Taking commutants then gives R(T")" = L(T). O

Remark 1.3.8. If G is a locally compact group (e.g. R), it is still possible to define L(G) using the left
regular representation of G on L?(G, i), where u the left-invariant Haar measure on G. However, in the
mini-courses we will restrict ourselves to the discrete case.
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Group von Neumann algebras remain far from fully understood. On the one hand, by a deep result of
Alain Connes, all amenable i.c.c. groups yield the same group von Neumann algebra. This von Neumann
algebra (which we will define by other means in a later chapter) is called the hyperfinite II; factor, but we
will not have time in the mini-course to delve into Connes’ proof.

-

All right,-then. Keep'your, seé:rets.

On the other hand, the famous Free Group Factor Isomorphism Problem, which is still open, asks whether or
not L(F,) = L(F,,) for n # m, where Fy, is the free group with k generators. A very active area of research
in von Neumann algebras is focused on how much of T" is “rememebered” by L(I"). The best results to date
have relied on a collection of techniques known as Popa’s deformation/ridigity theory.

Exercises

1.3.1. Consider the following 2 x 2 matrices:

10 00 1 /11 11—
0o 0 )’ 0o 1)’ Va1l 1)’ va\li 1)°
Show that they are all projections and that their span is all of M5(C). Can you find 9 projections in M5(C)

that span?

1.3.2. Suppose ¢: My(C) — C is a linear functional satisfying ¢(AB) = ¢(BA) for all A, B € My(C). Show
that ¢ = (1)1 Tr. [Hint: show that ¢(E; ;) = 0 for i # j and that ¢(F; ;) does not depend on i = 1,...,n.]

1.3.3. For f € L>(X,u) C B(L*(X,p)), show that f is a projection if and only if f = 1 for some
measurable £ C X. [Hint: show that u{x € X: f(z) € {0,1}} =0.]

1.3.4. Let I be a discrete group with left regular representation \: I' — B(¢°T"). For g € T, show that \(g)
is a unitary operator with A(g)* = A(g™1).

1.3.5. Verify the claims in Example 1.3.3.

1.3.6. Let T’ be an infinite countable discrete group. Let (gn)nen C T be a sequence that never repeats.
Show that the sequence of unitaries (A(g,))nen converges to zero in the WOT.

1.3.7. Let I' be a countable discrete group.

(a) For x € L(T") and g € T', show that
I'shw— <:L‘§g—1h,5h>

is a constant map.

(b) Denote the value of the constant map in the previous part by cq(x). Show that

26, = Y cg(x)y,

gel

and hence 3° |cg(@)]? < o0.
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(c) For x € Z(L(I')), show that cy(x) = c¢p-14,(x) for all g,h € I', and that c4(x) = 0 whenever
{h~tgh: h € T} is infinite.

(d) Prove that L(T") is a factor if and only if ' is an i.c.c. group.
1.3.8. Let T" be a countable discrete group and let 7 be the trace on L(T").
(a) Show that 7(A(g)A(h)) = 7(A(R)A(g)) for all g,h € T.
(b) Show that 7 is WOT continuous.
(¢) Prove that 7(zy) = 7(yx) for all z,y € L(T).

1.3.9. Let T be a countable discrete group. In this exercise, you will show that LC(T') and RC(T) are
x-algebras.

(a) Show that 1 = A(e) € LC(T") N RC(T") where e € T' is the identity.
(b) If &, m € £2(T") are left (resp. right) convolvers, show that £ * ) is a left (resp. right) convolver.

(¢) For (&), A(n) € LC(T), show that A(&)A(n) = A(§*n) € LC(T'). Also show that A(§)* = A(JE), where
[7€](9) = &(g™).-

(d) For p(€), p(n) € RC(T), show that p(&)p(n) = p(€ xn) € RC(T). Also show that p(n)* = p(Jn), where
J is as in the previous part.

1.3.10. For a left convolver £ and a right convolver 7, show that A\(&)p(n) = p(n)A(E).
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Chapter 2

Borel Functional Calculus and
Abelian von Neumann Algebras

Let H be a Hilbert space and let x € B(H) be a normal operator: [z, z*] = 0. This implies that C[x, z*]—
the set of polynomials in xz, z*, and 1—is an abelian *-algebra and consequently its norm-closure, which we
denote by C*(z), is an abelian C*-algebra. The Gelfand transform then yields an isometric #-isomorphism

I': C*(z) = C(o(x)).

This gives us a way to apply continuous functions on o(x) to the operator x: for f € C(o(x)) define
f(x) :=T7L(f). Since it is an isometric *-isomorphism, this definition respects the *-algebra structure and
norm of C(o(x)):

(f+9)) = fle)+9(x)  (f-9)(=) = flz)g(x)  [f@) = [fll-

We call this the continuous functional calculus. In this chapter, we will extend this functional calculus to
bounded Borel functions on o(x). While f(z) € C*(x) when f is continuous, it may not be the case if f is
only assumed to be bounded and Borel. However, we do always have f(z) € W*(z), where

W*(z) := Clz, z*]"

is the von Neumann algebra generated by x. Recall from the Bicommutant Theorem that W*(z) is equiv-
alent to both the SOT and WOT closures of C[z,z*], and since norm-convergence implies SOT and WOT
convergence we have C*(z) C W*(z).

At the end of the chapter, we will then use the Borel functional calculus to produce a (partial) classification
of abelian von Neumann algebras.

2.1 Borel Functional Calculus

We will use Borel measures to extend from continuous functions to bounded Borel functions. Since o(z) for
x € B(H) is a compact subset of C, C(o(z)) falls under the scope of the Riesz Representation Theorem (see
[Theorem 2.16, GOALS Prerequisite Notes]), which gives us easy access to Borel measures, as seen in the
following proposition.

Proposition 2.1.1. Let © € B(H) be a normal operator. For any {,n € H, there exists a unique regular
Borel measure ji¢ ,, € M(o(x)) satisfying ||pe ol < IEllln]] and

(F(@)e,m) = / L dien V€ C0E) (2.1)

Moreover, we have Jig ; = fin,e for all {,n € H and

Pagi+e2.n = Qs+ Hean VaeC, &,6,neH
e, pni+ne = B/J’E,Th + He ns VB € (Ca 577713 2 € H.
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Proof. Observe that for f € C(o(x))

| (F@&m) | < 1 @)IENI = [1F o lIENInl-

Thus f — (f(z)&,n) is a bounded linear functional on C(o(z)) with norm at most ||£]|||n]]. The Riesz
Representation Theorem implies there exists pe ., € M(o(z)) satisfying ||pe.5l] < [|€lllnll and (2.1). Since
M(o(z)) = C(o(x))*, this measure is uniquely determined by (2.1). Using this uniqueness, one obtains
the remaining properties via the conjugate symmetry, linearity, and conjugate linearity (respectively) of the
inner product. [

For a locally compact Hausdorff space X we denote by B(X) the collection of bounded Borel measurable
functions f: X — C, which we equip with the supremum norm || f]eo. Any f € B(X) is integrable with
respect to any p € M(X). In particular, for any Borel measurable subset S C X, we have 1g € B(X) and
for any p € M(X) we have

n(S) = /Xls dp.

In the context of the above proposition, any reasonable definition of f(z) € B(H) for f € B(o(x)) should
satisfy

{(f(2)&;m) = ( )f dfig -

The above discussion tells us we can already make sense of the right-hand side, and the following lemma
tells us precisely how to produce f(z) € B(H) satisfying the above equation.

Lemma 2.1.2. Let H be a Hilbert space and suppose q: HxXH — C is linear in the first coordinate, conjugate
linear in the second coordinate, and there exists C' > 0 such that |q(&,n)| < C|&|lln|| for all §,m € H. Then
there ezists a unique x € B(H) satisfying

(@&m =q&n)  YEmeEH,
and ||z|| < C.

We leave the proof as an exercise (see Exercise 2.1.2), but remark that it is similar to the proof of
[Theorem 1.36, GOALS Prerequisite Notes]. The map ¢ is called a bounded sesquilinear form, and the above
lemma is sometimes called the Riesz Representation Theorem (for Bounded Sesquilinear Forms).

Theorem 2.1.3 (Borel Functional Calculus). Let x € B(H) be a normal operator. There exists a contractive
x-homomorphism
B(o(x)) > f— f(z) e W (x).

In particular, for f € C(o(x)) the operator f(x) is the same operator given by the continuous functional
calculus.

Proof. Fix f € B(o(z)). For &,n € H define

a(€n) = / b

where i , is as in Proposition 2.1.1. The same proposition implies q is linear in the first coordinate, conjugate
linear in the second coordinate, and satisfies

lq(§,m)] < /( )Ifl dlpg,n| < [ flloollzenll < Nl flloollENnIl-

Thus Lemma 2.1.2 implies there exists y € B(H) with ||y|| < ||f]le and

(W&n) =q(&n) = /( )f dpen, V& mneH.
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Define f(z) :=y.
Thus B(o(x)) 3 f +— f(x) is contractive. For all £, € H we have

(f+9)(@)&m) = /( )f+g dpig,n = (/)f dpe +/ 9 dugy

= (f(@)&n) + (g9(x)&,n) = ((f(z) + g(x))&,m) ,

which implies (f + g)(z) = f(x) + g(x). Tt is similarly shown that (fg)(z) = f(x)g(x) and f(z) = f(x)*. So
f— f(z) is a contractive *-homomorphism. Note that—by construction—if f € C(o(z)) then f(x) agrees
with the operator given by the continuous functional calculus.

It remains to show that this *-homomorphism is valued in W*(z) = Clz,z*]”. Observe that for y €
Clz,z*], f € C(o(x)), and &, € H we have

0= {((yf(z) — f(@)y)&n) = (f(@)§ y™n) — (f(x)y€,n) = [ dpig yen — /( )f dpiye -

o(z)

Since f € C(o(x)) was arbitrary and i y«n, fiye,y € M(o(x)) = C(o(x))*, we must have fig ey = fiye n-
Consequently, for f € B(o(z)) we have

(yf(x) = f(x)y)&m) = [ dpig ey — / fdpyen =0
o(x) o(z)

for all y € Clz,2*]" and all {,n € H. Tt follows that yf(x) — f(z)y = 0 for all y € C[z,z*]" so that
f(z) € Clz,z*]" = W*(x). O

For z € B(H) normal, let S C o(z) be Borel measurable. Then 1g € B(o(z)) and 1g = 15 = 1% imply
ls(z) = 15(x)* = 15(x)?; that is, 15(x) is a projection. Consequently, if f € B(o(x)) is a simple function,
then f(z) is a linear combination of projections. From this we can deduce that projections are ubiquitious
in von Neumann algebras:

Corollary 2.1.4. A von Neumann algebra is the norm closure of the span of its projections.

Proof. Let M C B(H) be a von Neumann algebra, and let z € M. By considering the real and imaginary
parts of z (Re (z) = $(z + 2*) and Im (z) = 4(2* — z)) we may assume z is self-adjoint. In particular,
x is normal and hence f(x) € W*(z) C M for all f € B(o(x)) by the Borel functional calculus. Thus the
discussion preceding the statement of the corollary implies that approximating the identity function on o (x)
uniformly by simple functions gives, via the Borel functional calculus, a uniform approximation of x by linear

combinations of projections in M. O

Contrast this result with the fact that there exist C*-algebras with no non-trivial projections. Indeed,
if X is compact Hausdorff space, and X is connected, then C'(X) has exactly two projections: 0 and 1.
Non-commutative examples exist as well.

It is not true in general that the *-homomorphism in the Borel functional calculus is injective. For
example, if there exists a subset S € o(x) such that pe,(S) = 0 for all {,n € H then we will have
f(x) = g(z) so long as f and g agree on o(x) \ S. This concept is explored further in Exercise 2.1.6.

Exercises

2.1.1. Let € B(#) be normal. For £ € H, let pe ¢ be as in Proposition 2.1.1. Show that p¢ ¢ is a positive
measure.

2.1.2. Prove Lemma 2.1.2: First fix £ € H and show for all n € H that ¢(&,n) = (&1,7n) for some & € H.
Then show that x(§) := & defines a bounded operator © € B(H).

2.1.3. Let 2 € B(H) be a normal operator and let B be the Borel o-algebra on o(x).

(a) Show that 1p(z) = 0 and 1,5, (z) = 1.
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(b) Show that 1gar(x) = 1g(x)lr(z) for all S, T € B.

(c) Let {S,, € B:n € N} be a collection of pairwise disjoint subsets and let S :=J;—, S,. Show that

1S($) = Z 1Sn (1‘),

where series is the SOT-limit of the net of partial sums (see Proposition 1.1.5).
(The map S +— 1g is called a projection valued measure.)

2.1.4. Let x € B(H) be normal and for £ € H let ue ¢ be as in Proposition 2.1.1. For f € L'(o(z), pee),
show there exists 7, € H satisfying dp, ¢ = fdue ¢. Also show that if f > 0 g c-almost everywhere, then
one can take ¢ = 7. [Hint: show g, ()¢ is a Cauchy sequence where g,, = max{|f|2,n}.]

2.1.5. Let € B(#) be normal, for §,n € H let u¢ ,, be as in Proposition 2.1.1, and let f € B(o(z)).

(a) For a net (fi)ier C B(o(z)), show that f;(x) — f(z) in the WOT if and only if f; — f weak™ as
elements of L' (o (x), pue¢)* for all € € H .

(b) For anet (f;)icr C B(o(x)), show that f;(z) — f(z) in the SOT if and only if f; — f in L*(o(x), pee)
for all £ € H.

(¢) For f € B(o(z)), show that there exists a net (p;);cr of polynomials satisfying

sup [pi(2)] < sup |f(2)],
z€o(x) z€o(x)

and p; — f in L?*(co(z), pue,¢) for all € € H. Also show that for the same net one has p; — f weak* as
elements of L' (o (), pe¢)*.

[Hint: use Lusin’s theorem to first approximate f by continuous functions.]

2.1.6. Let z € B(H) be a normal operator. We say a Borel measurable subset S C o(x) is z-null if
ls(x) = 0. For f € B(o(x)), define its z-essential image as

zam(f):={ze€C:foralle >0, {w € o(z): |f(w) — 2| <€} is not z-null},

and
[flloo.e := sup |z,
zex.am(f)
(a) Show that S is z-null if and only if y¢ ,,(S) = 0 for all £, n € H.
(b) Show that f(z) =0 if and only if || f||cc,» = O.
(¢) Show that [|f(2)]| = [|f]loc.a-
(d) Show that o(f(x)) = x.im(f).

2.1.7. Let H be a Hilbert space with orthonormal basis £, and let € B(#) be a normal operator. For
each &,m € H let ug¢,, be as in Proposition 2.1.1 and define

o= Z/-Le,e

ee&
(a) Show that p is a semifinite measure.
(b) Show that if # is separable, then y is o-finite.
(c) Show that pe ., < p for all £,n € H.
)

(d) Show a Borel measurable set S C o(x) is x-null if and only if it is g-null.
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2.2 Abelian von Neumann Algebras

In this section we will prove that abelian von Neumann algebras are of the form L*°(X, u) for some mea-
sure space (X, €, ). This result often inspires the following platitude: “Von Neumann algebras are non-
commutative measure spaces.” Nevertheless, this perspective is quite helpful in developing one’s intuition
for von Neumann algebras, and by the end of GOALS you will probably be like

VON NEUMANN ALGEBRAS MEASURE SPACES ARE
ARE NON-COMMUTATIVE COMMUTATIVE VON
MEASURE SPACES NEUMANN ALGEBRAS

For the sake of simplicity, we will restrict ourselves the case when the Hilbert space contains a cyclic vector.

Definition 2.2.1. Let A C B(#H) be a subalgebra. A vector £ € H is said to be cyclic for A if the subspace
A€ is dense in H.

To motivate this definition, suppose « € B(H) is normal and &, € H is cyclic for Clz, z*]. Let p = pe, ¢,
be as in Proposition 2.1.1. Note that u is a positive measure (see Exercise 2.1.1). For any a,b € C[z, 2*] and
any S C o(z) have

Hato e (S) = / s ey = (15(@)aco,bo) = (015D, ) = / alsp dy

o(x)

where p and ¢ are polynomials such that p(z,z*) = a and ¢g(z,2*) = b. Thus if u(S) = 0, then the above
computation implies fiqe, pe, (S) = 0. That is, fiee, pe, < p. Furthermore, since & is cyclic for Clz, 2*], given
any £,m € H and any € > 0 we can find a,b € Clz,z*| so that ||ao — &||, |66 — || < €. Proposition 2.1.1
implies
l11,n = Hago e | < [l1e—agonll + l1tago.n—veo | < €llnll + llagolle < e([lnll + [IE]l + €),

and it follows that p¢ , < p. One consequence of this is that 1g(z) = 0 for S C o(z) Borel if and only if u(S5)
(see Exercise 2.1.6.(a)). Another consequence (which we will prove below) is that W*(z) can be identified
with L>°(o(z), 1), where a bounded Borel function f € L (o(z), u) is identified with f(z).

Example 2.2.2. Let I be a discrete group and let ), p: I' — B(¢£2(T)) be the left and right regular repre-
sentations. Define algebras A := spanA(I') and B := spanp(I") Then d. € ¢3(T') is cyclic for both A and B
since A(g)de = 64 = p(g)de for all g € T'. Moreover since A and B commute, if a € A and ad. = 0 then a = 0.
Indeed, for any b € B we have

ab{o = ba&) =0.

Since B&p is dense in H, it must be that a = 0. |

The previous example highlights a related concept:
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Definition 2.2.3. Let A C B(H) be a subalgebra. A vector £ € H is said to be separating for A if x€ =0
for z € A implies x = 0.

The observation we made in Example 2.2.2 is an instance of a more general fact.

Proposition 2.2.4. Let A C B(H) be a subalgebra. If & € H is cyclic for A, then it is separating for its
commutant A'. If A is a unital *-subalgebra and & is separating for A’, then £ is cyclic for A. Consequently,
for a von Neumann algebra M C B(H), a vector is cyclic (resp. separating) for M if and only if it is
separating (resp. cyclic) for M.

Proof. Let £ € H be cylic for A and suppose y € A’ is such that y§ = 0. Then for all z € A we have

yxé = xyé = 0.

Since £ is cyclic for A, {x€: x € A} is dense in H. Thus y = 0, and so ¢ is separating for A’.
Now suppose A is a unital *-subalgebra and £ is separating for A’. Let p € B(H) be the projection onto
K = (A¢)L. To see that ¢ is cyclic for A it suffices to show p = 0. Indeed, p = 0 is equivalent to K = {0}
and therefore
Af=((A)H) =K+ ={0}" =H

(see [Exercise 1.18, GOALS Prerequisite Notes]). Now, for 21,22 € A and n € K we have
<$17’]7l‘2§> = <na $T$2€> =0,

since xjxs € A. Thus x1m € K, and hence AKX C K. That is, K is reducing for A and so Lemma 1.2.5 implies
p € A’. Note that £ € A since A is unital, and hence p£ = 0. Since ¢ is separating for A’, this implies p = 0.
The final observations follow from M being a unital *-subalgebra and M = (M')’. O

Corollary 2.2.5. If A C B(H) is an abelian algebra, then every cyclic vector for A is also separating for
A.

Proof. 1f £ € H is cyclic for A, then by the proposition it is separating for A’. In particular, it is separating
for Ac A'. O

Recall that for a an abelian C*-algebra A, the Gelfand transform gives an isometric #-isomorphism
I': A— Cy(o(A)),

where o(A) is a locally compact Hausdorff space formed by the spectrum of A: the set of all x-homomorphims
from A to C. In particular, if A is unital then o(A) is compact and the image of the Gelfand transform is

Clo(A4)).

Theorem 2.2.6. Let A C B(H) be an abelian von Neumann algebra with a cyclic vector & € H. For any
SOT dense unital C*-subalgebra Ay C A, there exists a positive reqular Borel measure p € M(o(Ap)) and a
spatial isomorphism B

I: A— L=®(c(Ay), 1)

satisfying
(x&0,&0) = / T(z) dy  Vze A
o(Aop)

Moreover, T extends the Gelfand transform T': Ay — C(0(Ay)).

Proof. Let T' : Ag — C(0(Ap)) be the Gelfand transform. Define ¢: A — C by ¢(x) = (2o, &) for = € A.
For f € C(c(Ap)) we have

()= [{T7H(HE0:&0) | < TG = 11F loolE0]*

Thus ¢ o T~ € C(0(Ap))*, and so the Riesz Representation Theorem implies there exists a regular Borel
measure p € M(o(Ap)) so that

sor i) = [ .

a(Ao)
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Observe that for a positive function f € C(o(Ap)), we have

[ g [ VE = or (V) = (1Pt = [0 W] 2o
a(Ao) a(Ao)

Hence p is a positive measure.
Define Uy: A0§0 — C(U(Ao)) C L2(O'(A0),,u) by

Up(z&y) =T'(x) x € Ap.

Since & is separating for A by Corollary 2.2.5, this is well-defined. Moreover, for xz,y € Ag

(Uo(@€0), Uo(¥€0)) 120 (40), ) = /(A )F(:E)F(y) dp = /(A )F(y*m) dp = ¢(y" @) = (y"xo, So) = (&0, y&o) -
o(Ag aglAo
Thus Uy is an isometry on Apéy. Note that & is cyclic for Ag because it is cyclic for A and Ag is SOT
dense in A. Hence A& is dense in H and so we can extend Uj to an isometry U: H — L%(o(Ag), ). Since
C(0(Ap)) is dense in L?(co(Ay), i), U is surjective and hence a unitary.
Define a spatial isomorphism I': A — B(L?(0(Ap),p)) via I'(x) = UzU*. For x € Ay and g € C(o(Ap))
we have

L(z)g = UzU"g = Uz (I (9)&0) = UT" (I (2)9)0 = T(x)g.
By the density of C(a(Ag)) C L2(o(Ag), ), it follows that I'(z) = I'(z) (where we are viewing I'(z €

B(L?(0(Ap), 1)) as a pointwise multiplication operator). Thus I' extends the Gelfand transform.
~ = woT
Finally, towards proving I'(4) = L*°(c(Ay), u) we first observe L>(o(Ap), 1) = I'(Ap) . Indeed,

T(Ag) = T(Ag) = C(0(Ag)) € L=(0(Ao), 1),

= woT
so that I'(A4o) = C(J(AO)WOT. Recall that by Exercise 1.1.4, the WOT on L*(o(Ag), pt) corresponds
to the weak* topology induced by L(o(Ag), u)* = L>®(0(Ap), ), and C(o(Ag)) is dense in this topology
by Exercise 2.2.2. Thus

F(do) = Clolan) " = 1(o(Ag), 0)-

Hence, to finish the proof it suffices to prove the following inclusions:

= woTr . = woT

T'(Ag) CT'(A) CcT'(Ap)

To see the first inclusion, suppose (I'* (;))ie; C T*(Ag) WOT-converges to some T' € B(L?(o(Ag), 1)). Then
for all £,7 € H we have

(UTUE,n) = (TUE, Un) = lim (Uz,UTUE Un) = lim (z:6,7) .
11— 00 71— 00

Thus (2;);e; WOT-converges to U*TU € B(H). Since A = Ay ',z := U*TU € A and [(z) = UzU* = T.
So the first inclusion holds. To see the second inclusion, observe that if (z;);c; € A is a net WOT-converging
to x € A, then for any f,g € L?(0(Ap), ) we have

<(F($) - f(xi))f79>L2(g(Ao) 0 = ({U(z —z;))U" f, g>L2(o'(A0),M) =((z —2)U"f,U"g) — 0.

=—WOT
YOIy cT(40) . O

Since IOWOT = A (by the Bicommutant Theorem), this implies I'(A) = I'(4y
Remark 2.2.7. Observe that if we take Ag = A in the proof of the previous theorem, then it follows that
L=(o(A), 1) = T(4) = T(4) = Cla(A)).

That is, the p-measurable essentially bounded functions coincide with the continuous functions on o(A). This
should be taken as an indication that the spectrum of a commutative C*-algebra A is strange when A is
also a von Neumann algebra. Indeed, these are Stonean spaces and are examples of extremally disconnected
spaces.
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Let us explore Theorem 2.2.6 when A = W*(z) for € B(H) a normal operator and relate it to the
Borel functional calculus. A natural choice for Ag is C*(x) (the unital C*-algebra generated by ), which
is SOT dense in W*(z) because C[z, z*] C C*(x) is SOT dense. Recall that in this case, o(C*(z)) = o(z).
Suppose & € H is a cyclic vector for W*(z), and let 4 € M(o(x)) be as in Theorem 2.2.6. Note that since

( )f dp = (f(2)€0,&0)  Vf € Clo(x)),

we have © = pg, ¢, where g ¢, is defined as in Proposition 2.1.1. Now, since p is a Borel measure,
L>(o(x),u) = B(o(z))/ ~ where the equivalence relation is p-almost everywhere equivalence. We claim
that for f € B(o(z)) with [f] € L*°(X, u), the operator f(z) defined by the Borel functional calculus equals
(T*)~Y([f]) where T'* is as in Theorem 2.2.6. Indeed, for all g € C(o(x)) we have

) — *\—1 T — a — q = — g = U.
((F() = () (D)o 9(2)6) /U(w)fgdugo,go /U(w)mgdu /m)<f g =0

The above computation implies (f(x) — (I'*)~1([f]))& = 0 because & is cyclic for C*(z) = T (C(o(x)) (by
virtue of C*(z) being SOT dense in W*(z)). But & is separating for W*(x) by Corollary 2.2.5, so we have
f(z) = (T*)7([f]) as claimed. All of which is to say, when A = W*(z) and Ay = C*(z) the *-isomorphism
in Theorem 2.2.6 respects the Borel functional calculus.

Theorem 2.2.6 also allows us to better understand group von Neumann algebras for commutative groups.
We consider a few examples below.

Example 2.2.8. For n € N with n > 2, let
I'.=2%Z/nZ=1{0,1,2,...,n—1}.

Since I is an abelian group, L(T") is an abelian von Neumann algebra and from Example 2.2.2 we know that
do is a cyclic vector for L(T"). Let « € L(I') be the unitary operator corresponding to the group generator
1 € Z/nZ, so that L(I') = W*(x). Since zz* = 1 = z*x (i.e. x is normal), from the above discussion we
know

L(T) = L®(o(a), p)

for a regular Borel measure u € M(o(x)). Observe that the matrix representation of = with respect to the
basis g, d1,...,0,_1 is the permutation matrix

0 01
1 0 0
0 1 0

So [Example 3.15.(1), GOALS Prerequisite Notes| implies o(x) is the set of eigenvalues of the above matrix:
{exp(2Z£): k = 0,1,...,n — 1} (Exercise: confirm this). Denote (; = exp(2Z£) for k = 0,1,...,n — 1,
then
1

S Vn
is a unit eigenvector of x with eigenvalue (x. Since z1y¢,1(2) = (rlic,3(2) for z € C, the Borel functional
calculus implies z1¢¢, 3 (z) = Grlyc,3(z). That is, 14,3 (z) is the projection onto the ;. eigenspace. As this
space is spanned by the unit vector eg, we have 14, }(z) = ex ® €. Thus we have

e : (5O+c,;151 +~-~+<,;<”*1>5n,1)

g

p({Ck}) = /( ) gy dp = <1{<k}($)50,50> = (er ® €00, 60) = ({d0, ex) ex, 00) = | (o, ex) |2 = %

Hence p is the uniform probability distribution on {¢x: k =0,1,...,n — 1}. |
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Example 2.2.9. Consider the abelian von Neumann algebra L(Z). As in the previous example, &y € (2(Z) is
a cyclic vector for L(Z). Let x € L(Z) be the unitary operator corresponding to 1 € Z, so that L(Z) = W*(x).
Let

T={¢eC:|(]=1},

then Z and T are Pontryagin duals to each other via
ZxT> (n,()—¢"

This duality allows us to define a unitary U: ¢*(Z) — L*(T,m) (where m is the normalized Lebesgue measure
on T) via

UE©IQ) =D &mn)c™  €e(Z), CeT.

ne”Z
If f: L°°(T,m) is the identity function f(¢) = ¢, we have

U€)(¢) = D _[wl(n)¢" =Y & —1)¢" = ¢ & = 1)¢"Hf(2)[UE(Q)-
nez nez nez
Hence UzU* = f. Using an argument similar to the on Theorem 2.2.6, one then obtains L(Z) = L*°(T, m).
We leave the details for you to check in Exercise 2.2.3. ]

Exercises

2.2.1. Let H be a Hilbert space and let p € B(H) be a non-trivial projection: p # 0 and p # 1. Show that
the algebra A := pB(H)p has no cyclic vectors.

2.2.2. Let X be a compact Hausdorff space and let u € M(X) be a positive regular Borel measure. Show
that C(X) is weak* dense in L> (X, u) by showing that if f € L*(X, u) satisfies

/fgduzo Vg € C(X)
X

then f = 0.

=WOoT ———wkx*
2.2.3. Fill in the remaining details of Example 2.2.9: first show that UL(Z)U* = C[f, f] =CIf, f] ,
then argue that C[f, f] (i.e. the set of polynomials) is weak* dense in L°(T,m) = L (T, m)*.

2.2.4. Let I be a countable discrete abelian group. The dual of I'is the set ' := {f: T — T homomorphisms}.

(a) We say a unitary representation (mw,H) of T' is irreducible if whenever a closed subspace X C H
satisfies 7(I")KC C K one has either K = {0} or £ = H. Show that there is a one-to-one correspondence
between irreducible representations (7, H) of I and T.

[Hint: use commutants to show # is one-dimensional.]
(b) Show that Tisa compact topological group with the topology of pointwise convergence on T'.
(¢) Show that Z" = T" for all n € N.

(d) Let u be the Haar measure of I'. Show that

[U©)(f) = flg) feT
determines a unitary operator U: ¢2(T") — L? (f, 1)

(e) Show that UC;(T)U* = C(I') and ULT)U* = L>(T', ).
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2.2.5. Let {(X;,X;, 1i): @ € I} be a collection of measure spaces. Define a space
X = |x,
il
a collection
Y= {|_|Ei: E; e 21},
i€l
and a map p: X — [0, 00] by
’ (|_| E> =S .
iel iel
(a) Show X is a o-algebra and p is a measure.
(b) Suppose each p; is semifinite, show that p is semifinite.

)
)
(c) Suppose each p; is o-finite and I is countable, show that u is o-finite.
(d) Show that
i€l
(see Exercise 1.2.9).

2.2.6. Let A C B(H) be an abelian von Neumann algebra. Show that A = L*°(X,u) for a semifinite
measure p. [Hint: find a maximal family {¢;, € H: ¢ € I} satisfying A¢; L AE; when ¢ # j, and show
A= ®iel A; where A; is the set of restrictions of operators in A to A&,
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Chapter 3

The Predual

Let (X,Q,u) be a o-finite measure space. We saw in Exercise 1.1.4 that the weak operator topology on
L>(X, i) as a von Neumann algebra in B(L?(X, u1)) is precisely the weak* topology induced by L (X, u) =
LY (X, u)*. In this chapter, we will show that in fact for any von Neumann algebra M C B(H), there
exists a Banach space M, whose dual is M: M = (M,)*. We call this Banach space M, the predual of M.
However, the weak* topology induced by this duality is not quite the weak operator topology but rather
a finer topology called the o-weak operator topology (o-WOT). The duality relation M = (M,)* ends up
being so important to the structure of a von Neumann algebra that the o-WQOT is considered the natural
topology on a von Neumann algebra and maps on a von Neumann algebra that are o-WOT continuous are
declared to be normal (see Definition 3.3.1).

In the next section, we will consider the case when M = B(H). In this case, the role of the predual
B(H). is played by the trace class operators L'(B(#)). In fact, the analogy with L>=(X,u) = LY(X,u)*
was precisely the impetus for the notation “L!(B(#)).” Moreover, the case of B(H) is crucial to understand
because from it stems the definitions of the o-WOT and the predual for a general von Neumann algebra,
which will appear in Sections 3.2 and 3.3. We conclude the chapter with an important result called the
Kaplansky Density Theorem.

3.1 Trace Class Operators

Before we can formally treat the trace class operatoras, we need to establish the polar decomposition of an
1
operator. Recall that for x € B(H), we denote |z| = (z*z)2.

Theorem 3.1.1. Let x € B(H). Then there exists a partial isometry v € W*(x) so that x = v|z|. Also
ker(v) = ker(|z|), and v*v and vv* are the projections onto ran(|x|) and ran(x), respectively. This decompo-
sition is unique in that if x = wy for y > 0 and w a partial isometry with ker(w) = ker(y), then w = v and
y = lzl.

Proof. Define vg: ran(|z|) — ran(x) by vo(|z]§) = z&, for £ € H. Exercise 3.1.1 implies vg is well-defined
and can be extended to an isometry v: ran(|z|) — ran(z). Extend v to a bounded operator on H by defining
v be zero on 1raun(|gz:|)L = ker(|z|). Then v a partial isometry with ker(v) = ker(]z|) and ran(v) = ran(z).
This implies v*v is the projection onto ker(v): = ker(|z|)* = ran(|z|), and vv* is the projection onto
ran(v) = ran(z). By definition we have v|z| = x.

To see that v € W*(z), suppose y € W*(z)'. Then for all £ € H we have

yvlz|§ =yl = xyl = v|z|yé = vylzlE.

Consequently, yv = vy on ran(|z|). For £ € ran(|x\)L = ker(|z|), note that y& € ker(|z|) since y commutes
with |z| (by virtue of |z| € C*(z) C W*(z)). Since ker(|z|) = ker(v) we therefore have yvé = 0 = vyé. Thus
vy = vy on all of H and so v € W*(z)" = W*(z).

Suppose = wy for some y > 0 and w a partial isometry with ker(w) = ker(y). Then

ker(w)t = ker(y)* = ran(y).
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Thus w*wy = ¥y since w*w is the projection onto ker(w)*. Consequently,
of? = 22 = ywtuy =
which implies |z| = y by the uniqueness of the square root. Thus

(w—v)|z|¢ = wy§ —v|z|§ = 2§ — 2 =0
for all £ € H. Since ker(w) = ker(y) = ker(|x|), this implies w = v. O
Corollary 3.1.2. Let x € B(H) with polar decomposition x = v|z|. Then |z*| = v|z|v* and z* = v*|z*|.
Proof. Observe that v|z|v* is positive with
(v|z|v*) (v|z|v*) = v]z|v*v|z]v* = v|z|*v* = var*v* =zt
By the uniqueness of the square root, we have v|z|v* = (z2*)'/? = |2*|. From this we further deduce

vz = violz|ot = |zlv*

= (v]z])" =27 O
Now, recall that © € B(H) is a trace class operator if
lzll = Te(lal) = Y (Jzlé, &) < oo,
geg

where £ C H is any orthornomal basis. In this section we will make good on our promise of proofs for results
stated on Day 1 (see [Theorem 7.25, Day 1 Lectures]). We will make use of the following, which appeared
as Exercises 7.52 and 7.54 in the Day 1 lectures.

Proposition 3.1.3. Let H be a Hilbert space.

(i) For positive © € B(H),

Tr(z) = (26,€)

gee

does not depend on the choice of orthonormal basis € C H.
(i) For x € B(H), Tr(z*x) = Tr(zx™).
In order to show that we can define Tr(x) for any z € L'(B(H)), we need the following lemma.

Lemma 3.1.4. For x € B(H),

el < (Gl + ) veen

Proof. Let x = v|z| be the polar decomposition and recall from Corollary 3.1.2 that |x*| = v|z|v*. For £ € H
and X\ € C, observe that

0 < (Jz[(§ = Av™E), (€ — Av™¢))

(1€, €) = A&, v™€) = A(|2|v*€, &) + A {|alv”¢, |o[v*€)
(lz1€, &) = A{vlzl€, &) — A (&, v]alg) + [N (v]a|v7E, &)
(lzl€, &) — 2Re A (z€,€) + |A* (|2*I€, €) -

Setting A := Qiﬁg\ yields

and a bit of algebra produces the desired inequality. O

26



Proposition 3.1.5. Letz € L*(B(H)). Then x* € L*(B(H)) with ||x*||1 = ||z||1. Also, for any orthonormal
basis £ C H the series
> (@€

[
converges absolutely and its value is independent of the choice of orthonormal basis.
Proof. Let x = v|z| be the polar decomposition. Using Corollary 3.1.2 and Proposition 3.1.3.(ii) we have
2|l = Tr(j*]) = Tr(v|z|v*) = Tr((v]a]"/?)(v]2]V/2)*) = Tr((v|z|"/?)* (v]2|"/?)) = Te(j['/ 20 v]2|'/?).
Recall from Theorem 3.1.1 that v*v is the projection onto m. Since
ran([z]) = ker(|e|)* = ker(jz|'/?)* = ran(|z[1/2),
we have therefore have v*v|z|"/? = |z|*/?

lz* |1 = Te(|2|*/ 0% vle[/2) = Tr(|z]) = |||

. Thus we can continue our previous computation with

Now, let £ C ‘H be an orthonormal basis. Using Lemma 3.1.4 and the first part of the proof we have

1 1 1 1
1wt &)1 < 3 (5l + 176, ) = 5Tlal + 5T0() = 3lllh + e s = el < .

ge€ cee

So the series converges absolutely. Towards showing that the value of the series does not depend on &£, we
will express = as a linear combination of positive operators trace class operators. The identity

x=vlz| = iiik(v + ") || (v +3*)*
follows by expanding the right-hand side. Note that each
(0 + i) fel(o + %) = ((0+)22) (@ +#)?)
is positive. Before we show they are trace class, let’s see why this finishes the proof. If (v +i¥)|z|(v +*)* €

L'(B(H)) for each k, then § > i*Tr((v+i )|x|(v+z )*) is defined and by Proposition 3.1.3.(i) this quantity
is independent of the ch01ce of orthonormal basis. Consequently,

3
=22 Y {w+ial(w+i*))E€) =D (6,6
k=0 &€&

es

ux\H

3
1
1 ZikTr((v + i) |z| (v + "
k=0

is also independent of the choice of orthonormal basis. .
Now, Proposition 3.1.3.(ii) tells us that (v 4+ i*)[z|(v + i*)* = ((v 4 i*)[z[*/2) (v +*)|2|'/?)" is trace
class if and only if ((v + ik)|m|1/2)* ((v+ik)[z|1/?) = |x|1/2(v + i%)* (v 4 i%)|z|'/? is trace class. Since
M2 (0 4 88)* (0 + )2 < (0 4 88) (0 + ) V2L 2|2 = o+ ) PJ2) < 4,

we have

Te(||"/2 (v +i%)* (v + i) J2['/?) < Tr(4]z]) = 4Tr(|2]) < co.

(If 0 < a < b are bounded operators, then (a,&) < (b€, &) for all £ € H implies Tr(a) < Tr(b).) Thus each
(v + i¥)|z|(v + i*)* is positive and trace class. O

The previous proposition enables us to make the following definition:

Definition 3.1.6. For x € L'(B(#)), the trace of z is the quantity

Tr(e) = Y (a6, )

es

where £ C H is any orthonormal basis for H.
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Note that in the proof of Proposition 3.1.5, it was shown that |Tr(z)| < ||lz|1.

Theorem 3.1.7. Let x € LY(B(H)). Then for any a,b € B(H), axb € L*(B(H)) with |lazb|1 < ||al|||z||1]0]]
and | Tr(axb)| < ||la|l||z||1]|b]]. Moreover, Tr(ax) = Tr(xa) for all a € B(H).

Proof. The second claim follows from the first claim and the observation preceding the statement of the
theorem. Now, let = v|z| and axb = w|axb| be the polar decompositions. For an orthonormal basis £ C H
we estimate

Y (lazble,€) = (w*avlz|bé, &) = <\:v|1/zb£, lel/zv*a*w£> < D Ml el 0% a*we]

gee cee cee cee

by the Cauchy—Schwarz inequality. Using the Cauchy—Schwarz inequality on £2(€) followed by Exercise 3.1.10
we can continue our estimate with

1/2 1/2

. % . % 1/2 1/2
> (axble, &) < [ D Ill=[/20¢)? > =Mo"t wg? < (Il flo*awl®) = (2l lo]1*) "

£e€ £e€ Ees

Since v and w are partial isometries, we have |[v*a*w| < ||v*|||le*||[|lw| < |la*|] = |la||. Hence the above
estimate yields |lazb||1 < ||a||||z] 1]

For the final claim, any a € B(#H) can be written as a linear combination of four unitaries by Exercise 3.1.7.
Thus it suffices show Tr(ux) = Tr(zu) for a unitary u € B(H). In this case we have

Tr(uz) = Z (uzg, &) = Z (x€,u*) = Z (zuuE,u*) = Z ((xu)u&,u*E) .

£e€ (et (e (et

Noting that {u*¢: & € £} is an orthonormal basis, we see that the above equals Tr(zu) since the trace is
independent of the choice of orthonormal basis. O

Theorem 3.1.8. The map || ||1 is a norm on L*(B(H)) that makes it into a Banach space. The finite rank
operators FR(H) are dense in L'(B(H)) with respect this norm, and ||z|| < ||z||1 for all z € L*(B(H)).

Proof. To show that ||-||; is a norm, it suffices to show it satisfies the triangle inequality. For x,y € L'(B(H))
let z4+y = w|z+y| be the polar decomposition. Then |z+y| = w*(x+y) = w*z+w*y, and by Theorem 3.1.7
we have

Tr(lz +y]) = Tr(w"e + w'y) < [Tr(w*z)| + |[Tr(w y)| < [lw*(l[lz] + o [yl < [l + lyls

where the last inequality follows from the fact that w is a partial isometry. This shows that x+y € L*(B(H))
with ||z + y|1 <|lzll1 + |lyll1, and so || - ||1 is a norm on L'(B(H)).
We next show that || - ||; dominates the operator norm. For 2 € L'(B#H)), since ||z€]| = |||z|¢]| for all
¢ € H and || is positive, we have
[zl = Il = sup (|z[¢,&).
li€l=1

Let € > 0 and let & € H be a unit vector such that {|z|£o, &) > ||z|| —e. Let £ C H be an orthornomal basis
with & € £. Then
2]l = Tr(lz]) = ) (|=[¢, ) > (Jléo, o) > ||z — e

et

Letting € tend to zero yields ||z|| < ||z]1-
Now we will show that FR(H) is dense in L'(B(H)). Fix x € L'(B(H)) and an orthonormal basis
E CH, and let € > 0. Since ||z||; < oo, we can find a finite subset F' C £ so that

> (a6 6) <e

LeENF
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Let p € FR(H) be the projection onto span F. Then xp € FR(H) and if = v|z| and « — zp = w|x — zp|
are the polar decompositions then we have

|z — zp| = w*(x — xp) = w*z(1 — p) = w*v|z|(1 — p).
Thus we estimate

o —aplly = > (e —aple, &) = D (wolale, &) = D (lof2¢ o]/ 2o we)

e€ EECE\F ECE\F

1/2 1/2
S a2l o well < 1> a2 > el ot we |
EE€E\F EEENF EEEN\F

Observe that by our choice of F' the first factor in the last expression satisfies

1/2 1/2

Sz =Y dxie o] <€

EEE\F EEE\F
While the second factor we can estimate using Exercise 3.1.10:

1/2 1/2

o lalPorwel® ) < [ Mol | < (ot el < [l
EEENF es

Putting this together yields ||z — zp||1 < 61/2”1‘”}/2. Hence FR(H) is dense in L'(B(H)).
Finally, to see that L!(B(#)) is a Banach space (i.e. complete) suppose (2, )nen C L'(B(H)) is a Cauchy
sequence with respect to the || - [[; norm. Since ||z, — Zm| < ||2n — Tm||1, this sequence is Cauchy with
respect to the operator norm and so it converges in operator norm to some x € B(#H). Let x = v|z| be
the polar decomposition and note that |z| = v*z is the norm limit of (v*z,),en. This in conjunction with

Lemma 3.1.4 yields for any £ € H

(lele,€) = lim | (v"2,,€) | < limsup <§<|v*xn| - |x;:v|>s7g> .

So if & C H is an orthonormal basis, then for any finite subset F' C £ we have
> (lzle, &) < thsup< (Jv"zal€ + |230])E, 5> = limsup Z ([ozal€, €) + Z (|2}0l€,€)
§EF §EF §eF geF

Now, Proposition 3.1.5 and Theorem 3.1.7 imply v*z,,, ;v € LY (B(H)) with |[v*z, |1 < [|,]/1 and ||z}v]1 <
[£]l1 = ||zn||1. This implies we can continue our above estimate with

> " (lxle, €) < limsup [ 1,
n—oo

¢eFR

and this last expression is finite since (zy,)nen is Cauchy with respect to the || - || norm. Since F' C £ was
an arbitrary finite subset, we obtain

el < limsup [z 1 < oc.
n— o0

Thus z € L*(B(H)). Now, let € > 0 and let N € N be such that ||z, — x,,|| < € for all n,m > N. Since
x—xy € LY(B(H)) we can find a finite subset F' C £ so that

lz —anli < D (e —anlé & +e= D [{(@ —2n)E 06 | +e,

EF ¢er
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where © — 2y = v|z — xy/| is the polar decomposition. Recalling that x is the norm limit of (z,)nen, let
n > N be large enough so that ||z — z,| < re7- Note that this implies

€

D@ —za)€v6) | <D @ —za)Elllvel < Y FW =e

ger cer ger
So we have
o —anlls <3 @ —2n)€ve) [+ e < Y 1@ = 2n)608) [+ | ((an — 2w)&,08) | + ¢
§EF EEF
* 1 * *
<310 = a6 &) 1+ 26 = 30 (5007w = aw)l + (o — 2 )66 ) + 2
Eer £eF
1 * 1 *
< glo*(@n —2n)lh + Sl (@n —2n) vl + 26 < flzn — 2]l + 26 < 3e.
Thus (2, )nen also converges to x in the || - ||; norm, and so L'(B(#H)) is complete. O

For z € LY(B(H)), the density of FR(H) implies the existence of a sequence (7,,)nen C FR(H) such
that || — x,||1 — 0. Since ||z — z,|| < ||z — z,||1, this sequence also converges to z in the operator norm.
Since operator norm limits of finite-rank operators are compact operators, we obtain « € K (#). This yields
the following corollary:

Corollary 3.1.9. L'(B(H)) C K(H).
Theorem 3.1.7 implies that for any z € L'(B(H)) and y € B(H) we have

Tr(zy)| < [l ]lyll-

This shows simultaneously that x — Tr(ry) and y — Tr(yz) are bounded linear functionals on L(B(H))
and B(H), respectively, with norms at most ||y|| and |z|;, respectively. From this we will deduce two
important facts. The first is that the dual of L'(B(#)) as a Banach space with norm || - ||; is B(#). The
second, which will show in the next theorem, is that L'(B(#H)) is itself the dual of K (H) as a Banach space
with the operator norm. You should compare this with co(N)* = ¢!(N). Since dual spaces of Banach spaces
are always Banach spaces (see [Exercise 2.5, GOALS Prerequisite Notes]), this gives another proof—albeit
an indirect one—that L'(B(#)) is a Banach space.

Theorem 3.1.10. For x € L*(B(H)), define v,: K(H) — C by 1, (y) = Tr(zy). Then the map

LY(B(H)) = K(H)*
T Y,

is an isometric isomorphism.

Proof. Fix z € L*(B(H)). The discussion preceding the statement of the theorem implies 1, € K(H)* with
[l12]] < ||z||1. Conversely, let & = v|x| be the polar decomposition and let € C H be an orthonormal basis.
Let € > 0 and let F' C £ be a finite subset such that

Izl <> (|2[€,€) +e.

(EF

Let p € FR(H) be the projection onto span F'. Then pv* € FR(H) C K(H) and

lzlly —e= " {ale,€) = (07w, pe) = |Tr(po*e)| = [Te(apo")| < Jalllpo”|l < Ilal.

£eR gee

Thus ||z||1 = ||z]|. It remains to show that x +— 1), is surjective.
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Let ¢ € K(H)*. Then for any &, € H we have

[ @)l < il @l < [IIEnll,

where the last inequality follows from [Exercise 7.49, Day 1 Lectures]. Thus (£,7) — ¥ (£ ® 7) is a bounded
sesquilinear form, and so

V(E®n) = (x&n)  VEneEH.

for some x € B(H) by Lemma 2.1.2. If = v|x| is the polar decomposition, then for any finite subset F' C £
define

ap =Y (@vf € FR(H).

EEF

Note that ap = pv* where p is the projection onto span F', and consequently ||ar|| < ||p]//|[v*|| < 1. We then

have
D lale, &) = (@, v8) =D (€ ®vE) = Plar) < [Ylllarl < ],

£eFR (EF EEF

Consequently, x € L'(B(H)) with ||z||; < ||¢||. We claim that ¢, = 1. Since they are both bounded
linear functionals on K (#), it suffices to show they agree on the dense subspace FR(H). Given a € FR(H),
[Theorem 7.10, Day 1 Lectures] we can find &1,...,&u, M1, ..., 1, € H so that

n
A=) & @
j=1

Then

n

Y(a) = Z (& ©my) Z (&5, m5) »
j=1

Jj=1
while using Exercise 3.1.8 we have

n

= ZTY(I(& ®;5)) Z:Tf((xﬁj) @) =D (2&5. ;).

j=1
Thus v = 9, and so x +— 1, is surjective. O

Remark 3.1.11. As indicated by the discussion preceding Theorem 3.1.10, for z € L'(B(H)) the linear
functional v, naturally extends to a linear functional ¥, : B(H) — C. Moreover, the same argument as
in Theorem 3.1.10 shows ||¥,| = ||z||;. Hence z — ¥, is an isometric embedding of L'(B(H)) in B(H)*.
However, this mapping is not surjective. Morally, the reason is because F'R(H) is not operator norm dense
in B(#H) like it is in K (#), and we showed surjectivity by analyzing these functionals only on F'R(H). The
technical reason for the lack of surjectivity follows from some facts about Banach spaces: since K(H) is
not dense in B(H) (assuming # is infinite dimensional) the Hahn-Banach Theorem implies the existence
of a non-trivial ¢ € B(H)* with ¢|x(z) = 0. We cannot have ¢ = U, for any = € L'(B(H)) because
V. |k (#) = ¥ being identically zero implies 2 = 0 which in turn implies ¥, = 0.

We conclude this section by showing that B(#) is the dual of L!'(B(H)).
Theorem 3.1.12. Fory € B(H), define ¢,: L' (B(H)) — C by ¢y (x) = Tr(zy). Then the map
B(H) = L'(B(H))"
Y= (by

is an isometric isomorphism.
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Proof. Fix y € B(H). The discussion preceding Theorem 3.1.10 implies ¢, € L'(B(H))* with ||¢,] < ||y]|-
Conversely, recall that

Iyl = lllylll = sup (|y[¢, &)
l€l=1

Let € > 0 and let £ € H be a unit vector satisfying

lyll < (lyl€, &) + e

Note that £ ® £ is a rank 1 projection and so ||¢ ® £||; = 1 by [Example 7.21, Day 1 Lectures]. We therefore
have
lyll = € < (191, €) = [ (&, v8) | = [Tr((y6) @ vE)] = [Tr(y(§ @ v7)| = |Tr((€ @ Ev"y)|
= ¢y (€ @ Ev™)| < [IByll1(€ @ E)v™[l1 < By llI€ @ Ellallv™ (| < [y l-

Thus ||y|| = ||¢y||. It remains to show that y — ¢, is surjective.
Let ¢ € LY(B(H)). Then for any &, € H we have

(o€ @] < llelll€@ally < llelligllnl,

where the last inequality follows from Exercise 3.1.8. Thus (£,1) — ¢(§ ® 1) is a bounded sesquilinear form,
and so

P @) = (y&,n) vEmeH

for some y € B(H) by Lemma 2.1.2. Proceeding exactly as in Theorem 3.1.10 we can show ¢ and ¢, agree
on finite-rank operators, which are dense in L'(B(#)). Thus ¢ = ¢, and the map y — ¢, is surjective. [

X
)
-

{

N

Exercises
3.1.1. Let z € B(H).

(a) Show that
lzlgll = [la€ll V& e H.

(b) Show that ker(|z|) = ker(x) and ran(|z|) = ran(z*).
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3.1.2. Find the polar decomposition for x € B(H) when:
(a) x is positive;
(b) «x is a partial isometry;
(¢) z is a projection.

3.1.3. Find the polar decomposition for

Z1 0
€ M,(C).

0 Zn

3.1.4. Let {p;: i € I} C B(H) be an orthogonal family of projections and let {z;: i € I} C C be a bounded
subset. Show ). z;p; defines a bounded operator on #H and find its polar decomposition.

3.1.5. Show that if € B(H) is self-adjoint with polar decomposition x = v|z|, then v is self-adjoint.
3.1.6. Let z € L'(B(H)) with polar decomposition = = v|x|. Verify the identity

3
1
x=vlz| = 1 Zik(v + i) z|(v 4 %),
k=0

by expanding the right-hand side.
3.1.7. Let M C B(#) be a von Neumann algebra.

(a) For x € M self-adjoint with ||z|| < 1, show that

ui=x+ zm
is a unitary operator in M.

(b) Show that z = 1 (u+u*).

(¢) Show that every element of M can be written as a linear combination of four unitaries in M.
3.1.8. Show that FR(H) C L'(B(H)) and that Tr(£¢ @ 7) = (£,7) and [|€ @ 7|l < ||€]|[In]| for &,m € H.
3.1.9. Let p € FR(H) be a rank n projection. Show that Tr(p) = n.

3.1.10. For x € LY(B(H)), a € B(H), and any orthonormal basis £ C H we have

> el 2ag)? < i1 flal®

eg

3.1.11. Let (&) nens (n)nen C H be sequences such that Y- (1€, ]2, Y, [7.]]? < co. Show that the series

> & @i

neN
converges (in the || - ||; norm) to an element of L!(B(H)) with
neN neN
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3.2 The o-Topologies

Unless explicitly stated otherwise, the weak* topology on B(H) will from now on mean the topology induced
by the duality B(H) = L'(B(H))* established in Theorem 3.1.12. In this section we will analyze the weak*
topology on B(H). In particular, we will produce alternate characterizations of the weak* topology that
are more readily generalized to arbitrary von Neumann algebras. Let us begin by showing that weak™*
convergence implies WOT convergence.

Suppose (x;)ier C B(H) is a net converging weak* to some z € B(H). For £,n € H, we have £ ® 7] €
FR(H) C LY(B(H)) and using Exercise 3.1.8 we have

(x:&,m) = Tr((x:8) @7) = Tr(zi(§ @ 7)) = Tr(z(§ ®@7)) = (€, 1) .

Thus (z;):cr also converges to x in the WOT. However, it is not true that WOT convergence implies weak*
convergence as the following example demonstrates.

Example 3.2.1. ! Let {e,: n € N} C H be an orthonormal basis. Then by Exercise 3.1.11

1 PN 1 _
a:= Z(ﬁe") ® (ﬁe") = Z —3¢n ® eén

neN neN

gives a trace class operator, and moreover Tr(ap) # 0 for all projections p € B(H) (Exercise 3.2.1). Let
Z denote the collection of all finite dimensional subspaces F C H, which we make into a directed set by
ordering the subspaces by inclusion. For each F € %, let pr denote the projection onto F and define
L _(1-pp)
zrpi=—————(1—pr).
Tr(a(l —pF))
We claim that the net (xr)rcg converges to zero in the WOT but not in the weak™® topology. Indeed, for

any F € % we have
1

T = ————Tr(a(l — =1
oar) = o= Tr(el =) = 1
so (zr)res does not converge to zero in the weak™ topology. On the other hand, for any £,n € H let
Fo :=span(§). Then for F € .Z with F D Fy we have
1

" Tr(a(l - pr)) " Tr(a(1 - pr))

Thus (xp)Fez does converge to zero in the WOT. [ ]

<£L’]-‘£, 77> <(1 - p}-)gv 77> <Oa 77> =0.

The key idea in the previous example was to use the fact that weak* convergence implies a stronger
variation of WOT convergence: if a net (z;);er C B(H) converges weak* to some z € B(#) then for any
sequences (&,)nen, (M )nen C H satisfying - (16112, Y, |7 ]|> < 0o we have (using Exercise 3.1.11)

Z <xi£nvnn> =Tr (Z(ngn) ® 77n> ="Tr (xz Z & ® 77n> — Tr (x Z & ® 77n> = Z <$5m77n> .

neN neN neN neN neN

This compels us to define another topology on B(#) with this mode of convergence. There is also a similarly
strengthened version of SOT convergence and a corresponding topology which we will define at the same.
Note that the sequences of vectors (£,)nen and (9, )nen are really elements of the Hilbert space ¢2(N,H)
(see [Section 1.3, GOALS Prerequisite Notes]).

Definition 3.2.2. The o-strong operator topology (0-SOT) on B(#) is the topology generated by the
basis consisting of sets of the form

U(a:; (fﬁﬂ))neN,...7(6,‘#’)@;6) ={yeB(H): (Z ||(:c—y)g,<g>||2> <e j=1,....d%,

neN

1We thank Connor Thompson and Yanyu Wang and for bringing this example to our attention.
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for z € B(H), (W) nens - .., (€ ) nen € (N, H), and € > 0.
The o-weak operator topology (6-WOT) on B(H) is the topology generated by the basis consisting
of sets of the form
<€, j:l,...,d},

U (2 (€ )mens o €D mens 0D Iners - (0P mense)
> (@ =ped )
for z € B(H), (€ )ners -y (€D nert, 0 ) ners - -, (15 ) nen € (N, H), and € > 0.
As with the SOT and WOT, the formal definitions above are not as important to understand as what it

neN
means for nets of operators to converge in these topologies: a net (z;);er C B(H) converges to x € B(H) in
the 0-SOT if and only if

= {y € B(H):

Jim 3 @ -zl =0 V€ nen € AN, H),

n—oo

and (z;);cr converges to x in the o-WOT if and only if

hm Z <(.Z‘ - xi)€7n> =0 V(En)neNv (nn)nEN € £2(NaH)
1—> 00 oo

Operator norm convergence implies o-SOT convergence, which in turn implies o-WOT convergence, and
both of the o-convergences imply their non-o counterparts (see Exercise 3.2.2). In general it is not true that
SOT (resp. WOT) convergence implies 0-SOT (resp. o-WOT) convergence. Indeed, the net (xr)recz in
Example 3.2.1 converges to zero in the WOT but not the o-WOT. In fact, the same net converges to zero in
the SOT but not the o-SOT. However, if a net is uniformly bounded then SOT (resp. WOT) convergence
is equivalent to o-SOT (resp. o-WOT) convergence (see Exercise 3.2.4).

Also note that because o-SOT convergence and o-WOT convergence implies SOT and WOT convergence,
respectively, any SOT (resp. WOT) closed subset of B(H) is 0-SOT (resp. 0-WOT). closed. In particular,
von Neumann algebras are both ¢-SOT and o-WOT closed.

Remark 3.2.3. Equipping B(H) with the SOT, WOT, 0-SOT, or o-WOT makes it into a locally convex
space. This means the topology is determined by a family of seminorms p: B(H) — [0,00), rather than a
single norm like the operator norm topology. The o-WOT, for example, is determined by seminorms of the
form

Z <(17 - $0)§nﬂln>

neN
for 2o € B(H), (&4)nen, (Mn)nen € £2(N,H). Note that in the notation of Definition 3.2.2 we have

U(o; (§n)neN; (Mn)nen; €) == {z € B(H): p(x) < €},

and this set is convex since p is a seminorm. As you might guess, locally convex spaces are named for having
an abundance of open convex subsets, and have a robust theory in functional analysis. We will not require
the full force of this theory in our mini-courses, but we will note that the Hahn—Banach Separation Theorem
(see [Theorem 4.7, GOALS Prerequisite Notes]) applies in this greater generality: if B(#) is equipped with
a topology T € {SOT, WOT, 0-SOT, 0-WOT} and X,Y C B(H) are disjoint closed convex sets with ¥’
compact, then there exists a continuous linear functional ¢: B(H) — C, t € R, and € > 0 such that

p(x) =

Re p(z) <t <t+e < Re p(y) Vee X, yey.

(Note that closed, compact, and continuous in the above statement all mean with respect to the chosen
topology T.)

From the discussion preceding Definition 3.2.2, we see that weak® convergence implies o-WOT conver-
gence. It turns out, as we shall see below, that the converse holds; that is, the weak™ topology equals the
o-WOT. We first require a lemma.
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Lemma 3.2.4. Let a € L*(B(H)). Then there exists (&n)nen, (n)nen € £2(N,H) satisfying

Tr(xza) = Z (€, ) Vo € B(H).

neN
Proof. Let a = v|a| be the polar decomposition of a and let & C H be an orthonormal basis for 7. Then
Exercise 3.1.10 implies
D lvlal2¢12, Y Hllal*¢I? < llalls-
cee cee

Consequently, there are at most countably many ¢ € € such that both |jv|a|'/2¢|| # 0 and |/|a|*/?¢]|| # 0.
Enumerate them as {¢,: n € N} and set &, := v|a|'/2&, and 0, := |a|'/?¢,. The above inequalities imply
(€0)nen, (Mn)nen € 2(N,H), and for any = € B(H) we have

Tr(za) = Tr(zv|al) = Tr(|a|/2zv|a|'/?)

=3 (Jal" 20l 2¢,¢) = > (wolal 26 ol V260 ) = S (wn.mm)

ce€ neN neN
as claimed. O
Theorem 3.2.5. The weak* topology on B(H) =2 L*(B(H))* equals the o-weak operator topology.

Proof. To show two topologies are equal, we need to show they have the same open sets. By taking com-
plements, this is equivalent to showing they have the same closed sets. Since being closed is characterized
by containing the limits of convergent nets, it suffices to show weak™ convergence is equivalent to o-WOT
convergence. Let (z;);er C B(H) be a net and let x € B(#H). We have already seen that (x;);cr converging
weak™ to x implies it converges in the o-WOT. Conversely, suppose the net conveges to x in the o-WOT.
Then previous lemma implies Tr(z;a) — Tr(za) for all a € L'(B(H)). Hence the net also converges weak™*
to z. O

Recall that the Banach—Alaoglu Theorem says the closed unit ball of the dual of a Banach space is weak*
compact. Thus we obtain the following as an immediate corollary.

Corollary 3.2.6. The closed unit ball of B(H) is c-WOT compact.

We will conclude this section by analyzing 0-SOT and o-WOT continuous linear functionals. It will be
helpful to first understand SOT and WOT continuous linear functionals.

Lemma 3.2.7. Let ¢: B(H) — C be a linear functional. Then the following are equivalent:
(i) ¢ is SOT continuous.
(ii) ¢ is WOT continuous.
(iii) There exists &1,...,&n, My T € H so that p(z) = >0 | (@&, m;).
(iv) There exists a € FR(H) so that ¢(x) = Tr(za).

Proof. (iii) < (iv) follows from Exercise 3.1.8 and [Theorem 7.10, Day 1 Lectures]. (¢ii) = (i¢) is immediate,
and (i7) = (i) follows from the fact that SOT convergence implies WOT convergence. So it suffices to prove

Suppose ¢ is SOT continuous. Let D be the open unit disc in C. Then ¢~!(D) contains an SOT open
neighborhood of the zero operator. Consequently there exists € > 0 and &;,...,&, € H so that p(z) € D
whenever ||z;|| < € for each j = 1,...,n. Consequently, ¢(x) € D holds whenever

n 1/2
(Z ||msi|2> <e.
=1
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Thus

<1 Vo € B(H).

‘SO ((2?1 ||x§i|2>”2>

" 1/2
()] < - (Z ||xsz-||2> Va € B(H).
i=1

The linearity of ¢ then implies

It follows that

(@1, -, 2&n) = p(2).
is a well-defined, bounded map on the closure of {(z&,...,2&,) € H®": z € B(H)}. Thus there exists
M1y -+, Mn) € HE™ such that

n

(@) = (261, @6a), (1, ) = D (@i mi)

i=1
for all z € B(H) (see [Theorem 1.35, GOALS Prerequisite Notes]). O

The previous lemma implies that the finite-rank operators are the dual of B(H) equipped with either the
SOT or WOT. This is one reason why the SOT and WOT are not sufficient for a comprehensive study of
von Neumann algebras. We also have:

Corollary 3.2.8. For K C B(H) convez, the SOT and WOT closures coincide.

—SOT _ —WOT . . o
Proof. K cCK holds for any set, not to mention convex ones, since SOT convergence implies WOT
. . —WOT, —50T —SsoT
convergence. Suppose, towards a contradiction, that there exists y € K \K . In the SOT, K and
{y} are disjoint closed convex sets with {y} compact. Remark 3.2.3 implies that there is SOT continuous

linear functional ¢: B(H) — C, t € R, and € > 0 such that

Re p(z) <t <t+e<Repy) vee KO,

Lemma 3.2.7 tells us that ¢ is also WOT continuous and so S := {z € B(H): Re p(x) <t} is a WOT closed
subset. Since K C S, we must have KT C S, but this contradicts Re ¢(y) > t. Thus we must have

—SOT  —WOT
K = . 0

Theorem 3.2.9. Let ¢: B(H) — C be a linear functional. Then the following are equivalent:
(i) ¢ is 0-SOT continuous.
(ii) ¢ is o-WOT continuous.

(iii) There exists (§n)nen, (n)nen € C2(N,H) so that ¢(x) = 32, (€&n, 1)
(iv) There exists a € L*(B(H)) so that p(x) = Tr(xa).

Proof. (iii) = (i) is immediate, and (i7) = (i) follows from the fact that o-SOT convergence implies o-
WOT convergence. (iv) = (ii) follows from Lemma 3.2.4, and (ii3) = (iv) follows from Exercise 3.1.11. So
it suffices to prove (i) = (4i7).
Suppose ¢ is 0-SOT continuous. The map 7: B(H) — B(¢*(N,H)) given by defining 7(x) for x € B(H)
by
T(2)(§n)nen = (¥€n)nen (€n)nen € Ez(NarH)a

is an isometric *-homomorphism, and (z;);er C B(H) is 0-SOT convergent if and only if (7(z))ier C
B(f2(N,H)) is SOT convergent (see Exercise 3.2.6). Thus if we define ®: 7(B(H)) - C by ® := pon~ 1,
then ® is SOT continuous. Using the Hahn—-Banach Theorem, we can find an SOT continuous extension
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of ® to all of B(¢?(N,H)), which we also denote by ®. Lemma 3.2.7 then yields (&S”)neN, cee (5,(1d))neN,
58 ners - (5 ) nen € L2(N,H) so that

)= D (XD new, 0P )ne) X € BAN,H)).

j=1

In particular, for z € B(H) we have

o(z) = Ed:< 5(]) (J) > Ed:<x§(J) neNy (]) > zi:z< (J)’ngj)>

Jj=1 Jj=1

Re-indexing {(fn S )): j=1,...,d, n € N} yields the desired sequences. O

Note that a linear functional ¢: B(H) — C satisfying any (hence all) of the above conditions is also
norm continuous and hence bounded. The corollary below follows mutatis mutandis from the proof of
Corollary 3.2.8.

Corollary 3.2.10. For K C B(H) convex, the 0-SOT and o-WOT closures coincide.
With o-topologies in hand, we conclude with the following important definition.

Definition 3.2.11. Let M C B(H) and N C B(K) be von Neumann algebras. We say a map v: M — N
is normal if it is o-WOT continuous.

If o: M — C is a normal linear functional, then it satisifies all of the equivalent conditions in Theo-
rem 3.2.9. In particular, it is 0-SOT continuous. If 7: M — N is a normal *-homomorphism, then it is also
0-SOT continuous. Indeed, if (x;)e; C M converges to zero in the o-SOT, then (x}z;);cs converges to zero
in the o-WOT by Exercise 3.2.3. Consequently (7(z}x;))icr = (w(x;)*n(z;))ier converges to zero in the
o-WOT by normality and invoking Exercise 3.2.3 again implies (7(x;));er converges to zero in the o-SOT.

We will see a partial justification for why we call such maps normal in the next section, where it will be
shown that the collection of normal linear functionals on a von Neumann algebra plays the role of the predual.
The full justification (whose proof we must delay a little longer, see Theorem 4.2.8) is that if 7: M — N is
a normal unital *-homomorphism, then (M) is a von Neumann subalgebra of N. This tells us that in the
category of von Neumann algebras, the correct morphisms to use are normal unital x-homomorphisms.

Exercises

3.2.1. For a € L'(B(H)) as in Example 3.2.1, show that Tr(ap) # 0 for all projections p € B(H). [Hint:
compute Tr(a(§ ® £)) for € € H.]

3.2.2. Let (x;)i;er C B(H) be a net and let € B(H). Consider the following statements:
(i
(ii

(iii

) (x;)ier converges to x in operator norm.

) (x;)ier converges to x in the o-strong operator topology.
)
(iv)

(v)

Verify implications and non-implications in the following diagram:

(
()
(2;)ics converges to x in the o-weak operator topology.
(x;)ier converges to x in the strong operator topology.
(:)

x;)ier converges to z in the weak operator topology.



3.2.3. Show that (z;)e; C B(H) converges to z € B(H) in the o-strong operator topology if and only if
((x — z;)*(x — z;));er converges to zero in the o-weak operator topology.

3.2.4. Suppose (z;)ier C B(H) is a uniformly bounded net: sup; ||z;]| < oo.
(a) Show that (x;);c; converges in the o-SOT if and only if it converges in the SOT.
(b) Show that (z;);cr converges in the o-WOT if and only if it converges in the WOT.
3.2.5. Show that the net (xx)rce in Example 3.2.1 is not uniformly bounded.
3.2.6. For x € B(H), define a linear operator 7(z) on ¢?(N,H) by

7(2)(€n)nen = (T€n)nen
(a) Show that 7(x) € B((3(N,H)) with ||w(z)|| = ||z|| for all z € B(H).
(b) Show that 7: B(H) — B({*(N,#)) is a *-homomorphism.

(c) Show that U C B(H) is open in the 0-SOT (resp. o-WOT) if and only if 7(U) C B(¢*(N,H)) is open
in the SOT (resp. WOT).

3.2.7. Show that a spatial isomorphism 7: M — N is normal.

3.3 The Predual of a von Neumann Algebra

Let M C B(H) be a von Neumann algebra. Our goal in this section is to find a Banach space M, satisfying
(M,)* = M (i.e. the predual of M). Thanks to Theorem 3.1.12, we already know the answer for one case:
B(H). = L*(B(H)). Starting with this fact, one is virtually guaranteed to stumble across the general answer
after citing enough Banach space facts. But in order to avoid feeling like we are wandering around in the
dark, we will first give a definition for the predual and check the desired properties afterwards. We can still
partially motivate our definition.
The pairing
B(H) x L'(H) > (x,a) = Tr(za)

allows us to identify B(H) with the dual of L'(B(#)). It also allows us to identify L!(B(H)) with a subspace
of the dual of B(H): L*(B(H)) > a — Tr(-a). Indeed, from the proof of Theorem 3.1.10 we know this is an

isometric embedding. Moreover, Theorem 3.2.9 tells us the image of this embedding is precisely the o-WOT
continuous linear functionals. Thus we make the following definition.

Definition 3.3.1. Let M C B(#) be a von Neumann algebra. We denote the set of all normal linear
functionals by M, and call this set the predual of M.

Note that a normal linear functional is also norm continuous and hence bounded; that is, M, C M* and
moreover M, is a subspace (Exercise 3.3.1). We should also remark that it is not at all obvious from this
definition that the dual of M, is M. It is not even clear that M, is a Banach space, though it is a normed
space as a subspace of M*. We will check all of these details below and begin with a lemma.

Lemma 3.3.2. Let X C B(H) be a subspace. Then any o-WOT continuous linear functional ¢: X — C
has a o-WOT continuous extension to B(H).

Proof. The set
U:={zeX:|px)|<1}

is a 0-WOT open neighborhood of zero. Consequently, there are (fgj))neN, (nELj))HGN €P(N,H),j=1...,d,

and € > 0 so that
{x e X: Z <x£r(ij),777(f)>

neN

< €, j:1,...,d}cU.
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Define a seminorm on B(H) by

d
p(z) = %Z

j=1

S (a0 2.
neN
Observe that {z € X: p(x) < 1} C U. It follows that |p(x/p(x))] < 1 for all x € X, or equivalently
lo(x)] < p(x) for all z € X. Thus we can apply the Hahn-Banach theorem to find an extension of ¢
to B(#H) (which we will continue to denote by ) that satisfies |p(z)| < p(z) for all z € B(H). This
extension is o-WOT continuuous because if (z;);e; C B(H) converges to © € B(H) in the o-WOT, then

lo(x) — p(x)] = [p(z; — )] < plx; —x) — 0. O

The above lemma in conjunction with Theorem 3.2.9 tells us that for any ¢ € M,, there exists a €
LY(B(H)) with ¢ = tb,|p , where 1,(z) = Tr(za) for x € M. Thus L*(B(H)) 3 a +— 14| is a surjection
onto M,, and so if we can understand its kernel then we can identity M, with a quotient of L!(B(#)).
Suppose .|y = 0 for some a € L*(B(H)). This is equivalent to Tr(za) = 0 for all z € M. Thus the kernel
of the map a — .| is the set

M, :={a € LY(B(H)): Tr(za) = 0 Yz € M.}

This is a closed subspace of L'(B(#)) (Exercise 3.3.2), so we can consider the quotient Banach space
LY(B(H))/M . with the norm given by:

la+Mi]|;:= inf |la-+bl;.
beM
Observe that if a + M, = b+ M, in L*(B(H))/M,, then a —b € M, and so Tr(z(a — b)) = 0 or
Tr(xa) = Tr(xb) for all x € M. That is, ¥a|ar = ¥p|ar. Hence LY (B(H))/My > a+ My +— v4|a is a

well-defined map, and from the above discussion we know it is a surjection onto M,. We will see below that
it is in fact an isometric isomorphism, but we first require a lemma.

Lemma 3.3.3. Let M C B(H) be a von Neumann algebra and consider the set
(M))* :={y € B(H): Tr(ya) =0Va € M,}.
Then (M1)*+ = M.

Proof. We first note that M C (M )+ by definition of M. Suppose, towards a contradiction, that there
exists y € (M )1\ M. Then M and {y} are disjoint o-WOT closed convex sets with {y} compact, and so
by Remark 3.2.3 there is a 0-WOT continuous linear functional ¢: B(H) — C, ¢t € R, and € > 0 such that

Re p(z) <t <t+e<Rep(y) Vo € X.

Because ¢ is o-WOT continuous, we know from Theorem 3.2.9 that ¢ = Tr(-b) for some b € L*(B(H)). If
b€ M, then Re ¢(x) = 0 for all z € M, but also Re ¢(y) = 0 by definition of (M )+, which contradicts

the above inequalities. If b ¢ M , then we can find g € M so that ¢(z¢) # 0. Letting z,, := ﬁxo eM
for each n € N, we have ¢(x,) = n. But then ¢t > Re ¢(z,) = n for all n € N, another contradiction. So in
either case we have a contradiction, and so we must have (M, )+ = M. O

Theorem 3.3.4. Let M C B(H) be a von Neumann algebra. For a € L*(B(H)), define vo: B(H) — C by
Ya(x) = Tr(za). Then the map

LY(B(H))/M, — M,
a+ My = a|m
is an isometric isomorphism.

Proof. The discussion preceding the statement of the theorem implies this map is well-defined, valued in
M,, and is a surjection. Also note that it is linear by virtue of the trace being linear. Thus it suffices to
show that this is an isometry.
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Fix a € LY(B(H)). For z € M we have
= = 1 < 1 = .
[Yalar(@)] = [Tr(za)| = inf |Tr(z(a+0)] < inf Jlofllla+ bl = |lzlllla+ ML

Thus ||¢a|am]l < |la + ML|]1. Showing the reverse inequality will take a bit more work. First note that if
|la+ M, |1 = 0 then the previous inequality is automatically an equality, so we will assume |ja+M ||; > 0. In
particular, this implies a & M. Now, since L' (B(#H))* = B(H) and ||a+ M ||; gives the distance from a to
M , we can use the Hahn-Banach Theorem to find a y € B(#H) with ||y|| = 1 satisfying Tr(ya) = ||a+ M |1
and Tr(yb) = 0 for all b € M, (see Exercise 3.3.3)?. This means y € (M )+ and so y € M by Lemma 3.3.3.
Thus

Yalm(y) = Ya(y) = Tr(ya) = [la+ ML,

and since ||y|| = 1 this shows that ||¢s|ar|| > ||la + M ||1 and the proof is complete. O

Observe that one consequence of the previous theorem is that M, is indeed a Banach space when equipped
with the norm it inherits from M, C M*. Our final task of this section is to show prove that M is the dual of
M,.. We will use the previous theorem to identify M, with L'(B(H))/M, and establish (L'(B(H))/M)* =
M. This is actually a more generic result in Banach space theory (see Exercise 3.3.4), but we will only
present the details for our situation (and they do not differ greatly from the generic ones anyways).

Theorem 3.3.5. Let M C B(H) be a von Neumann algebra. Forx € M, define &:: M, — C by &(p) = o(x).
Then the map

M — (M,)*
Tz
is an isometric isomorphism. Moreover, the weak* topology on M induced by M = (M,)* is the o-WOT.

Proof. Note that x — & is linear by virtue of the linearity of each ¢ € M,. For x € M and ¢ € M, we have

() = le(@)] < llellizl,

and so ||Z|| < ||z|]. In particular, the map x — & is indeed valued in the dual of M,. Fix z € M and
let ¢, be as in Theorem 3.1.12. Recall that ||¢.| = ||z||, and so given ¢ > 0 we can find a € L'(B(H))
with |lal|y = 1 so that |¢.(a)| > ||z|| — €. If we let 1, be as in Theorem 3.3.4, then ¥,|p; € M, with
[Yalarll = lla+ MLlly <flafs = 1. Thus

Z(q R
EWaladl 5 15 4 a0)] = ()] = | Tr(za)]| = |62(a)] = 2] e
Tala]
So ||Z|| > ||z]| — €, and letting € tend to zero yields ||zZ|| = |||

Next we will show = + # is a surjection. Fix pu € (M,)*. By identifying M, = L'(B(H))/M_ as in
Theorem 3.3.4, we can view p as a linear functional on the quotient Banach space L'(B(H))/M,. Let
Q: L'(B(H)) — L*(B(H))/M be the quotient map. Then po @ € L*'(B(H))* and so po Q = ¢, for some
y € B(H) by Theorem 3.1.12. Note that for all « € M| we have

Tr(ya) = ¢y(a) = po Q(a) = u(0) = 0.
Hence y € (M, )+ = M by Lemma 3.3.3. Consequently, for all a € L'(B(#)) we have

pla+ M) = poQa) = dy(a) = Tr(ya) = valm(y) = §(Yalnr).

That is, = § (up to the identification M, = L*(B(H))/M_.), and the map z +— # is surjective.

Finally, we show that the weak* topology on M induced by M = (M,)* is the o-WOT. Suppose a
net (z;);er C M converges to x € M in this weak*® topology. Then ¢(z;) — ¢(x) for all ¢ € M,. But
Lemma 3.3.2 implies each ¢ € M, is the restriction to M of a o-WOQOT continuous linear functional on
B(H), and hence is of the form ¢ = Tr(-a) for some a € L'(B(#H)) by Theorem 3.2.9. Consequently,
(2;)ier converges to x in the weak™ topology on B(H), which is the o-WOT by Theorem 3.2.5. Conversely,
if (x;)ier € M converges to & € M in the o-WOT, then p(z;) — @(z) for all ¢ € M, by definition of
normality. Hence the net converges in the weak* topology on M. O

2Thanks to Yanyu Wang for pointing out an error in a previous version of the proof and referenced exercise
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Since the weak* topology on M is just the o-WOT, we obtain the following corollary from the Banach—
Alaoglu Theorem.

Corollary 3.3.6. Let M C B(H) be a von Neumann algebra. Then the norm closed unit ball of M is
o-WOT compact.

Remark 3.3.7. You might have noticed that we did not actually use the algebra structure of M at any
point in this section, just that it was a o-WOT closed (equivalently weak* closed) subspace. Thus all of
the theorems we proved in this section hold when M is replaced by an arbitrary weak* closed subspace.
In fact, as mentioned at the beginning of the section, analogous theorems hold when L'(B(H)) and B(H)
are replaced with an arbitrary Banach space and its dual. You will explore this greater generality in the
exercises.

Exercises

3.3.1. Show that a linear combination of normal linear functionals is normal.

3.3.2. Let X be a Banach space with dual space X'*. For Y C X define
Yhi={z"cX*: 2" (y) =0y Y},

and for Y* C X'* define
Yi={zeX: y"(x)=0Vy" €Y}

(a) For Y C X, show that Y is a weak* closed subspace.
(b) For Y* C X*, show that Y is weakly closed subspace.
(c) For a subspace Y C X, show that (Y1) is the weak closure of Y.
(d) For a subspace Y* C X*, show that (Y})= is the weak* closure of Y*.
3.3.3. Let X be a Banach space, Y C X a closed subspace, and o € X \ Y.
(a) Show that Z := span(Y U {zo}) is closed.
(b) Show that Z/Y = C.
(c) Find a ¢ € Z* with ||| = 1 satisfying ¢(z0) = ||z + Y| and ¢|y = 0.
(d) Find a ¢ € X* with ||| = 1 satisfying p(zo) = ||zo + Y| and ¢|y = 0.
3.3.4. Let X be a Banach space with Y C X a closed subspace.
(a) Show that X*/Y+ > 2* + Y1 s 2*|y € Y* is an isometric isomorphism.

(b) Let Q: X — X/Y be the quotient map. Show that (X'/Y)* > 2* = 2* 0 Q € Y is an isometric
isomorphism.

3.3.5. Show that a linear map «v: M — N between two von Neumann algebras is normal if and only if
porvy € M, for all p € N,.

3.3.6. Let X be a compact Hausdorff space and let M be a von Neumann algebra. Suppose f: X — M
is continuous where M is equipped with the 0-SOT. For each regular Borel measure p € M(X), show that

there exists [, f du € M satisfying
w(/fd,u)/wofdu
X X

H/de“H < [ 1@l o).
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3.4 The Kaplansky Density Theorem

Suppose A C B(H) is a unital x-algebra and M := A” is the von Neumann algebra generated by A. By the
Bicommutant Theorem, we know M is also the SOT closure of A and thus for any x € M there is a net
(zi)ier C A which converges to « in the SOT. In this section, we show that the net (z;);c; can be chosen
so that [Jz;|| < ||z| for all ¢ € I. This is a result due to Kaplansky, and although it may not seem like it at
first, it is the kind of result one uses every day and twice on Sundays.

Proposition 3.4.1. If f € C(C), then the map x — f(x) on normal operators in B(H) is SOT continuous
on bounded subsets.

Proof. Let (z;)ic; C B(H) be a net of uniformly bounded normal operators converging to « € B(#H) in the
SOT. Let R = sup, ||z;||, and note that ||z| < limsup; ||z;|| < R (see Exercise 1.1.2). The Stone—Weierstrass
theorem allows us to approximate f uniformly on {z € C: |z| < R} by a sequence polynomials (p,(z, Z))nen-
Note that (z});er converges to z* in the SOT by Exercise 1.1.8, and since multiplication is SOT continuous
on bounded sets (see Exercise 1.1.10) it follows that for each n € N the net (p,(x;,z}))icr converges to
Pn(x,2*) in the SOT.

Now, fix £ € H and let € > 0. Let N € N be such that

sup 1) = (e )] < gy
Then let 79 € I be such that for all ¢ > 4
(o 2) = pv(ai, w)él < 5
We can then estimate for i > i
1(£@) = F@)E < (F@) = o 2™ DEN + |, 2%) = pav (i 280)E + N (s ) = F (i)
< If@) =px(a. a8l + 5 + 1 £ @) = px (i

<ttste=c
3 3 3 7

Thus (f(x;))icr converges to f(z) in the SOT. O

Recall that if « € B(H) is self-adjoint, then o(x) C R. Consequently, « + z is invertible for any z € C
with Im 2 # 0.

Definition 3.4.2. For a self-adjoint operator « € B(#), the operator
(z—i)(z+i)"! € B(H)

is called the Cayley transform of x.

Note that the Cayley transform is given by the continuous functional calculus f(x) for f(t) = iﬁ

Using this one can show that the Cayley transform of x is a unitary operator and that (z —i)(z +14)~! =
(v +14) "z — ).

Proposition 3.4.3. The Cayley transform is SOT continuous on self-adjoint operators.

Proof. Let (z;)jes C B(H) be a net of self-adjoint operators converging to a necessarily self-adjoint operator
x € B(H). Note that by the continuous functional calculus [|(z; +4)7'|| < 1 for all j € J. For £ € H we
have
(@ =) (@ + )71 = (a5 — i) (ay + )€l = [z — i) (@ +0) 7T — (2 +0) " (ay — D)E]|
= |l(z; + )7 (g + ) (z —0) — (x5 — ) (2 + )] (z — ) ']
= [12i(z; +9) 7 [z — 2] (z — 9) 71|
< 2|z — a)(z —0)7H].

Thus SOT convergence of (z;);jes to « implies the SOT convergence of the Cayley transforms. O
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Corollary 3.4.4. If f € Co(R), then the map x — f(x) on self-adjoint operators is SOT continuous.

Proof. Since f vanishes at infinity,

0 ifz=1
9(2) = f (z H‘Z) otherwise

1—=z

defines a continuous function on T C C. By Proposition 3.4.1, z +— g(z) is SOT continuous on the set
of unitary operators. Then using Proposition 3.4.3, we see that = — g((z —i)(x +1i)~!) = f(x) is SOT
continuous as the composition of two SOT continuous maps. O

For S C B(H), we adopt the following notation:

Ssa. i ={rx€S:x=2a"}
(SYr ={z € S: ||z| < R}.

Theorem 3.4.5 (The Kaplansky Density Theorem). For a x-subalgebra A C B(H),

SOT _ (—SOT
L= ()

SOT (—SOT)
1

A =4

—SsoT . . .
Proof. Denote B := A . We first show that it suffices to assume A is operator norm closed. If C' is the
operator norm closure of A, then
—S0T
AcCcA " (=B)

. o —SO —S0
since operator norm convergence implies SOT convergence. Consequently, C' T4 T, and the same
argument holds when the pair A, C is replaced with Ag, ,Csq4 or (A)1,(C)1. So replacing A with C if

necessary, we may assume that A is operator norm closed and hence a C*-algebra.
. . . . —SOoT
Now, using that SOT convergence implies WOT convergence, it follows that A, C Bsg.. Let

x € Bs,a C B, then there exists a net (z;);c; C A converging strongly to x. Since taking adjoints is
WOT continuous (see Exercise 1.1.6), we have that (MT%) C As.q. converges to x in the WOT. So

i€l
——woT —WOoT ——SOT
T € Asq. , but A, 4. is a convex subset of B(H) and so A 4. = A, by Corollary 3.2.8. Thus
sor
Bs.a. = As.a. .
——soT . .
In order to show (A4); = (B)1, we need a pair of claims:

Claim 1: (As.a.)l = (Bs.a.)l-

Indeed, let © € (Bs.q.)1 and let (2;);er C As.q. be net converging to x in the SOT (which exists by the
previous argument). Letting f € Cp(R) be a function with || f||l = 1 satisfying f(¢) =t for |¢| < 1, we have
that (f(2;))ier C (As.q.)1 converges to f(z) = z in the SOT by Corollary 3.4.4. Thus (As,4.)1 is SOT dense
in (Bs.a.)l- |
Claim 2: M5(4)°C" = My(B).

Fix

< bl,l b1,2 > c MQ(B)

ba1 bao,

Let (£1,6)T € H? and € > 0. Using A%~ B, for each 7,7 = 1,2 we can find a;; € A satisfying
[I(a; ; — bi ;)] < e. Then

ail1  a12 . 51,1 b1,2 &1
a1 a2, ba1 bapo, &2

Thus M3(A) is SOT dense in M3(B). |

2 2

= Z [(ai1 — bi1)& + (ai2 — big)éa|® < 8€.

=1
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Now, the inclusion (A)lsOT C (B); follows from Exercise 1.1.2. Conversely, let € (B); and consider

i= ( f* g > € (My(B))1.

Note that Z is self-adjoint. By Claim 2, we can apply Claim 1 with A and B replaced by M(A) and My (B),
respectively. Thus there exists a net (Z;)ier C (M2(A)s.4.)1 converging to & in the SOT. For each i € I,
define z; to be the (1,2)-entry of #;. Applying Z; to vectors of the form (0,¢)” € H? shows that ||z;]| < 1,
so (z;)ier C (A);. Finally, applying the net (Z;);c; to the same type of vectors shows that (z;);e; converges
to z in the SOT. O

The choice of 1 for our operator norm bounds in the Kaplansky Density Theorem is essentially arbtitrary.
Indeed, for any R > 0 if # € (B)g then 2 € (B)1. So we can find a net (z;);e; C (A); converging to £
in the SOT, which implies (Rx;);e; converges to x is the SOT and satisfies || Rz;|| < R. Thus (A)g = (B)g
for all R > 0. In particular, for any « € B, by taking R = ||z||, we can find a net (x;);e; C A converging to
x in the SOT and satisfying ||z;|| < ||z|| for all i € I.

Corollary 3.4.6. A unital x-algebra M C B(H), one has

——0-SOT  ——0—WOT ==SOT —WOT
M =M =M =M =M"

Consequently, M is a von Neumann algebra if and only if it is 0-SOT or o-WOT closed.

Proof. We already know the last two equalities hold by the Bicommutant Theorem. Since 0-SOT convergence

50 —o-WO
implies o-WOT convergence implies WOT-convergence (see Exercise 3.2.2) We have M~ "7 c M’ wor -

mVor = e So it suffices to show M sor MO_SOT. Ifz € e , then the Kaplansky Density

theorem implies we can find a net (z;)ic; C (M), converging to 2 in the SOT. Since the net is uniformly
50T _ —0—SOT

bounded, Exercise 3.2.4 implies it also converges to z in the 0-SOT. Hence M cCM . O
For the next result, we require a fact from functional analysis. For a proof we refer the reader to Section
V.12 in A Course in Functional Analysis by John B. Conway.

Theorem 3.4.7 (Krein-Smulian Theorem). Let X be a Banach space. A convex subset A C X is weak™
closed if and only if (A), is weak* closed for all v > 0. In particular, if A is a subspace then it is weak*
closed if and only if (A)1 is weak™ closed.

Corollary 3.4.8. Let A C B(H) be a unital x-subalgebra. The following are equivalent:
(i) A is a von Neumann algebra.

) (A)1 is SOT closed.

) (A)1 is WOT closed.

(A)y is o-SOT closed.

(A)1 is o-WOT closed.

Proof. First observe that (i) implies all of the other conditions since A and the unit ball of B(#) are closed
under the relevant topologies. Since (A); is convex, we also have (ii)«<(iii) by Corollary 3.2.8 and (iv)<(v)
by Corollary 3.2.10. Additionally, (ii)<(iv) and (iii)<(v) both follow from Exercise 3.2.4. Thus it suffices
to show (v) implies (i).

Assume (A); is o-WOT closed. Since A is convex and since the o-WOT is the same as the weak* topology
on B(H), the Krein-Smulian Theorem implies A is 0-WOT closed. Thus A is a von Neumann algebra by
Corollary 3.4.6. O
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Exercises

3.4.1. Let M be a von Neumann algebra with a linear functional ¢: M — C. Show that the following are
equivalent:

(i) ¢ is o-WOT continuous;

(ii) ¢ is 0-SOT continuous;
(i) ¢ is WOT continuous on (M);;
(iv) ¢ is SOT continuous on (M);.

[Hint: use the Krein-Smulian Theorem.]

3.4.2. Let v: M — N be a linear map between von Neumann algebras. Show that 7 is normal if and only
if ¥[(ar), is 0-WOT continuous. [Hint: use Exercise 3.3.5]

3.4.3. Let M C B(H) be a von Neumann algebra. Recall that we say a linear map ¢: M — C is positive
if p(z*z) > 0 for all z € M, and we say ¢ is a state if it is positive with p(1) = 1. We further say a
positive linear functional ¢: M — C is completely additive if for any family {p; € M: i € I'} of pairwise

orthogonal projections one has
¢ <Zpi> = o).

i€l i€l
(a) Show a positive linear functional ¢: M — C is automatically bounded.
(b) Show a positive ¢ € M, is completely additive.

(¢) Suppose ¢ is a completely additive state. For each unit vector ¢ € H, show that there exists a non-zero
projection p € M satisfying
p(pz”xp) < (px*zpg, §)

for all z € M.

(d) Suppose ¢ is a completely additive state. Show that there exists a family of unit vectors {£; € H: j € J}
and a family {p; € M: j € J} of pairwise orthogonal projections such that

> pi=1

jedJ

and p(p;x*zp;) < (pjx*zp;&;,§&;) for all © € M. Moreover, show that if (z;);er C (M)1 converges to
0 in the SOT, then ¢(z;) — 0.

(e) Deduce that positive linear functionals on M are normal if and only if they are completely additive.
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Chapter 4

Types of von Neumann Algebras

We saw back in Corollary 2.1.4 that von Neumann algebras are equal to the C*-algebra generated by
its projections. So it is perhaps unsurprising that much of the structure of a von Neumann algebras is
determined by its projections. More precisely, there is an equivalence relation on the projections in a von
Neumann algebra, and one can classify von Neumann algebras into three types according to the behavior of
this equivalence relation

In the first section we will define and study this equivalence relation on projections. In the second section
we study certain subalgebras related to projections called compressions. In the third section we will define
the three types of von Neumann algebras and show how any von Neumann algebra decomposes into a direct
sum of the three types. We will also consider a few examples.

4.1 Equivalence of Projections

Throughout this section, let M C B(H) be a von Neumann algebra. We will write P(M) for the collection
of projections in M. Also, for a subset S C H we write [S] for the projection onto the closed span of S; that
iS, [8] = ng.

Recall that, viewing B(H) as C*-algebra, positivity gives us a partial ordering on projections: p < ¢ if
and only if ¢ —p > 0. In fact, (P(M), <) is a complete lattice for any von Neumann algebra M C B(H) (see
Exercise 4.1.1). For P C P(M) a set of projections (not assumed to be pairwise orthogonal) the infimum
and supremum of P are defined by

/\P:z ﬂp”H, \/73:2 Up’H

peP peEP

If P = {p1,...,pn} is a finite subset, we also write py A--- Ap, := AP and p; V---Vp, := \/P. Note
that P C M implies that the subspaces used to define A P and \/ P are reducing for M’, and consequently
AP,V P € M by Lemma 1.2.5.

Unfortunately, this lattice structure tends to be too rigid for our purposes. For example, in M5(C) the
projections Ej 1 and Es o have the same rank but are not comparable via <. The underlying issue is that
this partial ordering it too dependent on the Hilbert space: p < ¢ if and only pH C gH. Partial isometries
will be the key ingredient for loosening this dependence.

Definition 4.1.1. Let M C B(H) be a von Neumann algebra. For p,q € P, we say that p is equivalent to
q in M and write p ~ q if there exists a partial isometry v € M such that v*v = p and vv* = q. We say that
p is subequivalent to ¢ in M and write p < ¢ if there exists a partial isometry v € M such that v*v = p
and vv* < q. If p < ¢ but p #£ ¢, we write p < q.

Note that if p,q € P(M) are such that p < ¢, then by taking v = p we see that p < ¢q. Thus p < ¢is a
coarser relation than p < q.
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Example 4.1.2. Consider the following projections in M5(C):

1 0 0 0 0 O 1 0 0
P = 01 0], Q= o1 0], Ei1= 0 0 O
0 0 O 0 0 1 0 0 O
If we set
0 0 O
V.= o1 0],
1 0 0

then V*V = P and VV* = @, so P ~ Q. We also have E; 1 < P (since E1; < P) and E11 < @ (using
either of the partial isometries Ea 1 or E31). Actually, we have Ey; < P,Q. To see this note that for any
partial isometry V' € M3(C) with V*V = E; ; we have

Te(VV*) = Te(V*V) = Te(Eyy) = 1 < 2 = Te(P), Te(Q).

So VV* can never equal P or . In general, a projection in M3(C) is equivalent to another projection if and
only if they have the same trace (see Exercise 4.1.4). [ ]

Remark 4.1.3. A subtle aspect of Definition 4.1.1 is that we can only say p is subequivalent to ¢ in M if
we can find a partial isometry v in M that satisfies v*v = p and vv* < ¢q. To emphasize this, we may write
p=3mqorp~y g If M C N C B(H) is a larger von Neumann algebra, it may be that p ~y ¢ but p % q.
For example, E; ; and Ej 5 are equivalent in M3(C), but not in the von Neumann algebra CEj 1 & CEj3 5.

Proposition 4.1.4. For a von Neumann algebra M C B(H), ~ is an equivalence relation on P(M), and
the relation = is reflexive and transitive (a preorder).

Proof. The reflexivity of ~ and = follows form the fact that a projection is also a partial isometry. The
symmetry of ~ is evident from the definition. The transitivity of ~ will follow as a special case of the
transitivity of <, which we now show. Let p,q,r € P(M) with p < ¢ and ¢ = r. Then there exists partial
isometries u,v € M so that u*u = p, uu* < ¢q, v*v = ¢q, and vo* < r. It follows that

* *
qu = quu™u = uu U = u,

so that
(vu)*(vu) = u* v vu = uqu =u u=p
and
(vu)(vu)* = vuu*v < vgu* = v(v*V)v* = Vvo* <1
Thus p < r, and = is transitive. O

The relation < is not a partial order because p < ¢ and ¢ < p does not imply p = q. For example, in
M, (C) we have Ey 1 =< Ey9 and Eg o = Ey 1, but Ey 1 # Es 9. Instead, we have Ej 1 ~ E; 2. We will see in
the next proposition that this actually holds in general: p < ¢ and ¢ < p imply p ~ ¢ (it would be a crime
against notation for this not to hold). Although the proof appears to be rather complicated, it more or less
follows the same argument used to prove the Schroder—Berstein Theorem.

Proposition 4.1.5. For a von Neumann algebra M C B(H) and p,q € P(M), p < q and g < p implyp ~ q.

Proof. Let u,v € M be partial isometries so that u*u = p, uu* < g, v*v = ¢, and vv* < p. Set p; = p — vv*,
g1 = upiu®, and inductively define sequences (py,)nen and (g, )nen by

Pn = Vqp_10" and ¢, = up,u”.

By Exercise 4.1.8, {p,: n € N} and {g,: n € N} are each pairwise orthogonal families of projections, with
pn < pand q, < q for each n € N. In particular, p, < vv* for all n > 2 and ¢, < wu* for all n > 1. The
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following diagram provides a rough but helpful mental picture of how these sequences are defined:

pn p71,+1 m qn

I [l Il Il | I Il ] |
p’ T Ll T 1 T T T ‘q

Using Proposition 1.1.5, we define projections

o0 o0
Poo=p— 3 Pn and  Gui=q¢— > qn
n=1 n=1
We also define
oo o0
w = v*poo +u an = U*poo + Z UPn -

n=1 n=1

We claim w*w = p and ww* = ¢q. The argument will be broken up into the following smaller claims:
(I) (an*)(Upm) = 0p=mpPn and (upn)(upm)* = Opemqn for all m,n € N.
(ID) (Pocv)(v"Poc) = Poo and (0"Poc)(07Poc)™ = doo-
(II1) (pnt*)(v*Poc) = 0, (Do) (upn) = 0, (V*poo) (Ppte*) = 0, and (upy)(peov*) = 0 for all n € N.

Before proving these claims, observe that they are simply the multiplication rules needed to expand the
products w*w and ww*:

oo (o)
ww = (poov +> pmu*> (v*poo +> upn>

m=1 n=1
) S S oo
= (poov v poo Z poov Upn + Z pmu 'U poo) + Z (me*)(upn) = Doo t+ an =P
n=1 m=1 m,n=1 n=1

and similarly ww* = ¢. Thus proving these claims with complete the proof.
(I): We compute
(upn)*(upm) = an*upm = PnPPm = PnPm = 5n:mpn~
Also
(upn)(upm)* = Upnme* = 5n:mupnu* = 5n:m‘1n'

(II): Let vy = v* (p — 22:1 pn>. Then

k—1
vka=v*< Zm)v—v pv—zv pnv—q—anq:q—qu
n=2 n=1

where we we have used v*pv = ¢, v*piv = 0, and v*p,v = ¢,—1 for n > 2. Also
k k k k k
v = (p— Zm) wo* (p— Zm) =00 =Y Pa=p—p1— Y Pa=D— Y Dn
n=1 n=1 n=2 n=2 n=1
where we have used vv* < p, pyov* =0, and p,, < vv* for n > 2. Taking limits in the SOT we obtain
k
(Pocv) (V'poc) = lim wivy = lim (p - 2%) = Poo:
n=

and

n=1

k-1
(V" Poo ) (Poov) = hm VRV = hm <q qn> = (oo
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(III): First note that by taking adjoints, the second equality follows from the first and the fourth from the
third. The third equality is simply a consequence of poop, = 0. To see the first equality, note that
v*p = v* = v*q and v*p, = ¢,—1v*, while v*p; = 0. It follows that v*p. = ¢ov™, which along with
Pt = u* gy imply (pru*)(v*poc) = U*GnGoov™ = 0. O

The next lemma is an important example of equivalence, and a nice application of the polar decomposi-
tion. Recall that for a subset S C H, [S] denotes the projection onto span S.

Lemma 4.1.6. For a von Neumann algebra M C B(H) and x € M, [zH], [z*H] € M and [xH] ~n [x*H].

Proof. Let x = v|z| be the polar decomposition and recall that v € M. From Theorem 3.1.1 we know that
vv* is the projection onto ran(z) = zH and v*v is the projection onto

ran(|z]) = ker(|z|)* = ker(z)* = ran(z*) = z*H.
Thus vv* = [zH] and v*v = [x*H], which shows the projections are equivalent and in M. O

Another way to see that [xH], [z*H] € M is to observe that the subspaces #H and z*H are reducing for
M’ and use Lemma 1.2.5.

Definition 4.1.7. For x € M, the central support of x in M is the projection
z(z) = /\{z EP(Z(M)): zz = zx =x}.

We may also write zys(x) := z(z) to emphasize the role of M in the above. We say p,q € P(M) are
centrally orthogonal if their central supports are orthogonal: z(p)z(q) = 0.

Note that for p € P(M), zp = p for z € P(Z(M)) implies p < z, and therefore p < z(p). So in this
case we can think of z(p) as the smallest central projection that is larger than p (central being the key word
here). Also, if p,q € P(M) are centrally orthogonal, then this shows p and ¢ are also orthogonal. The next
lemma provides another way to think of the central support.

Lemma 4.1.8. Let M C B(H) be a von Neumann algebra. The central support of p € P(M) is
z(p) = \/ [zpH] = [MpH).
zeM

Proof. The second equality above follows from the definition of the supremum. Let z = [Mp#]. Since M is
unital, we have p < z. Because MpH is reducing for M and M’, we have that z €¢ M N M’ = Z(M). Thus
z(p) < z. Conversely, for any « € M we have

xpH = xz(p)pH = z(p)zpH,
which implies [xpH] < z(p). Since this holds for all x € M, we have z < z(p). O

Proposition 4.1.9. Let M C B(H) be a von Neumann algebra. For p,q € P(M), the following are
equivalent:

(i) p and q are centrally orthogonal.

(i) pMq = {0}.
(iii) There does not exist projections 0 < pg < p and 0 < go < q such that py ~ qo.

Proof. We first show (i) and (ii) are equivalent. If p and ¢ are centrally orthogonal, then for any x € M we
have

prq = pz(p)az(q)q = prz(p)z(q)q = 0.
Thus pMg = {0}. Conversely, if pMq = {0}, then by Lemma 4.1.8 pz(q) = p[M¢H] = 0. This implies
p < 1—1z(q), and since 1 — z(q) € Z(M) we have z(p) < 1 —z(q). That is, z(p)z(q) = 0. Thus (i) and (ii)
are equivalent.
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Next we show (ii) and (iii) are equivalent. Suppose (ii) does not hold and let z € M be such that pzq # 0.
Then gz*p # 0 and consequently, pg := [prqH] and qo := [gx*pH]| are non-zero projections. Clearly pg < p
and ¢p < ¢, and by Lemma 4.1.6 py ~ qo. Conversely, suppose (iii) does not hold and py < p and ¢y < ¢ are
non-zero projections such that py ~ qp. Let v € M be a partial isometry so that v*v = pg and vv* = qq.
Then v* = pov*qg so that

pU*q = ppov*qoq = pov*qo = v* # 0.

Thus pMq # {0}, and we see that (ii) and (iii) are equivalent. O

Our next objective in this section is to prove the Comparison Theorem (see Theorem 4.1.11), which says
that—modulo multiplying by a central projection—all projections are comparable via <. We must first
prove a lemma that will also be useful in our forthcoming classification of von Neumann algebras.

Lemma 4.1.10. Let M C B(H) be a von Neumann algebra. If {p;: i € I},{q;:i € I} C P(M) are two
pairwise orthogonal families such that p; = q; for eachi € I, then) ;. pi = ;c; - In particular, if p; ~ g;
for eachi € I, then Y .. pi~ > icr -

Proof. Let u; € M be a partial isometry such that w;u; = p; and w;u} < g;. Write r; = w;u} and note that
{ri: i € I'} is pairwise orthogonal because {g;: ¢ € I} is. We have for i # j

ujuj = uiuug ujuiuy = uprriug =0,
and

uiu; = uiu;‘uiu;uju; = uipl-pju;‘- =0.
Consequently,

*
(Su) (S ) =S

iel jeI iel icl

and
*
(Z%) Dous | =D i =) i<y qn
iel jer ic icl il

Thus > p; <> ¢;- The last assertion follows from the above and Proposition 4.1.5. O

Theorem 4.1.11 (Comparison theorem). Let M C B(H) be a von Neumann algebra. For p,q € P(M),
there exists z € P(Z(M)) such that

pz=qz and  q(1—2z)=Zp(l—=2).

Proof. By Zorn’s Lemma there exists maximal families {p;: i € I},{¢;: i € I} C P(M) of pairwise orthogonal
projections such that p; ~ ¢; for all ¢ € I and

poi=> pi<p

el

qo = Z(h <q.

el
Note that pg ~ go by Lemma 4.1.10. Choose z := z(q — qp). By maximality of the families, Proposition 4.1.9

yields z(p — pg)z = 0. Consequently, (p — pg)z = 0, or pz = ppz. Now, if v € M is such that v*v = py and
vv* = qo, then one easily checks that pgz ~ qgz via the partial isometry vz. Thus

Pz = poz ~ qoz < qz.

Similarly, po(1 — z) ~ qo(1 — z) and since ¢ — go < z we have

q(1—2) =qo(1 —2) ~po(1 —2) < p(1 - 2). O
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Corollary 4.1.12. Let M C B(H) be a von Neumann algebra. If M is a factor, then for p,q € P(M)
ezactly one of the following holds:

pP=q p~q q=p.
Proof. By the Comparison Theorem, there exists z € P(Z(M)) so that pz < gz and ¢(1 — 2) = p(1 — 2).
Since Z(M) = C, we have either z =0 or z = 1 and the result follows. O

Exercises

4.1.1. Let M C B(H) be a von Neumann algebra with P C M a set of projections. In this exercise you will
show that (P(M), <) is a complete lattice.

(a) Show that AP,V P € M.
(b) Show that AP <p <\/P for all p € P.

(c) Show AP is a greatest lower bound for P and that \/ P is a least upper bound for P.

4.1.2. Let P C B(H) be a set of projections and denote P+ := {1 — p: p € P}. Show

\/P=1- /Pt AP=1-\/P-

4.1.3. Let {&,..., &} {m,...,nn} C H be two orthornomal subsets. Show that Y " | & ® 7; is a partial
isometry that implements the equivalence (31 7, @ 7;) ~ (31, & @ €).

4.1.4. Let p,q € (B(H)) be finite-rank projections. Show that p ~ ¢ if and only if Tr(p) = Tr(q).

4.1.5. Let £, F C H be two orthonormal subsets with the same cardinality. Show that [£] ~ [F]. [Hint:
start with a bijection from & to F (as sets).]

4.1.6. Let A C B(H) be an abelian von Neumann algebra. For p,q € P(A), show that p ~4 ¢ if and only
if p=gq.

4.1.7. For p < g, let v be a partial isometry satisfying v*v = p and vv* < ¢q. Show that qup = v.

4.1.8. Let p,q be projections, and let uw,v be partial isometries so that v*u = p, uu* < g, v*v = ¢, and
vv* < p. Set py :=p — vv*, ¢1 = upiu®, and inductively define sequences (py,)nen and (g, )nen by

Pn = Vqp—10" and qn = upnu’”.
(a) For each n € N, show that p, = (vu)" !pi((vu)*)"~! and g, = (uv)" gy ((wv)*)" L.
(b) For each n € N, show that (vu)™ and (uv)™ are partial isometries. In particular, show
((vu)™)"(vu)" = p (vu)"™ ((vu)*)" < w0
((w0)™)™(wv)" = ¢ (u0)" ((uv)*)" <
(c) For each n € N, show that p,, and ¢, are projections satisfying p, < p and g < g.
(d) For m < n, show that
((vu)*)™ (vu)"™ = (vu)"™™ and ((uv)*)™(u)"™ = (uwv)™™™.
(e) For m < n, show that p,,p, = 0 and ¢,,q, = 0. [Hint: first check that p;jv = 0 and ¢uv = 0.]

4.1.9. Let M C B(H) be a von Neumann algebra and let p,q € P(M) satisfy p < ¢q. Show that z(p) < z(q).
[Hint: use Lemma 4.1.8.]
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4.1.10. Let M C B(H) be a von Neumann algebra and let p,q € P(M). In this exercise you will prove
Kaplansky’s formula:

(PVag—p)~(g=pAq).
(a) For x := (1 — p)q, show that [z*H] =q¢—pAq.
[Hint: first compute [ker(x)].]

(b) For z as above, show that [zH] =pV ¢ — p.

[Hint: use the previous part and Exercise 4.1.2.]

(¢) Use Lemma 4.1.6 to deduce the desired equivalence.

4.2 Compressions

Before we can continue our study of projections, it is necessary to understand an important operation on
von Neumann algebras.

Definition 4.2.1. For a von Neumann algebra M C B(H) and p € B(H) a projection,
pMp = {pxp: x € M}
is called a compression (or corner) of M.

The terminology comes from the fact that under the identification H = pH @ (1 — p)H, pxp for . € M
is identified with
( prp 0

0 0>€B<pH@(1_p)H)7

where we view pxp as an operator on pH. In fact, for M = B(H) we have pB(H)p = B(pH)

Note that pMp is a subspace and is closed under taking adjoints. There are two cases where pMp is
actually a x-algebra. The first is if p € M, in which case pMp is actually a x-subalgebra of M. The second
isif p € M', where pxp = zp for all x € M implies pMp = Mp. In both cases p is the unit of the *-algebra,
so if p < 1 then they cannot be von Neumann algebras in B(H). However, p is the identity operator on
B(pH), and by the above identification we can view pMp as operators on pH.

Theorem 4.2.2. Let M C B(H) be a von Neumann algebra and p € P(M). Then pMp and M'p are von
Neumann algebras in B(pH) and are commutants of one another.

Proof. From the discussion preceding the theorem, we see that pMp and M'p are both unital *-subalgebras
of B(pH). So it suffices to show (pMp)” = pMp and (M'p)" = M'p, where the commutants here are taken
in B(pH) (rather than B(#)). Toward this end we will show the following equalities:

(M'p) N B(pH) = pMp
(pMp)' N B(pH) = M'p.

The inclusion pMp C (M'p) N B(pH) is immediate. Conversely, suppose x € (M’p)’ N B(pH). Define
Z € B(H) by

- [z O

=19 o)
That is, & = pZp, and for p§ € pH we have Ip€ = xp€. If y € M’, then for £ € H we have

yr& = yprp§ = yprpé = ryp§ = wpyé = Tpyé = TYE.

So yZ = Zy and hence T € M" = M. As operators on pH we have x = pip € pMp.
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The inclusion M'p C (pMp)' N B(pH) is immediate. Suppose y € (pMp)' N B(pH). Using the functional
calculus to write y as a linear combination of four unitaries, we may assume y = u is a unitary. We will
extend u to an element 4 € B(H). Define @ on MpH by

m <Z mip&) = Zitiupfi,
i=1 i

for z1,...,2, € M and &,...,&, € H. Observe that

n
U Z x;p&;
i=1

2 n

= Z (@iupé;, xjupé;)

i,j=1

n

> (pzjaipusi, ups;)

ij=1

n

= ) (upaizpé;, upé;)
ij=1

n 2

= (pzjwipli, pé;) =

1,j=1

n
> aipti
i=1

Thus @ is well-defined and an isometry, which we extend to Mp#H. Observe that & commutes with M on MpH
by definition of 4, and consequently they commute on MpH. Recall that z(p) = [MpH] by Lemma 4.1.8. So
if we extend @ to H by setting 1| (arpy)r = 0, then @ = az(p). It follows that for x € M and { € H we have

zuf = zuz(p)€ = uz(p)xé = uxé.
That is, @ = M’ N B(H). By definition @, we have ap = u and so u € M'p. O

Corollary 4.2.3. Let M C B(H) be a von Neumann algebra and p € P(M). If M is a factor then pMp
and M'p are factors.

Proof. Since pMp and M'p are each commutants of one another in B(pH) by Theorem 4.2.2, they have the
same center and so it suffices to show M’p is a factor. First note that for y € M’, if yp = 0 then for all
x € M and £ € H we have
yapg = wyp€ = 0.

Since M is a factor, we have [MpH] = z(p) = 1 by Lemma 4.1.8. This means MpH is dense in H and
consequently the above implies y = 0. Now, if zp € Z(M'p) for z € M’, then for all y € M’ we have
[z, ylp = [2p, yp] = 0. By what we just argued, [z,y] = 0 and so z € Z(M"'). Since M’ is a factor (by virtue
of M being a factor), we have z € C and zp € Cp. Thus Z(M'p) = Cp and M'p is a factor. O

The next proposition shows that a compression depends only on the equivalence class of p in M.

Proposition 4.2.4. Let M C B(H) be a von Neumann algebra. If p,q € P(M) are equivalent in M, then
pMp and qMq are spatially isomorphic.

Proof. Let v € M be a partial isometry satisfying v*v = p and vv* = ¢q. We will show that v,y is a unitary
from pH to ¢H that implements the spatial isomorphism. Note that v = gup. This implies v,y is indeed
valued in ¢H, and is surjective since ¢ = vv*§ = vpv*¢ for any = € H. For p&, pn € pH, we have

(vp€, vpn) = (v*vpg, pn) = (P€, pn) -
Thus v|py : pH — ¢H is a unitary. Using v = qup again, we have for any z € M
vprpv* = vev* = q(vav*)q.

and
qrq = vv*zvv* = v(pv*Tup)v*.

Thus v(pMp)v* = ¢Mg. O
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Note that in the above proof, we used v € M to guarantee vzv* € M and v*zv € M for all z € M. Also
note that if y € M’, then vypv* = yupv* = vq, which shows the spatial isomorphism sends M'p to M'q.

Definition 4.2.5. Let M C B(H) be a von Neumann algebra. We say p € P(M) is minimal in M if p # 0
and pMp = Cp. We say p is abelian in M if pMp is abelian.

Note that a minimal projection is also abelian.
Example 4.2.6.

(1) Let p € B(H). Then pB(H)p = B(pH). Since B(pH) is always a factor, it can only be abelian if
B(pH) = C. This holds off and only if pH = C; that is, if and only if p is a rank 1 projection.

(2) Let (X, u) be a o-finite measure space. Recall f € P(L>®(X,p)) if and only if f = 1g for some
measurable F C X (see Exercise 1.3.3). Consequently, all compressions of L>°(X, i) are of the form
L>(E, p|g) for some measurable £ C X, and so all projections in L (X, u) are abelian. If 1g is
minimal, then 15 # 0 and L (E, u|g) = Clg. The former holds if and only if u(E) # 0 and the latter
holds if and only if for all measurable subsets F' C E we have u(F) € {0, u(E)} (see Exercise 4.2.3).
We call such a subset E an atom of p. Thus L*°(X, ) has minimal projections if and only if p has
atoms. ]

If p € P(M) is minimal, then whenever ¢ € P(M) satisfies ¢ < p we must have ¢ € {0,p} since
q = pgp € pMp = Cp. Conversely, if p € P(M) is such that ¢ € {0,p} whenever ¢ € P(M) satisfies ¢ < p,
then p and 0 are the only projections in pMp. Since von Neumann algebras are equal to the C*-algebras
generated by their projections (see Corollary 2.1.4), we must have pMp = Cp and so p is minimal. Thus,
“q € {0,p} whenever ¢ € P(M) satisfies ¢ < p” is an equivalent definition of being minimal, and this is
non-commutative analogue of an atom for a measure.

Proposition 4.2.4 implies that if p is minimal (resp. abelian) and ¢ € P(M) satisfies ¢ ~ps p, then ¢ is also
minimal (resp. abelian). In fact, if ¢ # 0 and ¢ < p then it is minimal (resp. abelian). For p minimal, this
is simply because ¢ < p implies ¢ ~ p by the above characterization of minimality. For p abelian, suppose
v € M is a partial isometry satisfying v*v = g and vv* < p. Then (vv*)M (vv*) is abelian as a subalgebra of
pMp, and hence gM q(= (vv*)M (vv*)) is abelian. We record these observations in the following proposition.

Proposition 4.2.7. Let M C B(H) be a von Neumann algebra. Let p,q € P(M) be non-zero projections
that satisfy ¢ < p. If p is minimal (resp. abelian), then q is minimal (resp. abelian).

We conclude this section by using compressions to prove that the image of a von Neumann algebra under
a normal unital *-homomorphism is again a von Neumann algebra.

Theorem 4.2.8. Let M C B(H) and N C B(K) be von Neumann algebras. If m: M — N is a normal
unital *-homomorphism, then 7(M) C B(K) is a von Neumann algebra.

Proof. We first prove a special case: assume 7 is injective. Because 7 is a unital *-homorphism, 7(M) is a
unital *-subalgebra of B(K) and so by Corollary 3.4.8 we just need to check that (w(M)); is o-WOT closed.
Because x-homomorphisms preserve positivity, for z € M we have

r(2) n(2) = m(a"x) < 7o 2l|L) = [o" (1) = |a"],

and hence ||7(z)|| = ||7(z)*n(2)||'/? < ||z*z||'/? = ||z|. The same argument applied to 7~ ': w(M) — M
gives ||w(x)|| = ||z|| for all x € M. Thus (x(M)); = w((M);1). The duality M = (M,)* and the Banach—
Alaoglue theorem imply (M) is 0-WOT compact, and consequently so is its o-WOT continuous image
w((M)1) = (7(M))1. In particular, (w(M)); is 0-SOT closed and therefore 7(M) is a von Neumann algebra.

Now suppose 7 is not injective. Consider p := [ker(m)#] and note that ker(m)H is reducing for M since
ker(w) is an ideal, and is reducing for M’ since ker(w) C M. Thus p € M N M’ = Z(M) by Lemma 1.2.5.
We will show that w(M) is the injective image of (1 — p)M(1 — p) = M(1 — p), which is a von Neumann
algebra by Theorem 4.2.2, and hence m(M) is a von Neumann algebra by the first part of the proof. Our
first step, is to show that p € ker(mw).

Since 7 is *-homomorphism, ker(w) is a #-subalgebra of M, and it is norm closed by virtue of being
o-WOT closed. Consequently, ker(w) is a C*-algebra and therefore has an approximate identity (e;)ier
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by [Theorem 4.2, C*-Algebras Mini-course]. We claim that (e;);e; converges to p in the o-WOT, and
consequently p € ker(w) since ker(w) is 0-WOT closed. Note that x = pxp for all z € ker(w), and so
it suffices to check o-WOT convergence on pH. Moreover, because (e;);cs is uniformly bounded, it not
only suffices to show WOT convergence on pH, it suffices to show this on the dense subset ker(m)H. For
x,y € ker(m) and &, n € H we have

[ ((ei = p)x&yn) | = [ (e — pe)& ym) | = [{(eix — )& yn) | < lleix — z[|[[][lynl] — 0

by definition of the approximate identity. Thus p is the o-WOT limit of (e;);e;.
Since p € ker(r), for x € M we have

m(z(1—p)) = n(z)(7(1) = 7(p)) = 7(x)(1 = 0) = 7 ().

Thus (M) is the image of M (1 — p) under 7. This also shows x(1 — p) € ker(w) if and only if = € ker(n),
but in this case (1 — p) = x —xp =2 — x = 0. Thus 7[p;(;_p) is injective and so 7(M) is a von Neumann
algebra by the first part of the proof. O

Remark 4.2.9. There is a partial converse to the above theorem: if 7: M — B(K) is an injective *-
homomorphism such that m(M) is a von Neumann algebra, then 7 is normal. That is, x-isomorphisms
between von Neumann algebras are automatically normal (compare this to how x-isomorphisms between
C*-algebras are automatically isometric). We sketch the proof here but for the full details we refer the
reader to Section I11.2.2 in Operator Algebras: Theory of C*-Algebras and von Neumann Algebras by Bruce
Blackadar. First we require a non-trivial fact: every ¢ € N, can be written sum of four positive normal linear
functionals. It follows from this and Exercise 3.3.5 that = will be normal if and only if ¢ o 7 is normal for
all positive ¢ € N,. Note that ¢ o7 is a positive linear functional on M, and so by Exercise 3.4.3 it suffices
to show ¢ o 7 is completely additive. Let {p; € M: i € I'} be a family of pairwise orthogonal projections.
Since 7 is a positive, for any finite subset F' C I we have

ZW(Pi) = <ZP1> <7 (sz) )
i€F icF icl
and thus >, 7(pi) < 7 (32,c; pi). Since 7! is also positive, the same argument gives

dopi=> 7 mp)) <7t (Z W(Pi)) :

i€l i=€l iel
Applying 7 to this shows ) ., 7(p;) =7 (Zze s pl-). Consequently, the normality of ¢ gives us

pom (sz-) =¢ (Z W(pz-)) = wom(p).
iel iel iel

Hence ¢ o 7 is completely additive.

Exercises
4.2.1. Let p € B(H) be a rank n projection for n € N. Show that pB(H)p = M, (C).

4.2.2. Let M C B(H) be a von Neumann algebra and let z € P(Z(M)). Show that M is spatially isomorphic
to the direct sum of compressions Mz @ M(1 — z) (see Exercise 1.2.8).

4.2.3. Let (X, ) be a positive o-finite measure space. We call a measurable subset A C X an atom of if
w#(A) > 0 and for all measurable subsets £ C A one has u(E) = p(A) or p(E) = 0.

(a) If A1, Ay C X are atoms, show that either 14,04, =0 or 14,04, = 14, = 14,.

(b) If A C X is an atom, show that f|4 is constant for all f € L*(X, mu).
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4.2.4. Let (X, p) be a positive o-finite measure space. Show that L>°(X, p) is finite dimensional (as a vector
space) if and only if X can be partitioned into a finite union of atoms. Also show that in this case the
dimension is given by the number of distinct atoms.

4.2.5. Let M C B(H) be a factor. Show that any abelian projection in M is either zero or minimal. [Hint:
use Corollary 4.2.3.]

4.2.6. Let M C B(H) be a factor. Show any two minimal projections are equivalent. [Hint: use the
Comparison Theorem.]

4.2.7. Let m: M — N be a x-homomorphism between von Neumann algebras.
(a) Show that n(P(M)) C P(N).
(b) For p,q € P(M), show that p < ¢ implies 7(p) < 7(q).

(c) Show that if p is minimal (resp. abelian) in M, then 7(p) is minimal (resp. abelian) in 7(M). Show
that 7(p) need not be minimal (resp. abelian) in N.

4.2.8. Let M C B(H) be a von Neumann algebra and let Z C M be a 0-WOT closed subspace.
(a) Show that if Z is a left ideal then there exists p € P(M) so that Z = Mp.
(b) Show that if 7 is a right ideal then there exists p € P(M) so that Z = pM.
(¢) Show that if 7 is a (two-sided) ideal then there exists p € P(Z(M)) so that Z = Mp.

4.3 The Type Decomposition

The following definition highlights some additional important properties of projections, which will be needed
in the statement of the type decomposition of von Neumann algebras.

Definition 4.3.1. For M C B(H) be a von Neumann algebra, p € P(M) is said to be
e finite in M if ¢ < p and ¢ ~js p implies p = ¢ for g € P(M).

e semi-finite in M if there exists a family {p;};cr C P(M) of pairwise orthogonal, finite projections
such that p =3, pi.

e purely infinite in M if p # 0 and there does not exist any non-zero finite projections g € P(M) with
qg=p.

e properly infinite in M if p # 0 and for all non-zero z € P(Z(M)) the projection zp is not finite.

Furthermore, M is said to be finite, semi-finite, purely infinite, or properly infinite if 1 € M has the
corresponding property in M.

Recall that in an abelian von Neumann algebra, projections are equivalent if and only if they are equal
(see Exercise 4.1.6). This implies abelian projections (and consequently minimal ones) are necessarily finite,
and all abelian von Neumann algebras are finite. We also have a number of implications that follow from
the above definitions:

finite = semi-finite = not purely infinite,

and
purely infinite = properly infinite.

Also note that a factor is either finite or properly infinite.

Example 4.3.2. In each of the examples below, we consider M = B(H) and p € P(B(H)).
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(1) If p is finite-rank then it is finite in the above sense. Suppose ¢ < p. Then ¢H C pH and so ¢ is
finite-rank. Suppose ¢ ~ p and let v be partial isometry satisfying v*v = ¢ and vv* = p. Then by
Exercise 3.1.9 we have

dim(¢H) = Tr(q) = Tr(v*v) = Tr(vv*) = Tr(p) = dim(pH).

Thus ¢H = pH and ¢ = p. If dim(H) < oo, then 1 € B(H) is a finite-rank projection and hence finite,
so B(H) is finite.

(2) If dim(pH) is infinite, then p is not finite. Let £ C pH be an orthonormal basis. Since it is an infinite
set by assumption, we can partition it into disjoint subsets £ and & so that |E] = |&1] = & If
q := [&1], then g ~ p (see Exercise 4.1.5), but ¢ < p since p — ¢ = [E2] # 0. Since B(H) is a factor,
these projections are also properly infinite.

(3) p is always semi-finite, and consequently never purely infinite. Let £ C pH be an orthonormal basis.

Then -
p=) £®¢

§eE
and each ¢ ® € is finite by part (1). In particular, 1 € B(#) is semi-finite and so B(H) is semi-finite. B

You probably learned in linear algebra that a matrix A € M,,(C) is left (or right) invertible if and only if
it is invertible. In particular, any isometry in M, (C) is necessarily a unitary. Not only does this latter fact
hold in any finite von Neumann algebra (which M, (C) is by Example 4.3.2.(1)), it actually characterizes
them.

Proposition 4.3.3. A von Neumann algebra M C B(H) is finite if and only if all isometries are unitaries.

Proof. Suppose M is finite and let v € M be an isometry: v*v = 1. Then vv* < 1 and so by finiteness
vv* = 1. That is, v is a unitary. Conversely, assume every isometry is a unitary, and suppose p < 1 satisfies
p~ 1. Let v € M satisfy v*v = 1 and vv* = p. Then v is an isometry and hence a unitary, and therefore
p=vv* =1. Thus 1 is finite in M. O

We will need the next two propositions in proving the type decomposition.

Proposition 4.3.4. Let M C B(H) be a von Neumann algebra. Let p,q € P(M) be non-zero projections
that satisfy p = q. If q is finite (resp. purely infinite), then p is also finite (resp. purely infinite).

Proof. Suppose ¢ is finite, and further suppose p ~ ¢q. Let v € M be such that v*v = p and vv* = ¢q. If
u € M satisfies u*u = p and uu* < p, then
(vuv™)* (vuv™®) = vu* v vur™ = vutpur® = vutur® = vpu* = Yt =g
and
(vuv™) (vuv™)* = vuvFvu v = vuputvt = vuutv* < vpr* =g.
Since ¢ is finite, we must have (vuv*)(vuv*)* = ¢q. But then

*

wu® = pupu’p = v* (vuv™) (vuv™) v = v¥qu = p.
Thus p is finite.
Now assume p < ¢. If u € M is such that u*u = p and vu* < p, then for w = u + (¢ — p) we have
ww=uvu+tu(g—p)+(@-—pu+(g—p)=p+(e—-p) =q
and
ww* =uu’ +u(g—p)+(g—pu+(q—p) =uw’+(¢—p) <q

Since ¢ is finite, we have uu* + (¢ — p) = ww* = q or wu* = p. Thus p is finite. In general, if p < ¢, then

there exists gg € P(M) such that p ~ ¢o < ¢g. By the two previous arguments we see that p is finite.
Finally, if ¢ is purely infinite then it has no finite subprojections. If p < ¢ had a finite subprojection

po < p, then pg < ¢. In particular, pg ~ go < ¢, which is finite by the above arguments, a contradiction. [
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Proposition 4.3.5. Let M C B(H) be a von Neumann algebra. A projection p € P(M) is semi-finite if
and only if it is a supremum of finite projections. In particular, the supremum of semi-finite projections is
again semi-finite. Moreover, any subprojection of a semi-finite projection is also semi-finite.

Proof. If p € P(M) is semi-finite, then by definition it is the sum (hence supremum) of pairwise orthogonal
finite projections. Conversely, suppose p = \/; p; for {p;}icr C P(M) finite projections. Let {g;};cs be a
maximal family of pairwise orthogonal finite subprojections of p. Suppose, towards a contradiction, that
q:=p-— Zje] g; # 0. Then, by definition of the supremum, there exists i € I so that ¢ and p; are not
orthogonal. In particular, they are not centrally orthogonal and so by Proposition 4.1.9 there exists non-zero
go < g so that gy < p;. Thus g is finite by Proposition 4.3.4, which contradicts the maximality of {g;};c.
The final observation follows from the fact that the above argument also works if p </, p;. O

Definition 4.3.6. A von Neumann algebra M C B(H) is said to be
e type I if every non-zero projection has a non-zero abelian subprojection.
e type II if it is semi-finite and has no non-zero abelian projections.
e type III if it is purely infinite.

We can see immediately from the definition that any abelian von Neumann algebra is type I. We also
have B(H) is it type I, because a non-zero projection p has minimal (and hence abelian) subprojections of
the form € ® £ for any unit vector ¢ € pH. On the other hand, group von Neumann algebras for i.c.c. groups
give type II von Neumann algebras (see Example 4.3.14). Unfortunately, type III von Neumann algebras are
beyond the scope of these notes. But Brent is a big fan and would love to tell you about them!

A von Neumann algebra need not be of any type. For example, if M; is type I and Ms is type 11, then their
direct sum M; @ M (see Exercise 1.2.8) has no type. Indeed, it is not type I because any non-zero projection
p € P(Ms) yields a non-zero projection 0@p € P(M; ® Ms) lacking non-zero abelian subprojections. It is not
type II since any non-zero abelian projection p € M yields a non-zero abelian projection p&0 € P(M; D Ms).
Since p @ 0 is finite by virtue of being abelian, we see that M; & Ms also not type III. However, note that
z1 ;= 1®0 and z3 := 0@ 1 are central projections and the compressions (My @ M3)z; = M; @ 0 and
(M ® M)z = 0@ My are type I and type II, respectively. The Type Decomposition tells us that this can
always be done.

Theorem 4.3.7 (Type Decomposition). Let M C B(H) be a von Neumann algebra. Then there exists
unique pairwise orthogonal central projections zi,z11, 211 € P(Z(M)) such that z; + zi1 + zin = 1 and the
compression Mz is type T for each T € {I,11,1II}.
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Proof. Let z; be the supremum of all abelian projections in M. Conjugating an abelian projection in M
by a unitary in M yields another abelian projection in M. It follows that uzju* = z; or uz; = zju for all
unitaries u € M. Since every element in M can be written as a linear combination of four unitaries, this
implies z1 € M N M' = Z(M). To see that Mz is type I, suppose p < z1 is non-zero. Then by definition
of the supremum there exists an abelian projection r € M so that pr # 0. Consequently, pMr # {0} and
Proposition 4.1.9 tells us there exists non-zero p > pg ~ ro < r. Proposition 4.2.7 implies that pg is abelian
and so Mz; is type L.

Next, let zy; be the supremum of all finite p € P(M) such that p < 1 — z;. By the same argument
as above, we have zy; € Z(M). Also, zyy is semi-finite by Proposition 4.3.5. Since z;; < 1 — zj, it has no
non-zero abelian subprojections. Thus Mzpy is type II.

Finally, we let z;;; = 1 — z; — z1;. Note that any finite projection in M lies under z; if it is also abelian
and otherwise lies under zj;. Consequently, zy;1 has no finite subprojections and so Mz is type II1.

Towards showing this decomposition is unique, suppose pr, pir, pii1 € P(Z(M)) are pairwise orthogonal
projections summing to one and satisfy Mppg is type R for each R € {I,IL,III}. Then piz; and pizin
are both finite and purely infinite by Proposition 4.3.4. That is, piiz; = pmzin = 0, and consequently
prr < zyi1- Reversing the roles of z and p yields prir = zy1;. Next, prrzp is an abelian subprojection of pyy by
Proposition 4.2.7. Since Mpy; is type 11, we must therefore have pyyz; = 0. Thus py; < zy; and by symmetry
we obtain pr; = zy1. Finally

pr=1—pn—pm=1-2z1— 2z = 7.

So the decomposition is unique. O

Since z, z11, 2111 are all central projections, Exercise 4.2.2 tells that M = Mz & Mz & Mzy;. So even
though all von Neumann algebras need not have a type, they can all be written as a direct sums of type I,
type II, and type IIT von Neumann algebras.

If M is a factor, then the only central projections are 0 and 1. Consequently, in the type decomposition
for a factor the summation condition z; + z1 + zpr = 1 implies z7 = 1 for some T' € {I,II, IIT} and the rest
are zero. This yields the following corollary.

Corollary 4.3.8. A factor is either type 1, type 11, or type I11.

Remark 4.3.9. We remark here on some important (but non-trivial) facts whose proofs we have omitted
from these notes. Let M C B(H) be a von Neumann algebra and T' € {I,II,III}. Then M is type T if and
only if M’ is type T. Additionally, if M is type T then pMp is type T for any p € P(M). If z(p) = 1, then
the converse also holds.

Each of the three types can be further refined. We begin with type I.

Definition 4.3.10. Let M C B(H) be a type I von Neumann algebra. For n € N, we say M is type I,
if there exists non-zero pairwise orthogonal and equivalent abelian projections py,...,p, € P(M) satisfying
p1+ - +pn =1 Wesay M is type I if there is an infinite family of non-zero pairwise orthogonal and
equivalent abelian projections that sum to 1.

A von Neumann algebra can only be type I,, for one n € NU {co}. Each type I von Neumann algebra
uniquely decomposes into a direct sum of type I, type Is,..., and type I, von Neumann algebras, and
consequently a type I factor is type I,, for exactly one n € NU{oo}. The proofs of these facts are not terribly
difficult, but we have omitted them from these notes.

Example 4.3.11.

(1) An abelian von Neumann algebra A C B(H) is type I;. Indeed, 1 € A is an abelian projection
and this cannot be further decomposed into a sum of pairwise orthogonal and equivalent projections,
because in an abelian von Neumann algebra projections are eqiuvalent if and only if they are equal
(see Exercise 4.1.6).

(2) M,(C)istypel,. The projections Ei 1,..., Ey, , € M,(C) are non-zero pairwise orthogonal projections
that sum to one. They are pairwise equivalent via the partial isometries F; ;, and they are minimal
(hence abelian) projections.
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(3) B(H) for dim(H) = oo is type Io.. Let & C H be an orthonormal basis. Then the projections
{E®E&: € € £} are non-zero pairwise orthogonal projections that sum to one. They are pairwise
equivalent via the partial isometries £ ® 77 for £,n € £, and they are minimal projections. ]

Theorem 4.3.12. If M C B(H) is a finite type 1 factor, then M = M,,(C) for some n € N.

Proof. Since M is type I, 1 € M has a non-zero abelian subprojection, and since M is a factor this abelian
projection is minimal by Exercise 4.2.5. Thus M has non-zero minimal projections.
Let {p;: i € I} C P(M) be a maximal family of pairwise orthogonal minimal projections (note I # 0 by
the above). Consider
qg:=1- Zpi-

icl
Suppose g # 0. Then the Comparison Theorem and the factoriality of M imply either g < p; or p; < ¢ for
i € I. The former implies ¢ ~ p; since p; is minimal, but then ¢ is minimal by Proposition 4.2.7 and this
contradicts the maximality of the {p;: ¢ € I'}. The latter implies p; ~ go < ¢ and the same argument shows
go contradicts the maximality of {p;: ¢ € I}. So we must have ¢ = 0, and therefore

sz' =1
el

Now, the factoriality of M implies p; ~ p; for all 4,j € I by Exercise 4.2.6. We claim that I is finite. If
not, then let I = I U Iy be a partition of I satisfying |I| = |I1| = |I2|, which implies there is a bijection
o: I — I1. Setting ¢; := py(;), we have p; ~ g; for all i € I and so by Lemma 4.1.10

Z%‘NZPL‘ZL

icl icl
But
=Y = (zpz) . (zpz) _ (z%) + (zpi) Y
el i€l i€ly el i€ls el

and so we have contradicted 1 being finite. Thus n := |I| < oo, and so we can relabel {p;: i € I} =:
{p1,p2,...,pn}. Since p; ~ p; for each i =1,...,n, we can find v; € M satisfying v}v; = p; and v;vf = p;.
Using v; = pyv; for each ¢ = 1,...,n we have for any z € M

n n n

= (ZM) x ij Z Pixp; = Z ViU TVj U = Z U} PiviTUprv; = Z v} (prvizv;p1)vj.
i=1 j=1 i,j=1 i,j=1 i,j=1 1,7=1

Because p; is minimal there exists a scalar x; ; € C so that plvixv;‘pl = x; ;p1. Thus we have
n n n
_ * _ * _ *
T = Ui Li,jP1V5 = Li,jV; P1V; = Li,jV; Vj-
i,j=1 i,j=1 ij=1
This computation shows that the map

i1 0 Tin
M3 x— : ; € M,(C)

Tn,a Tn,n
is injective. Since
P10i(Vve)vjp1 = Gi=k0j=eP10iv; VjV; p1 = Gi=kOj=¢P1P1P1P1 = Oi=k0j=eP1,

we see that m(vive) = Ey ¢ € M, (C). Thus 7 is a bijection, and we leave it for Exercise 4.3.5 to check that
it is also a *-homomorphism. O
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While we only considered finite type I factors in the above theorem, a similar proof (see Exercise 4.3.6)
shows that properly infinite (i.e. non-finite) type I factors are of the form B(H) for H infinite dimensional.
Moreover, the form of any type I von Neumann algebra M C B(#) can be given by a tensor product (see
Exercise 4.3.7): M = Z(M)®B(K) for some Hilbert space K. Thus the theory of type I von Neumann
algebras reduces to measure theory and functional analysis, and consequently researchers today focus their
efforts on type II or type III von Neumann algebras.

We move on to the refinement of type II von Neumann algebras.

Definition 4.3.13. A type II von Neumann algebra M C B(H) is said to be type II; if it is finite, and is
said to be type Il if M is properly infinite.

Equivalently, a von Neumann algebra if type II; if it is finite but has no non-zero abelian projections,
and a von Neumann algebra is type Il if it is properly infinite but semi-finite and has no non-zero abelian
projections. Each type II von Neumann algebra uniquely decomposes into a direct sum of type II; and type
11, von Neumann algebras, and consequently each type II factor is either type II; or type Il..

Example 4.3.14. L(T") for a countable i.c.c. group T is type II; factor. First note that L(T") is a factor by
Exercise 1.3.7. It is also finite by Exercise 4.3.1. So it remains to show it has no non-zero abelian projections.
Suppose, towards a contradiction, that p € P(L(T")) is non-zero and abelian. Then p is actually minimal by
Exercise 4.2.5. Let {p;}ier C P(L(T)) is a maximal family of pairwise orthogonal minimal projections. Then
I # () by the above and the exact same argument as in the proof of Theorem 4.3.12 shows n := |I| < oo and
L(T") & M, (C). Note that M, (C) is finite dimensional as a vector space. On the other hand, I is necessarily
infinite as an i.c.c. group and so {A(g): g € '} is an infinite linearly independent set (just apply any linear
combination to the vector d.). So L(I') =& M, (C) yields a contradiction and hence L(T") has no non-zero
abelian projections. |

Example 4.3.15. In this example we will construct an important type II; factor R called the hyperfinite
II; factor. Observe that for any n € N we can embed M,,(C) into Mo, (C) via

M, (C)3 A ( ’g M ) € My, (C).

These inclusions preserve the norm (since they are injective *-homomorphisms) and the normalized trace:

1 A 0 1

Thus if we consider the sequence of inclusions
Ms5(C) — M2(C) < -+ — Mon(C) < - -+

and define Ro := |J,,>; M2~ (C), then Ry is a *-algebra with a norm (although it is not complete) and a

linear functional 7o: Rg — C defined by 7o(z) = 5 Tr(z) when z € Ms.(C). From the properties of the
trace, it follows that 7 is

e unital: 79(1) = 1;

e positive: 1p(z*x) > 0 for all z € Ry;

e faithful: 7o(z*z) = 0 if and only if z = 0;
e tracial: 7o(zy) = 7o(yz) for all z,y € Ro.

We can therefore consider the GNS representation (H,7) for (Ro, 70), and R gives a dense subspace of H.
Define
R :=m(Ro)" C B(H).

We will show that R is a II; factor. We must first show it admits a WOT continuous faithful tracial state.
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Viewing 1 € Ry as a vector in H, we see that it is cyclic for R by construction. It is also separating for
R: Fix some a € Rg. Then for all z € Ry we have

lyall3 = To(a*y*ya) = 1o(y*a*ay) < |la]7o(yy®) = [la]lllyl3

Thus if we view Ry as a dense subspace of H, multiplication by a on the right extents to a bounded operator
p(a) € B(H) which lives in R’. Supposing that z € R is such that 7(z*z) = 0, we have that (z1) =0 € H,
and thus for all a € Ry

0= pla)(x1) = 2(p(a)1) = za

As Ry is dense in H, £ = 0 for all £ € H and thus x = 0. Thus the linear functional 7: R — C defined by
7(z) = (x1,1) is faithful, and as a vector state it WOT continuous. Using 7(7(z)) = 79(z) for x € Ry, it
can be shown that 7 also tracial (see Exercise 4.3.10).

Now, suppose z € Z(R)). Define ¢: R — C by ¢(x) := 7(xz), which is still tracial since z commutes
with everything in R. Consequently, restricting ¢ o m to Man (C) gives a tracial linear functional, and thus
Exercise 1.3.2 implies

po(z) = pom(1) g Te(x) = 7(2)r(x(x))

for all z € Man(C). Since this holds for all n € N, we have p(z) = 7(2)7(x) for all z € 7(Rg). The WOT
density of m(Rg) along with the WOT conintuity of 7 implies this holds for all # € R. Thus 7(zz) = 7(2)7(z),
or equivalently 7(z(z — 7(z))) = 0 for all x € R. In particular, letting x = (z — 7(2))* we see that the
faithfulness of 7 implies z — 7(2) = 0 or z = 7(z) € C. Thus R is a factor.

To see that it is finite, suppose v € R is a partial isometry satisfying v*v = 1 and vv* < 1, then

T((1=v0")*(1 —vv")) =7(1 —ww*) =7(1) — 7(vw*) = 7(1) — 7(v*v) = 7(1) — 7(1) = 0.

Since 7 is faithful, we must have vvo* = 1 and so R is finite.

It remains to show that R has no non-zero abelian projections. Proceeding exactly as in Example 4.3.14,
we see that if this is not the case then R = M,,(C) for some n € N. This is a contradiction because M, (C)
is finite dimensional while R is infinite dimensional since 7(R) is infinite dimensional. Thus R is a type II;
factor. |

The term hyperfinite refers to the fact that R is generated by the finite dimensional algebras 7, (Man (C)).
Alain Connes showed in 1976 that R is the unique 11y factor with this property. Moreover, this same work,
as mentioned back in Section 1.3.3, shows that the two previous examples coincide when I' is an amenable
i.c.c. group.

Example 4.3.16. Let (X, , 1) be a probability space and let T be a countable discrete group. Suppose there
is a homomorphism «: I' = Aut(L*>° (X, u)), where Aut(L>(X, u)) is the set of (normal) *-isomorphisms.

In this case we call o an action of I' on L (X, 1) and write I' A L°(X, ;). We say the action is
e probability measure preserving (p.m.p.) if fX ag(f) dp = fX fduforallg e T and f € L>®(X, p).
o free if for f € L>°(X, ) and g € I', we have f = 0 whenever fag(h) = fh for all h € L>(X, p).
e ergodic if f € L*°(X, p) is such that ay(f) = f for all g € I" then f = CI.

For f € L°(X, i), define a linear operator m,(f) on £*(I') ® L?(X, i) by

TP [ D 0@y | =D g @lag-1(Ffs)  fy € L(X,p).

gel gel

Then one can show that 7, (f) € B(¢*(T') ® L*(X, p)) and 7, : L°°(X, p) — B(*(T') ® L*(X, u)) is a normal
unital injective *-homomorphism (Exercise 4.3.11). For g € T', we define

)‘(g) <Z 5h ®fh> = Zégh ®fh fh S LQ(Xa,u)

hel’ her
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Note that A(g)ma(f)ANg™!) = 7ma(a(f)) (Exercise 4.3.11.(c)). This implies the *-algebra generated by
To (L (X, 1)) and A(T") is the set

d
(C<7TOA(LOO(XMLL))’)\(F)> = Zﬂ-a(f]))\(gj) d € N’ fl?'-'afd S LOO(X’ILL)7 g1,---,49d el
j=1

Note that C (mo, (L (X, 1)), A(T")) is unital. The von Neumann algebra
L®(X, 1) o T = C(ma (L2(X, 1)), M(T))"

is called the crossed product of L>°(X, 1) by I'. You should think of it as a von Neumann algebra containing
both L>®(X, ) and L(I') with the action I' A L°°(X, 1) encoded via commutation relations. Consider the
normal linear functional 7: L*°(X, u) x4 I' = C defined by 7(x) = (z(d. ® 1), . ® 1). Since . ® 1 is a unit
vector and separating for L (X, u) %, I’ (see Exercise 4.3.13), 7 is a unital and faithful.

Assume I' A L (X, p) is a free ergodic p.m.p. action and that T' is an infinite group. The freeness
and ergodicity imply L>(X, u) %, I' is a factor by Exercise 4.3.15, while the action being p.m.p implies 7
is tracial by Exercise 4.3.16. Consequently, by the same arguement as in the previous two examples we see
that L>°(X, u) x4 T is finite and therefore either a type I, or type II; factor. Since L(T') C L (X, u) X, T
and T is infinite, we see that the crossed product is not finite dimensional. Thus L>(X, u) x, ' is a type
II; factor. |

We only considered type II; factors in the examples above, but for any type II; von Neuman algebra M
the tensor product M@B(H) for H infinite dimensional yields a type I, von Neumann algebra. In fact, all
type Il factors are of this form.

The class of type III factors can also be further decomposed into types IIIy for A € [0,1]. This classifi-
cation is achieved via some very beautiful mathematics known as Tomita—Takesaki theory. Essentially, von
Neumann algebras of this type have intrinsic dynamical systems which determine the parameter A € [0, 1].

We conclude this chapter with a summary of types for factors. Recall that factor is either finite or
properly infinite. We will also say a factor is atomic if it contains a minimal projection, and otherwise say
it is diffuse.

atomic diffuse
finite type I,, n € N type 114
properly infinite type I type Il type 111
semi-finite purely infinite

Exercises

4.3.1. Let T' be a countable discrete group. Show that all projections in L(T') are finite. [Hint: use the
trace.]

4.3.2. Let M C B(#H) be a von Neumann algebra and let p,q € P(M) satisfy p < ¢q. Show that if ¢ is
semi-finite then p is semi-finite.

4.3.3. Let m: M — N be a x-isomorphism between von Neumann algebras and let p € P(M).
(a) Show p is finite in M if and only if m(p) is finite in N.
(b) Assuming 7 is normal, show p is semi-finite in M if and only if 7(p) is semi-finite in N.
(¢) Show p is purely infinite in M if and only if 7(p) is purely infinite in N.
(d) Show p is properly infinite in M if and only if 7(p) is properly infinite in N.

4.3.4. Let m: M — N be a normal #-isomorphism between von Neumann algebras. Show that M has type
T for T € {I,1I, 11T} if and only if N has type T.
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4.3.5. Let m: M — M,,(C) be the map defined at the end of the proof of Theorem 4.3.12. Show that = is a
unital *-homomorphism.

4.3.6. Let M C B(H) be properly infinite type I factor. In this exercise, you will show that M = B(K) for
some infinite dimensional Hilbert space K.

(a) Show that M admits an infinite family {p;: ¢ € I} of pairwise orthogonal and equivalent minimal
projections satisfying
i€l

(b) Fix ip € I and let v; € M be a partial isometry satisfying v}v; = p; and v;vf = p;,. For each x € M
and 4, j € I, show that there is a scalar x; ; € C so that p;xzp; = x; ;07 v;.

(¢) Denote K¢ := span{p;: i € I'}. Show
OIL SETRESS 9 LA
k=1 =1 k=1 (=1
defines an inner product on Kg.

(d) Let K be the completion of Ky with respect to this inner product. For each 2 € M show that

n(@) = Y @iy @p; € B(K),
i,j€I

where here we are viewing p;, p; € K so that p; ® p; € FR(K).
(e) Show that m: M — B(K) is normal #-isomorphism.

4.3.7. Let H1,. .., H, be Hilbert spaces, and for each j =1,...,n and x € B(#;) define a a linear operator
mi(z) on H1 © - ©H, by

Ti(r)(61® RGO ®E) =R @) Q- ®& &1 €HL,... .60 € Hn.

(a) For j =1,...,n and & € B(H;), show that 7;(z) extends to a bounded operator on Hi ® --- ® H,,
with [[;(2)[| = [|[.

(b) Show that mj: B(H;) = B(H1 ® --- ® H,) is a unital *-homomorphism for each j =1,...,n.
(c) Show that 7;(B(#;)) and 7, (B(Hy)) commute for j # k.
(d) Let M; C B(#;) be a von Neumann algebra for each j =1,...,n. Show that
My ® - ® M, :=span{m(x1) - mp(xn): x1 € My,...,z, € M,}.

is a unital x-algebra.

(e) The tensor product of My,..., M, is the von Neumann algebra
M@ &M, = (M ® -+ M,)"
Show that if My = --- = M,, = C, then M ®--- @M, = M;.

4.3.8. Using the notation from Example 4.3.15, show that R can be viewed as an inductive limit (see
[Definition 6.1, GOALS Prerequisite Notes]).

4.3.9. Using the notation from Example 4.3.15, show that for verify that 7y is unital, positive, faithful, and
tracial.

65



4.3.10. Using the notation from Example 4.3.15, show that 7 is tracial. [Hint: first show 7(zy) = 7(yz)
for v € R and y € 7(Ro) using the SOT density of 7(Ro).]

4.3.11. Suppose I' A L>®(X, u) for a countable discrete group I’ and a probability space (X, ).
(a) For f € L*(X, ), show that 7, (f) is a bounded operator on ¢2(T') ® L?(X, u) with ||7o(f)] = || f]lc-
(b) Show that 74 : L>®(X, u) — B(£*(T') ® L*(X,p)) is a unital *-homomorphism.
(c) Show that A(g)ma(f)AN(g™") = malay(f)) for all g € T and f € L=(X, p).

4.3.12. Suppose I' A L (X, p) for a countable discrete group I' and a probability space (X, u). For
f € L=(X, p), define 6, (f) € BUA(T) @ L2(X, 1)) by

Sto,ofy | = 6,0 ff  fo€ LA(X.p),

ger gel

and define p(g) for g € T’ by

g) (Z 5h ® fh) = z:(gh_q*1 ®ag(fh) fh S LZ(X,M)

her hel
Show that ¢q(L>(X, 1)) Up(T) C (L=®(X,p) xa ).
4.3.13. Suppose I' A L (X, ) for a countable discrete group I' and a probability space (X, ).
(a) Show that . ® 1 is a cyclic vector for L™ (X, u) x4 I

(b) Show that d. ® 1 is a separating vector for L (X, u) 3, I
[Hint: use Exercise 4.3.12.]

4.3.14. Suppose I' A L (X, p) for a countable discrete group I' and a probability space (X, u). For
x € L°°(X, ) x4 I, define a linear operator x, on L?(X, 1) by

zg(f) = [2(6g-1 @ f)l(e).
Show that z, € L>°(X, u). [Hint: show that z, € L>(X, u)’ by using ¢, as in Exercise 4.3.12.]

4.3.15. Suppose I' A L (X, ) for a countable discrete group I' and a probability space (X, u).

(a) Show that L>(X, u) N L®(X,pu) xq ' = L>°(X, p) if and only if the action is free.

[Hint: using the notation from Exercise 4.3.14, compare (zf), and (fz), for x € L>(X,u)' N
L®(X, 1) xq T and f € L(X, p).]

(b) Assuming the action is free, show that L>(X, u) x4 I is a factor if and only if the action is ergodic.

4.3.16. Suppose I' A L>°(X,u) for a countable discrete group I' and a probability space (X, pu). Let
7: L®(X,p) xq I' = C be as in Example 4.3.16.

(a) Show that 7(A(g)) = dg=¢ for g € T".
(b) Show that (7o (f)) = [ [ dp for f € L=(X, ).
(¢) Assume that the action is probability measure preserving. Show that 7 is a tracial.

4.3.17. In this exercise, you will show that M, (C) can be realized via a crossed-product construction.
Consider I' := Z,,, the countable cyclic group of order n, and also set X := Z,, which we view as simply a
space and equip with the counting (probability) measure.
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(a) Show that ay(f) := f(- — g) for g € T defines an action I' A L®(X, p).
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Chapter 5

The Trace

In the previous chapters we saw that the M,,(C) group von Neumann algebras and the hyperfinite II; factor
are all examples tracial von Neumann algebras. The main purpose of this chapter is to show admitting a
trace that characterizes all finite von Neumann algebras.

The first section give some structural results for the projections on finite von Neumann algebras with an
emphasis on the construction of the dyadic projections and the range of the trace on II; factors. The next
section examines the outcome of the GNS contruction when applied to a trace on a factor, which is called
the standard representation. There are many like it, but this one is ours. We also introduce ultrapower
and ultraproduct constructions to help us define technical invariants for von Neumann algebras, namely the
McDuff Property and Property I'.

We leave the details of the construction of a center-valued trace to the very end of the chapter for those
who want to punish themselves.

5.1 Tracial von Neumann Algebras

Lemma 5.1.1. Let M C B(H) be a finite von Neumann algebra and p € P(M) non-zero. If {p; }icr C P(M)
is a family of pairwise orthogonal projections satisfying p; ~ p for all i € I, then |I| < co.

Proof. If I is infinite, then there exists a proper subset J C I with |J| = |I|. But then
Dpi~ D P <) i
iel jeJ il
contradicting M being finite. O

Lemma 5.1.2. Let M C B(H) be a type 11y von Neumann algebra. Then there exists a projection p o €
P(M) so that p1 /5 ~ 1—=p1/2. Moreover, there exists a family of projections {p, }, indexed by dyadic rationals
r € [0,1] such that:

(i) pr < ps if r < s;

(1) ps — pr ~ psr — prr whenever 0 <r < s<1and0<7v' <3 <1 satisfys—r=s"—1';

(iii) z(py) =1 for every r.

Proof. Let {p;,qi}icsr be a maximal family of pairwise orthogonal projections such that p; ~ ¢; for all
i € I. Define py/p := >, p; and ¢ = >, q;. Then py/5 ~ ¢, and we further claim ¢ = 1 — p; /5. If not,
then 1 — (p1/2 +¢q) # 0. Since M is type II, 1 — (p1/2 + ¢) is not abelian and consequently there exists
po € P([1 = (p1/2 +q)]M[1 — (p1/2 + q)]) which is strictly less than its central support (in this corner), which
we will denote by z. Therefore, if gg = z — pg, then py and gy are not centrally orthogonal, and consequently
by Proposition 4.1.9 they have equivalent subprojections. However, this contradicts the maximality of

{pi, @i }ier- Thus ¢ =1 —py /5.
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Now, we construct the family of projections indexed by dyadic radicals r € [0, 1] inductively. We let p; /2
be as above, and set p; := 1 and pg := 0. Let v € M be such that v*v = p; /o and vv* =1 —p, /5. Note that
pl/gMpl/g is type I by Remark 4.3.9. Moreover, it is type II; since p; /3 is a finite projection: if ¢ ~ P12 With
q < p12 then ¢+(1—py/2) ~ p1j2+(1—p1/2) = 1 by Lemma 4.1.10, but ¢+ (1-p1/2) < p1/o+(1—p1j2) =1
contradicts 1 being finite. Thus p;,2Mp; /o is type II; and so the above argument yields p; /4 < p1/2 such
that py/4 ~ p1j2 — p1/a. Set p3jq = p1j2 + vp1jav*. It is easily observed that po < pi/s < pi1/2 <p3/a <p1
and py /4 ~ P(k+1)/4 — Pr/a for each k= 0,1,2,3. Induction then yields a family satisfying (i) and (ii).

To see (iii), fix a dyadic rational 7 and set z := 1 — z(p,). Let n € N be large enough so that s := 5t < r.
Then by (i) we have zp, < zp, = 0. Using (ii), we have zps ~ z(prs — pk—1)s) for every k =1,...,2", and
so it must be that z(prs — p(r—1)s) = 0. We then have

z = ZZ(Pks —Pk-1)s) =0,
k=1

so that z(p,) = 1 as claimed. O

Lemma 5.1.3. Let M C B(H) be a type I} von Neumann algebra, and let {p,}, C P(M) be the family of
projections indexed by dyadic rationals r € [0,1] as in the previous lemma. If p € P(M) is non-zero, then
there exists z € P(Z(M)) and a dyadic rational v € (0,1] so that prz < pz and p,z,pz # 0.

Proof. By considering the compression Mz(p), we may assume z(p) = 1. By the Comparison Theorem, for
each dyadic rational r € (0,1] there exists a central projection z. such that p,z. < pz, and p(1 — z,.) =<
pr(1 — z.). Suppose, towards a contradiction, pz, = 0 for every r. Since z(p) = 1, it must be that z, =0
and so p < p,. for all r. In particular, we have for each k € N

D 2 Pa-(kt1) ~ Po—k — Po—(k+1)-

For each k € N, let ¢ < py-r — Py-k+1) be such that p ~ ¢;. But then {g;}ren is an infinite family or
pairwise orthogonal projections that contradicts Lemma 5.1.1. Thus there must be some r such that pz,. # 0.
Consequently, z,. # 0 and so p,z,. # 0 since z(p,) = 1. O

For the sake of argument, let us assume that M is a tracial von Neumann algebra with trace 7 : M — C.
By the previous lemma 1 = 222:1 Pkj2n — Pk—1/2n and pyjan —Pp_1/2n ~ P1/2n. Since the trace on equivalent
projections gives the same result, we see that 1 = 2"7(p; /o). One can generalize this observation to justify
the claim that 7(p,) = r for all dyadic rationals r. Thus, the existence of the dyadic projections in II; von
Neumann algebra hints at the range of the trace on the projections.

Definition 5.1.4. Let M be a von Neumann algebra. A map linear ¢ : M — Z(M) that satisfies
® ®|z(nr) is the identity on Z(M)
o ¢(zx) = z¢(x) for all z € Z(M) and x € M
o ¢p(xz*x) >0 forall z € M,
o O(zy) = d(yx) for all z,y € M.
is called a center valued trace

We did not specify that a center-valued trace must be faithful and we shall see that faithfulness follows
from the condition that it must be the identity on Z(M) when M is finite.

We say that a projection p € M is monic if there exists a finite set of orthogonal projections {p1,...,pn}
in M so that p; ~ p and > p; € Z(M). Examples of monic projections include the projections P12+ Ina
type I1; von Neumann algebra and the minimal projections in M, (C). Notice that if p is a monic projection,
then for any z € P(Z(M)), pz is also monic.

Thus, the previous theorem implies that in a type II; von Neumann algebra, every non-zero projection

E

has a monic subprojection, namely p;/o»2 where n is such that r = 7%.
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Proposition 5.1.5. Let M be finite. Then every projection is the sum of monic projections.

Proof. If p = 0, then it’s automatically monic, so assume p # 0. Since M is finite, then by *** M = M@ My, ,
and thus every projection in M decomposes into an orthogonal sum of a projection in a type I and one in a
type II; von Neumann algebra.

Now, any non-zero projection in M has a monic subprojection. To see this, first assume that M is type I
and let p € M. Letting pg < p be an non-zero abelian subprojection will suffice. If we assume that M is type
II; and p € M, then Lemma 5.1.3, we see that there exists some diadic projection p, and a non-zero central
projection z so that p,z < pz. Writing r = %, we see that pj/gn 2z is monic and that p;/onz < pr2 < 2p <p.

Let {pi}icr be a maximal family of pairwise orthogonal non-zero monic subprojections of p. Then
> icrPi = p; if not then p — > ., p; > 0 has a non-zero monic subprojection, contradicting maximality.
Thus, every projection in a finite von Neumann algebra can be written as a sum of monic ones. O

We now have the following corollary.

Corollary 5.1.6. Let M be a finite von Neumann algebra. Then a center-valued trace on M is faithful; that
isif o : M — Z(M) exists and ¢p(z*x) =0, then z = 0.

Proof. Let ¢ : M — Z(M) center-valued trace. First, let p € P(M) be non-zero and monic. Then there
exists p1 ..., p, so that p; ~p and z = > | p; € Z(M) is non-zero and positive. Applying ¢, we see that
z = n¢(p) which implies that ¢(p) is non-zero. Moreover by construction ¢(p) > 0. Thus, ¢ is faithful when
restricted to monic projections. By the previous result, we can conclude that ¢ is faithful on all projections.
Now since projections are norm dense in M, it now follows that if y is a positive non-zero element of M then
approximating y from below gives 7(y) > 0. O

Definition 5.1.7. Let M be a von Neumann algebra. If 7 : M — C is if there exists a normal, faithful state
which also satisfies the trace condition, 7(xy) = 7(yx), the 7 is called a trace on M. We say M is tracial
if M admits a trace.

Assuming that a trace exists, we know that M is automatically finite. The converse, however, is much
more (see definition 5.4.1). We shall see shortly that every finite von Neumann algebra admits a unique
center-valued trace. The upshot is that once you know the center valued state ¢ : M — Z(M) exists, we
identify m: Z(M) — L*(X, u) (assuming that M has a cyclic vector) and pick any f € L' so that ¢ > 0 u
a.e. with ||g|ly = 1. Then

T(z) = /X b(n(2))g dp

defines a trace on M.

In Section 5.4, we approach the existence of a center-valued trace by applying the Ryll-Nardjewski
Theorem and Banach space techniques to (non-constructively) prove the existence of a center-valued trace
on finite von Neumann algebras. Thus, it will then follow that all finite von Neumann algebras admit a
trace. Unfortunately, this path is highly technical and why we are instead choosing to accept that finite von
Neuamm algebras have these maps.

Theorem 5.1.8. A von Neumann algebra M is finite if and only if M has a trace M is a finite factor if
and only if M admits a unique trace T : M — C.

Theorem 5.1.9. Let M be a finite factor equipped with its unique trace T.
o If M is of type I, then M is of type I, with n finite and 7(P(M)) = {0, %, o1}
o If M is of type II;, then 7(P(M)) = [0,1].

Proof. Let M be a type finte I factor. Then M = M, (C). Since the normalized trace is the unique state
sending the identity to 1, we see that 7(P(M)) = {0, %,...,1}.

When M is type 11, let 7 be the trace on M and {p,} be the collection of dyadic projections (see 5.1.2).
It is an exercise to show that 7(p,.) = r for all r dyadic rationals. Since all projections have the property that
0 < p <1 and 7 is faithful, then 7(p) € [0,1] for all p € P(M). Let s € [0,1] and pick r,, dyadic rationals
so that r, < r,41 and limr, = s. Then p = \/p,, € P(M) and by the normality of the trace, we get that

7(p) = lim7(p,,) = limr, = s. |
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One interpretation of the values of the trace on projections of a finite type I,, is that it tells us the size
of the space onto which p projects relative to the ambient space. The trace on a II; factor is similar, except
now, the relative size of a projection can be associated to a number in the continuum [0, 1].

I like to remind myself that every projection in M, (C) can be unitarily conjugated to a diagonal projection
with the only non-zero entries being 1 somewhere along the diagonal. Here, we can view the trace as
something akin to the normalized counting measure on a set of n points.

The picture that I have for II; factors is similar, except first I start with a “matrix” indexed by the
interval [0, 1] and mentally identity the diagonal with the interval [0, 1]. We might imagine an projection of
trace ¢ in a II; factor with “1’s along the interval [0,¢]. This allows to view the trace as a non-commutative
analog of the Lebesgue measure on a [0, 1].

The fact that 7 is normal implies that for a countable collection of orthogonal projections, (> p;) =
> 7(pi). Since projections are the analogs of characteristic functions and the trace is similar to a measure,
we interpret this as a kind of countable additivity.

If M C B(H) is a II; factor with trace 7, then for any non-zero projection p we have that pMp C B(pH)
is also a type II; factor with trace given by 7(pzp)/7(p); here, we view pMp C B(pH) and p is the identity
of pMp. Now suppose that ¢ is another projection such that 7(¢q) = 7(p). Since M is a factor, we have that
p~qgand 1—p ~ 1—gq and thus, there is a unitary u € M so that u*pMpu = ¢M q and thus the isomorphism
class of pMp depends only on ¢ = 7(p) and not the choice of projection. Then for any 0 < ¢t < 1, we define
define M* := pMp where p is any trace t projection.

It’s also possible to extend the definition of M? for any ¢ > 1 by first choosing n € N with n > ¢, and
considering M,,(M). M,(C) is again a II; factor with trace 7, ([z;;]) = > i, 7(2;:). Choosing a projection
p € M,,(M) with trace 7,,(p) = t/n, M* = pM,,(M)p. We can check that up to isomorphism, M* does not
depend on our p or n and thus is well defined.

Theorem 5.1.10. Let M be a II, factor equipped with its trace T : M — C. Then for all t,s > 0, M is
again o I factor, and (M*')® = Mt

Proof. First note that for alln € N, N = M,,(M) is II; factor. By Theorem **** pNp'N(pNp) = pZ(N) =
pC which implies that M is a factor. Since N is type IIj, p is a finite projection and thus pNp is finite.
Since M does not contain any minimal or abelian projections, then neither does p/Np since subprojections
of p in pNp are elements of N. Thus, pNp is a I1I; factor.

Furthernore, given ¢ > 0 and n € N so that t/n < 1, and p € P(M,(N)) with 7, ® 7(p) = t, we see that

1. 7®@7y : M(N) —» C

1 n
ron =13
i=1

for all [z;;] € M,(N), and

2. 7, ® Tp(x) : pMyp(N) given by
T® Tp(x)
TP®Tn(‘T) = TR (p)

for all x € pM,(N)p

each define a trace on their respective von Neumann algebras.
Given s,t > 0, let n,m € N be such that s/n and ¢/m are less than 1. Choose projection p € M, (M)
and g € M,,,(M?") so that

1. M*® =pM,(M)p and 7 ® 7,(p) = ¢, and
2. (M*)' = qM,,(M?)q and 7, ® 7,(p) = s.

View p,q € My, (M) identifying p with p ® I,,, and ¢ with ¢ ® I,,. Note that under this identification, we

have 7 0 T, (p) = Tam(p) = s.
O
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Definition 5.1.11. Let M be a type II; factor. The fundamental group of M is the subgroup of R
F(M):={t € (0,00): M" = M}.

The terminology here is unfortunate since this has concept no relation to the better-know fundamental
group from topology. Mentioning the fundamental group of a II; factor in a talk or in casual conversation
will almost surely result in someone asking if this has any connection to topology. My advice, just say “no”
and then change the subject.

It is in fact a multiplicative subgroup of R, which can be checked by verifying that for any s,t > 0 we
have (M*')* = M*t.

When M is a tracial factor, there is another norm that one frequently encounters called the 2-norm.
Letting 7 be the unique trace on M, via the formula

[zll2 = v/7(z*z).

Since 7 is faithful, we see that M this formula indeed defines a norm on M. The trace also induces a Hilbert
space structure on M via the formlula (x,y) = 7(y*z). Unfortunately, M is not complete with respect to
this norm but it’s completion is of interest. We delay that discussion for now. Instead, let’s compare the
2-norm and the operator norm of a finite von Neumann algebra.

Theorem 5.1.12. Let M be a tracial von Neumann algebra with trace 7. Then for any x,y € M we have
that

lzyllz < llz[[[yll2-

In particular, ||z|2 < |||

Proof. We first prove that for any self-adjoint w € M, w < |Jw||l, were 1 € M is the identity element.
Define f(t) = ||w|| — ¢t on [—||w], ||w]|]]. Then by the continuous functional calculus, we have that o(f(a)) C
f(o(a)) € [0,00) and thus ||w|| —w > 0. In particular z*z < ||z

Now let us compute:

leyll3 = 7(y"a"zy) < 7(llz*y"y) = 2P (y%y) = l2]?[yll3.

Exercises
5.1.1. Let R be the hyperfinite II; factor.

(a) Show for every dyadic rational r € [0, 1], there exists a projection p, € R with 7(¢,) = r. Hint: think
about the construction of R as an inductive limit.

(b) Now if t € [0, 1], show that there exists a projection p; € R with 7(p;) = ¢. Hint: if ¢ € [0,1], there
exists an increasing sequence (r,) of dyadic rationals such r, — t.

5.1.2. Show that a von Neumann algebra M is finite if and only if for every =,y € M such that zy = 1 we
have yx = 1, i.e. if X is right invertible, it is invertible.

5.1.3. Let M be a type Il factor and p a finite projection in M. Show that there exists an infinite family
of orthogonal projections {pi;c;} with p; ~pand > ,.;p; = 1. If 7: pMp — C is the trace on pMp and
v; € M with v}v; = p,v;v] = p;, show that

Fa) =Y 7(vav;)

iel
defines a normal tracial map. This is called a semi-finite trace on M.
5.1.4. Let M be a factor and d : P(M) — [0, o0] be a function such that

(i) d(p+ q) = d(p) + d(q) whenever pq = 0.
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(ii) d(p) = d(q) whenever p ~ q.
(iii) d(p) = 0 implies that p = 0.
Then any such d is called a dimension function.
(a) Show that M is finite if and only if there exists a dimension function d with d(1) = 1.
(b) When M is finite, show that d = 7|p(as) where 7 is the trace on M.
(¢) If M is type 1, show that any such function which is not identically 0 must take every value in [0, co].
(d) If M is type III, show that d(p) € {0,000}
5.1.5. Let M be a type II; factor.
(a) Show that (M?)® = M?ts.

(b) Conclude that the (poorly named IMO) fundamental group F(M) is in fact a subgroups of R..

5.2 The Standard Representation

Let M be finite factor with unique faithful normal tracial state 7: M — C. We denote by L?(M) the GNS
Hilbert space associated to 7; that is,
(,y)y == T(y" ) z,ye M

defines an inner product on M and we take L?(M) to be its completion. For x € M, we will sometimes add
the decoration 2 when we want to emphasize that we are thinking of z as a vector in L?(M). We also obtain
a faithful normal representation 7, : M — B(L?(M)) which is defined by =, (z)§ = 2y for 2,y € M. Let us
identify M = 7, (M) so that we view M as a von Neumann algebra in B(L?(M)), and for z,y € M we have

Ty = TY.

Definition 5.2.1. For a finite factor M with unique trace 7, the representation M C B(L?(M)) is called
the standard representation of M.

Note that z1 = & implies 1 is a cyclic vector for M, and
=13 = (2, 2), = 7(2"2)

implies 1 is separating for M since 7 is faithful.
Now, for z € M define Jz := x*. We note that

1J2(3 = [l2*]3 = 7(x2*) = 7(z"2) = ||2]3.
Thus J extends to a conjugate linear isometry on L?(M).

Definition 5.2.2. For a finite factor M, the conjugate linear isometry .J on L?(M) is called the canonical
conjugation operator.

Note that since J is conjugate linear, we have (J¢, Jn), = (n,§), for &,n € L*(M). You should also
convince yourself that (JxJ)* = Jx*J for x € B(L*(M)) (Exercise 5.2.1). Also observe that for z,y,z € M
we have

o(JyJ): = aJyz* = aJyz* = xzy* = T2y
= Jyzrzr = Jyzra* = JyJzz = (JyJ)az.
Thus z(JyJ) = (JyJ)x since M is dense in L2(M). This implies JMJ C M’ N B(L2(M)). We will show the

reverse inclusion holds, but we first need to develop a few concepts. The following definition should remind
you of left and right convolvers in L(I") for a discrete group I' (see Definition 1.3.4).
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Definition 5.2.3. For £ € L?(M) define (potentially unbounded) linear operators A(£): M — L2 (M) and
p(€): M — L*(M) by

A&z == (Jx* ) reM
p(€)5 = zE.

We will call £ € L?(M) a left bounded (resp. right bounded) vector if A(§) (resp. p(€)) extends to a
bounded operator on L?(M), and in this case we also denote this extension by A(€) (resp. p(€)). We denote
by LB(M) (resp. RB(M)) the collection of A\(&) (resp. p(§)) for left-bounded (resp. right-bounded) vectors
¢ e L3(M).

We make a few observations about left and right bounded vectors. For A\(€) € LB(M) and = € M
INE) Tz = INE)x = J(JxJ)E = xJE = p(JE)i.
This shows that p(J¢) € RB(M) and JA(E)J = p(JE). Similarly, we have Jp(¢)J = A(J€) and hence
J(LB(M))J = RB(M). Additionally, for p(¢) € RB(M) and z,y € M
(p(IE). ), = (@€, 3); = (& 2" 0y = (Jo75.€) = (572,€) = (@.4€)y = (@, p()0)2 = (p(€)"2.3),
Thus p(€)* = p(JE), and using our previous identities we see that
NJE) = Tp(€)] = Tp(JE)"T = (Jp(JE)I)" = NE)",
s0 ME)* = A(JE). Lastly, we observe that for A(€) € LB(M), p(n) € RB(M), and z,y € M
AP, 5)y = (en AT, = (an, Ty T(JE); = (JyJan, JE)y = (w.Jyn, JE),
= (& JadyJn), = (Ja" I, yJn)y = (A&, p(In)G)y = (p(MAE)E; §), -

Thus A(§)p(n) = p(nA(E), and so LB(M) C RB(M)’. We collect these observations in the following
proposition.

Proposition 5.2.4. Let M be a finite factor. For A\(§) € LB(M) and p(n) € RB(M) we have
A" = A(JE) = Jp(&)J
p(n)™ = p(Jn) = JA()J.

Consequently, & € L*(M) is left bounded if and only if is right bounded. Moreover, J(LB(M)J = RB(M)
and LB(M) C RB(M)'.

Just as left and right bounded vectors should remind of left and right convolvers, the proof of the following
theorem should remind you of how we showed R(I') = L(I")" (see Theorem 1.3.7).

Theorem 5.2.5. Let M be a finite factor with trace 7. Under the standard representation M C B(L?(M)),
we have M' = JMJ where J is the canonical conjugation operator on L?(M).

Proof. For x,y € M we have

N@)g = (Jy" )i = Jy'e" = Jy'a® =y = i,
so that A(£) = . Hence M C LB(M). Also, for z € M’ and y € M we have

p(al)) = yrl = ayl = 29,
so that p(x1) = . Hence M’ € RB(M). Thus
M c LB(M) c RB(M)' c (M) = M,
where the second inclusion follows from Proposition 5.2.4. Thus M = LB(M) = RB(M)’. Similarly,
M' c RB(M)C LB(M) c M,

and so M’ = RB(M) = LB(M)'. Thus M’ = RB(M) = J(LB(M))J = JMJ. O

74



One consequence of the above theorem is that M’ N B(L?(M)) is also a finite factor. Indeed, 7/(Jz*J) :=
7(z) for x € M defines a trace on M’. However, this need not be true for an arbitrary representation
M C B(H) of a finite factor.

We change topics slightly here and derive another important concept from the standard representation.

Definition 5.2.6. Let M C B(#) be a von Neumann algebra and 1), € N C M a von Neumann subalgebra.
A conditional expectation from M to N is a linear map E: M — N satisfying

(i) E(a) =a for all a € N;
(ii) E(azb) = aE(z)b for all a,b € N and x € M;
(iii) E(x) > 0 whenever z > 0.
Observe for € M that one has

0<E((z—E(@) (x—E))=FE(@c—2"E(x) — E(z)"x + E(z)"E(z))

So E(x*)E(x) < E(x*z). Since E preserves positive elements, decomposing z as a linear combination of
four positive elements yields E(x*) = E(x)*. Thus we have E(z)*E(z) < E(x*x) < E(||z]|*1a) = ||z|*1 21,
which implies ||E(x)| < ||z||. That is, E is automatically a contraction.

In general, a conditional expectation from M to a subalgebra N need not exist. However, when M is a
finite factor the situation is quite nice:

Theorem 5.2.7. Let M be a finite factor with trace 7. If 1y € N C M is a von Neumann subalgebra, then
there exists a unique conditional expectation En: M — N satisfying T o Ey = 7. Moreover, Ex is normal
and faithful.

Proof. 1dentify M C B(L*(M)), and let ey € B(L2(M)) be the projection onto the closure of N, which we
denote by L?(N). (Note this really is the standard representation of N since 7|y is a faithful normal tracial
state.) Since N is closed under taking adjoints it follows that Jey = enJ, and since L?(N) is invariant for
N it follows that yeny = eny for all y € N. Consequently, for x € M and y € N we have

Men@)g = Jy*Jeni = enJy*Ji = eyzy € L*(N).

Thus we can view A(exZ) as a densely defined operator on L?(N). We will show exZ is left bounded (as a
vector in L2(N)), and hence En(z) := A(ex2) € LB(N) = N, by the proof of Theorem 5.2.5.
We first assume x > 0. For a € N we compute

(Meni)a, a), = (Ja*Jend,a)y = (eni, JaJa), = <6N£,a/a\*>2
= T /\* = T /\* = * = * < * = al12
<x,eNaa >2 <x,aa >2 T(aa*z) = 7(a*za) < ||z||T(a"a) = ||z||||a||3,

where we have used aa* € N. Using this estimate and the polarization identity, for a,b € N we have

‘<A(6N5;)a,z}> ‘<A(em)(a + i), (@ + ik5)>2’

2 ’

IN
N
>
IO Mux
[

IN
=

lllla +ablI3 < 2fl(I(ali3 + bl13)-

k=1

Thus if @ is a unit vector and we set b := (| Men2)al2) " A(end)a, then the above gives
[A(enE)alla < 4.

Thus en is left bounded. For general x € M, we write z = Re (x) + iIm (z) and then use the functional
calculus to write x as a linear combination of four positive operators: = = x; — o + ix3 — ix4. Then
eNt = enT1 — enio +ienTs — ienTy is left bounded.
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We can therefore define En: M — N by En(z) := AMen2). Let us verify that it is indeed a conditional
expectation. For a € N, one has
En(a) = Mena) = Aa) = a.

For a,b € N and x € M, one has
En(axb) = Meyaxb) = Maen Jb*J2) = MaJb*Jenz) = aX(eni)b = aEy(z)b,

where we have used Exercise 5.2.4 in the second-to-last equality. Finally, for x € M, and a € N, our
computations above gave
(En(z)a,a), = (Ment)a,a), = 7(a*za) > 0.

Therefore En(z) is a positive operator on L?(N) by the density of N. Hence Ey is a conditional expectation.
Next, we observe

7o By(a) = 7(En(@) = (Bx(@),1)_ = (end, 1), = (a.1), = 7(2),

so that 7 o Ey = 7. To see that Ey is unique, suppose E: M — N is another conditional expectation
satisfying 7 o F = 7. Then for a € N we have

<E/N-(;),d>2 = (en&,a), =T(a"z) =To E(a*z) = 7(a"E(z)) = <E/(\:L'),a>2.

Thus En(z)l = m) = E/(\;U) = E(x)l. Since 1 is separating for N, it follows that Fy(z) = E(z)
and hence Fy is unique. Note that 7 o Ey = 7 also implies Ey is faithful since Ey(z*z) = 0 yields
7(z*z) = T1(En(z*x)) = 7(0) = 0, and we can therefore appeal to the faithfulness of 7.

It remains to check that F is normal. By Exercise 3.4.2, it suffices to show Ey is normal when restricted
to the unit ball (M), of M. Recalling from the discussion preceding the statement of the theorem, we know
En((M)1)) C (N)1 and hence normality of Ex|(s), is equivalent to being WOT to WOT continuous by
Exercise 3.2.4. Let (z;);er C (M)1 be a net converging to € (M); in the WOT. For a,b € M we have

<EN(a:i)a,b>2 = <Ja Jein,b> = <xi1,eNJa Jb>2 — <x1,eNJa Jb>2 = <EN(33)a,b>2.
Since the net is uniformly bounded and M is dense in L2(M), it follows that (Ex(:)€, 1)y — (En(2)&n),
for all £,n € L?(M). Hence Ey is normal. O

Note Ey(z) is the unique a € N satisfying @ = eyZ. Moreover, Ex(z) is the unique a € N satisfying
<i‘, 8>2 = <&, (;>2 Vb e N.

Indeed,
(Z,b)2 = (&, enb)a = (end, b)2 = (En(z), D)2,

— . o — —

implies that (& — Exn(2),b)2 = 0 for all b € N. Choosing b = a — En(z) shows that @ = Ey(z) and so
a = En(x) since 1 is separating for M.

Exercises

5.2.1. For z € B(L*(M)), show that (JzJ)* = Jz*J.

5.2.2. For n € N, show that L?(M,(C)) = M, (C) with inner product

n

1
(4,B); = > AiBi;.

5.2.3. For a discrete i.c.c. group I, let M := L(T").

76



(a) Show that L?(M) = ¢*(T).
(b) Show that LB(M) = LC(T") and RB(M) = RC(T").
5.2.4. Let £ € L2(M) be a left bounded vector. Show that \(zJy*J¢) = xA(€)y for all x,y € M.

5.2.5. Let M be a finite factor with trace 7. For N := C C M, show that the conditional expectation
En: M — N is given by En(x) = 7(z)1.

5.2.6. For n € N, let D C M,(C) be the subalgebra of diagonal matrices. Show that the conditional
expectation Ep: M,(C) — D is given by

a1 Qi a1 0

Gn,1  **° QAnn 0 Ap.n

5.2.7. Let I" be a discrete i.c.c. group. Let A < IT" be a subgroup, and view L(I") as a von Neumann subalgebra
of L(I'). Show that the conditional expectation Ery): L(I') — L(A) satisfies Epr5)(A(g)) = 1a(g)A(g).

5.3 The Tracial Ultraproduct and Ultrapowers

For this portion, we fix a family of von Neumann algebras (M, )nen such that every M,, is finite with trace
Tn. We fix an ultrafilter w € G(N), where S(N). We let

(N, (Ey)) = {(xn) € H M, : :gg lzn || < OO} )

n=1

denote the x-algebra of bounded sequences. We define the trace ideal to be

7= {(zn) € (°(N, (M) : lim 7 (a5 zn) = o}

n—w

Lemma 5.3.1. Z as defined above is an operator closed 2-sided ideal of

(*(N, (M)

Proof. Letting (x,) € Z, notice that for any a,,b, € M, we have that

lanTnbnll2 < llanlllbnlll|Zn |2,

and hence

lim 7, (b, ¥nay,anznby) < lim (”anHanH”xn||2)2 =0
n—sw n—sw

O

Definition 5.3.2. Consider a family of finite von Neumann algebras (M, ),en such that every M, is finite
with fixed trace 7, and fix an ultrafilter w € B(N) where §(N) is the Stone-Cech compactification of N. The
algebra ¢ (N, (M,,))/Z, called the ultraproduct of the family (My). ||(zx)| = lim,— ||| is a norm on the
ultraproduct. When M,, = M is a fixed finite von Neumann algebra, then this is called the ultrapower of
M, and is denoted by M“.

There is a natural embedding of M C M“ which is defined by mapping x to the equivalence class of the
constant sequence (x) € M¥.

Observe that since every element of £*°(N, (M,,))/Z with lim,,_,,, ||z,]| = 0 is contained in the trace ideal
Z, and thus the ||(2,)|| = limp, . [|25]]-
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Theorem 5.3.3. The ultrapoduct of a family of finite von Neumann algebras is again a finite von Neumann
algebra with trace 1, := lim,_,, 7,,. Additionally, the ultraproduct is a factor whenever each of the M, ’s are
factors.

Notice that the definition above is in some sense uninteresting when w is a principle ultrafilter. Hence,
we often make the standing assumption that an utlrafilter is non-principle.

Definition 5.3.4. Let M be a tracial von Neumann algebra. M has Property Gamma if and only if
M'NM* # C where w is a non-principle ultrafilter on N. M has the McDuff property if and only if M'NM%
is non-abelian.

The advantage of working with an ultrapower von Neumann algebar is that it converts asymptotic
behavior within a von Neumann algebra into something exact. To say the same thing more concretely, the
key property of ulttrapowers is countable saturation, which essentially enables us to pass from approximately
satisfying a certain property to exactly satisfying that property. On the flip side, if an ultrapower of a von
Neumann MY algebra satisfies a certain property, then there should be some kind of sequential version of
that same statement for M.

This is not the definition of Property I' or the McDuff property that one usually encounters. However,
the ultrapower version of these concepts simplifies things quite a bit. For example, here are the version of
Property I and the McDuff property that is frequently found in the literature.

Definition 5.3.5. Let M be a tracial von Neumann algebra. M is said to have property I' if there exist
a sequence of unitaries (uy)nen with 7(u,) = 0 and

lim ||uz, — 2u,||2 =0

n—oo
for every @ € M. This sequence (u, )nen is said to be an asymptotically central sequence of M. M is McDuff
(or has the McDuff property) if M = M @ R.

R, the hyperfinite II; factor, has both Property I' and the McDuff property, an hence any McDuff von
Neumann algebra has property I', though my proof does depend on the model I create for R R is isomorphic
to infinite tensor product of Ms5(C). Other examples McDuff von Neumann algebras include infinite tensor
products of II; factors. Murray and von Neumann were able to show that L(Fs) does not have Property T’
and hence L(IF3) 2 R. The issue here is that we have not talked about tensor products of von Neumann
algebras,

We now have the terminology to state the infamous Connes Embedding Problem (sometimes called the
Connes Embedding Conjecture). Does every II; factor M admit an embedding into R* wehere R“ is some
ultrapower of R? There are a myriad of equivalences that one can formulate here. In the language of free
probability theory, the existence of an embedding of M into R* is equivalent to M admitting micorstates. In
C* algebras, this question about embeddings of every possible II; factor is logically equivalent verifying that
the tensor square of C*(F,,) admits exactly one C* norm. The language of operator spaces and quantum
information theory allow for equivalent rephrasings of the Connes Embbedding Problem that, while notable,
will not be discussed here. Talk to Roy...

Property Gamma is an invariant of the algebra and allowed Murray and von Neumann to show that there
are at least 2 type II; factors. Here, we show that while the group of finitely supported permutations of
N, S, has Gamma, produces a von Neumann algebra L(S.) with Gamma while L(Fs) does not. We will
proceed by getting our hands dirty by looking at sequences of unitaries in the von Neumann algebras.

Embed S,, C S,, my mapping g € S, a permutation of the set {1,...,n} into {1,...,n,n + 1} by
considering it as a permutation that leave n + 1 fixed. We now have trace-preserving, unital, embeddings of
the von Neumann algebras

L(85) C L(S5) C -+ C L(Sa0)-

Notice that |J,,cn L(Sn) is a weak-operator topology dense subset of L(S.). Let gi be the transposition
that swaps 2k and 2k + 1. Notice that if n < k then grg = ggi for every g € S,, precisely because these
group elements permute disjoint subsets of N. Let ux = Ay, (left-regular representation). If = € L(S,,) then
we may write z =37 g cgAg. So now, we have that whenever k > n

UpT = Uk Z Cghg = Z CqUrAg = Z CoAgrg = Z CoAggr = Z CgAgAg, = TU

gESn gESn gESn gESn gESh
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Thus, we have that [|zug —upz|| — 0 for every = € |J,,cjy L(Sn). Since the trace is WOT continuous and the
aformentioned algebra is WOT dense in L(S+,) this holds for every x € L(Sy ) show that this von Neumann
algebra has property Gamma.

Moving to a new algebra L(F;), we first study the representation 7 : Fy — U(¢?(T")) given by mapping
€ € (2(Fy) to my(€)(z) = €(g~'xg). This is given by applying the left and right regular representation at the
same time. Notice that this leaves C'§, fixed, so instead we will consider the restriction to

7 Fy — U (Fy \ {e})).

For notation’s sake, I'm gonna write H = (2(Fs \ {e}) = (?(F2) © Cd, and Fo = (a,b). Let’s decompose
Fy \ {e} into S, and Sp, the words beginning with a power of a and b, respectively. This decomposes
H = 1%(S,) @ £?(Sp), and we'll call each summmand into H, and Hy. a,a® € S, and b € S}, by definition.
Moreover, 7, (Hy) C Hy, 72 (Hy) C Hy, mo(Hy) L ma2(Hyp), and m,(H,) € H,. More notation: Py is the
orthogonal projection onto a closed subspace H C H.

1Pr, (7a ()3 + 1| P, (a2 (D3 = [l P (1) (O3 + | Pr o (1) (O3 < 1P ()13

and

[pr, (o ()2 = [|Pr, (1) (O] < 1| Pr, ()]
Thus, if £, is any bounded sequence which is almost invariant (||7,(&,) —&|l2 — 0 for every g € T'), we would
have that v/2limsup || P, (£,)| < limsup || Py, (£,)|] and limsup || Py, (€,)]| < limsup ||Pg, (¢,)]|. and thus
[l€xll2 — 0, a contradiction. Hence, we cannot have almost invariant vectors, and instead this representation
has spectral gap. That is, there exists a constant k£ > 0 and g1, ..., gx € Fy so that for every £ € ‘H we have

j
1113 < kD llmg. (6) = €115
=1

Let’s use these group elements to show that L(F3) does not have property Gamma. For any = € L(Fz) we
have that (z — 7(x))d. € H. We define v; = Ay, so show that

k k
lz =7 (@)1)3 < kY llvfav; —vil3 =k Y lvv; — vzl
i=1 i=1

In particular, any trace zero unitary must have that

k
lull3 < kY i = viul|3
i=1

preventing us from forming a sequence of unitaries which asymptotically commute with v;’s, showing that
L(F3) does not have Gamma.
So at this point, we have shown that L(Ss) # L(F2) but not much else...

5.4 Center-Valued traces

Fixing for a moment a finite dimensional factor, M, (C), there is a distinguished state 7,, : M,,(C) — C which
we call the trace and it is characterized by the so-called tracial property which means that 7(zy) = 7(yx),
c.f. Exercise 1.3.2. Now, suppose that M = M, (C) & M,,(C) is a direct sum of 2 finite dimensional factors.
M admits multiple traces, for example 7 = % (Tny ® Tny) and 7/ = iTnl &) %Tng. We will soon see that the
existence and uniquness of a trace finite factors. Even when M is not a factorm, there is however a surrogate
for the trace, a unique map ¢ : M — Z(M) that reduces to the trace when M is a factor. Moreover, the

existence of such a map completely characterizes finite von Neumann algebras.

Definition 5.4.1. Let M be a von Neumann algebra and Z(M) its center. A map ¢ : M — Z(M) is a
center-valued state if
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(i) ¢ is linear and bounded,
(ii) and ¢(zm) = z¢(m) for any z € Z(M),
If in addition we have that
(iii) ¢(zy) = ¢(yx) for every z,y € M,
then ¢ is called a center-valued trace.

Lemma 5.4.2. Let M be a von Neumann algebra and ¢ : M — C be any linear functional. The following
are equivalent:

(i) ¢(xy) = dp(yx) for all x,y € M.
(ii) ¢(x) = ¢p(u*zu) for all x € M and all unitaries u € M.

A linear functional as in Lemma 5.4.2 is called a tracial linear functional. A warning: some authors use
the word central to describe linear functions which satisfy this property.

Proof. This is left as Exercise 5.4.2. O

We now discuss the structure theory of states, in particular the polar decomposition. If ¢ : M — C is
a normal positive linear functional, then {z € M: ¢(z*x) = 0} is a left ideal which is closed in the WOT,
thus by Exercise 4.2.8 there exists a projection p € P(M) such that ¢(z*x) = 0 if and only if x € Mp. We
denote by s(¢) = 1 — p the support projection of ¢. Note that if ¢ = s(¢) then

¢(zq) = ¢(qz) = o(x)
for all x € M, and moreover, ¢ will be faithful when restricted to ¢Mgq.

Theorem 5.4.3 (Polar Decomposition for States). Suppose M is a von Neumann algebra and ¢ € M., then
there exists a unique partial isometry v € M and positive linear functional ¥ € M, such that ¢(x) = ¥(av)
for every x € M and v*v = s(v)

Proof. Assume for now that ||¢|| = 1. There exists some a € (M); so that ¢(a) = |9
denote the polar decomposition of a*. Letting 1(x) = ¢(xv), we have that ¥(|a*|) = ¢(a) = ||¢]| = 1. Since
0 < |a*| <1, it follows that for every ¢ € R

.y
D
-+
S)
*
|
=
R)

lla*] + €™ (1 = Ja" ]l < 1.
Fix ¢t so that e¢((1 — |a*|) > 0. Then we have
d(la*]) < ¥(la*]) + (1~ [a*]) < [lgll = o(la”]),

and thus ¢¥(1) = ¥(]a*|) = ||¢|| implying that 1) is a positive linear functional.

Let p = v*v. Since we may replace a with avs(¢)s, we may assume that p < s(¢). For every x € M such
that ||z| < 1, we have that

P(la*[+ (1 =p)a”z(l —p)) < ||

which shows that ¥((1 — p)z*z(1 — p)) = 0 and thus p > s(¢).

We leave out the proof of the uniqueness for now.

To see thate(z) = 1(av) it suffices to show that ¢(x(1 — p)) = 0 for all x € M. Suppose that ||z =1
and ¢(z(1 —p)) = B > 0. Then for n € N we have

n+ B =¢(na+ (1 - p))
<Jlna + (1 - p)|
~ll(na + (1 - p))(na + e(1 - p)*||*
<[Inla*[? + 2(1 — p)a* |2

<vn?2+1

implying that 8 = 0. O
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Our goal with the next few lemmas is to characterize finite von Neumann algebras in terms of the
existence of a center-valued state. The presentation contained here is an existence result that relies on
the Ryll-Nardzewski fixed point theorem. We exclude the proof for now; instead, accept it as fact and
acknowledge that it bestows upon us the existence of a fixed point in an appropriate setting.

Theorem 5.4.4 (Ryll-Nardzewski). Let X be a Hausdorff locally convex vector space, K C X a non-empty,
weakly compact, convex subset and E a non-contracting semigroup of weakly continuous affine mappings of
K into K . Then there exists an xg € K, such that T(xo) = xo for every T € E.

Lemma 5.4.5. Let M be a von Neumann algebra, Z(M) its center, and ¢ € M, a normal tracial linear
functional. Then ||@|| = [|¢|zan |- In particular, ¢ is positive if and only if ¢|z(nr) is positive.

Proof. Let ¢ = R,|¢| be the polar decomposition of ¢. The for any unitary u € M, we have that

From the uniqueness of the polar decomposition for linear functionals and the centrality of ¢, it follows that
that u*vu = v and T,|¢| = |¢| for every unitary u € M. Thus, v € Z(M) and |¢| is also tracial. Thus, we
have that

o[l =Tl = [¢1(1) = ¢(v") < lIolzan "] < [l

O

Lemma 5.4.6. Let M be a finite von Neumann algebras with Z(M) its center. Then any normal linear
functional w : Z(M) — C extends uniquely to a bounded normal tracial linear function ¢, on M. Moreover,
l9wll = llwll, ¢u is positive whenever w is positive, and the map ¥ : Z(M), — M, defined by w — ¢, is
linear.

Proof. The uniqueness will be left as an exercise (see 5.4.4). If we can indeed show that such an extension
exists, then the norm preserving property, and positivity follow from the previous lemma. To show the
existence, let ¢ € M, be any normal linear functional extending w to M. For notational convenience,
whenever u is a unitary in M we let T,, : M, — M, denote the transformation mapping ¥ — 1 o Ad(u)
where Ad(u)(z) = u*zu for every € M. In the statement of the Ryll-Nardzewski theorem, let X = M,,
K be the norm closed convex hull of = {T,¢: u € U(M)} C M,, and E = {Ty|x }. We claim without proof
that K is a weakly compact, convex, non-empty subset of X = M,. Further, observe that T,|x : K — K
and that T, is an isometry, making E a collection of non-contracting semi-group of weakly continuous affine
mappings of K to itself.

Then Ryll-Nardzewski Theorem provides the existence of a fixed point ¢, € K, i.e. Ty ¢, = ¢, for every
u € M implying that ¢, is a normal tracial linear functional on M.

Finally, we show that ¢,,|z() = w. Notice that by construction, ¢|z() = w, and hence, T,,¢|z(ar) = w
for every u € U(M). Thus, any convex combination and therefore any element of K will also equal w when
restricted to the center of M.

Now to show linearity, assume that wi,ws € Z(M). and ¢ € C. Then, Yy, tew, and ¥, + cib,, are
extensions of wy 4 cws, and by uniqueness they are equal. O

Theorem 5.4.7. If M if a finite von Neumann algebra, then admits a center-valued trace, namely the
adjoint of the map v : Z(M), — M, defines a center-valued state on a finite von Neumann algebra.

Proof. Now consider a finite von Neumann algebra M. By Lemma 5.4.6, there is a linear and isometric map
Y 1 Z(M), — M, taking normal linear functionals on Z(M) to tracial linear functional on M. Since we
may identify Z(M),)* with (Z(M) and (M,)* with M, we let ¢ : M — Z(M) be the map determined by
the relation

Yo(r) = w(¢(z))
for every w € Z(M), and x € M. In other words, ¢ : M — Z(M) is the (Banach space) adjoint of the map
. O

Theorem 5.4.8. Let M be a von Neumann algebra, Z(M). If ¢ : M — Z(M) is a center-valued trace, then
¢ has the following additional properties:
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(i) ¢ is unique.
(i) ||oll =1,
(iii) ¢ is o-WOT continuous (normal),
(iv) $(2x) = 26(x) for every x € M and z € Z(M) (bimodular),
(v) 6(z*z) > 0 (positive),
(vi) $(z*z) =0 => z =0 (faithful),

Proof. If we suppose that there was another center-value trace (Z) on M distinct from ¢, there would exist
x € M so that ¢(z) # ¢(x). But this would imply that we can find a normal linear functional w € Z(M) so
that w(¢(z)) # w(¢(z)). However, since w o ¢ and w o ¢ are distinct bounded normal extensions of w which
are tracial, this contradicts Lemma 5.4.6. Hence, the center-valued trace from Theorem 5.4.7 is the unique
such map on M.

The normality and the the fact that the ¢ has norm 1 arises from the fact that ¢ is the (Banach space)
adjoint of the map from Lemma 5.4.6.

Now to prove the bimodularity, we start by fixing a unitary v € Z(M) and defining ¢ : M — Z(M)
by ¥(x) = u*¢(uz). Notice that ¢ is a center-valued trace and thus must equal ¢, i.e. ¢(x) = u*¢(ux) for
every © € M. Replacing = with u*z shows that ¢(u*z) = u*¢(z) for every x € M and for every unitary
u € Z(M). Since every element z € Z(M) is a linear combination of 4 unitaries and ¢ is a linear map, we
now have that ¢(zx) = z¢(x) for every z € Z(M) and every x € M.

In order to verify postivity, we will show that w(¢(xz*x)) > 0 for every positive linear functional w €
Z(M).. Notice that ¢ must satisfy

w(p(z*z)) = du(z"x),

where ¢, is the normal tracial linear functional extending w. Since Lemma 5.4.6 shows that ¢, (z*z) > 0,
which is what we wanted to show.

We will verify the defniteness of ¢ by proving the contrapositive. In particular, if y € M and y > 0 we
will show that there exists w € Z(M)., so that w(¢(y)) # 0. To this end, fix y € M be a positive element and
z = z(y) its central support projection, choose w a positive normal linear functional such that p = s(w) < z.
If ¢, is the tracial extension of w to M, it is invariant under conjugation by any unitary in M. Hence, its
support projection is also invariant under conjugation by all unitaries of M implying that s(¢,,) is in the
center of M and in particular s(¢,) = s(w) = p. If ¢, (y) = 0, then zp = 0; however this is not possible
since 0 # p < z. Thus, ¢, (y) = w(@(x)) # 0, finishing the final claim. O

In light of the first item in the previous lemma, we are justified calling ¢ : M — Z(M) the canonical
center valued trace on a finite von Neumann algebra M, whenever such a map exists. We should observe
that the canonical center valued trace ¢ is an example of a conditional expectation. That is, ¢ is a positive,
bimodular, norm 1, linear functional from M to the subalgebra Z(M). We will explore general conditional
expectations in a later section.

Corollary 5.4.9. M is a finite von Neumann algebra if and only if M has a unique center-valued trace.

Proof. Assume that ¢ is a center-valued trace on M. If p is a projection on in M such that p < 1 and p ~ 1.
In this case, 0 < 1—pand 1 = ¢(1) = ¢(p). It follows that 0 < ¢(1 —p) = ¢(1) — é(p) = 0. Thus, 1 = p and
hence M is finite. O

One of the main uses of a center-valued trace is that it detects equivalence of projections.

Theorem 5.4.10. Let M be a von Neumann algebra with center-valued trace ¢. If p and q are projections
in M ,p = q if and only if ¢(p) < ¢(q). Specifically, p ~ q if and only if $(p) = ¢(q).

Proof. If p < g and v is a partial isometry such that v*v = p and vv* < g, then ¢(p) = ¢(v*v) = Pp(vv*) <
@(q), where the last line follows from the fact that ¢ — vv* > 0 and the linearity of ¢.

Conversely, assume that ¢(p) < ¢(g). Linearity of ¢ shows that ¢(¢ — p) < 0. By the Comparison
Theorem, there exists a central projection z so that zp < zq and (1 — 2z)g < (1 — z)p. Using the tracial
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property of ¢ in conjunction with the , we have that ¢((1—2)(¢—p)) > 0. The bimodularity of ¢ now implies
0 < (1 —2)¢(q — p) From here, we use the initial assumption to conclude that (1 — 2)¢(q — p) < 0, which
when combined with the positive definiteness implies that (1 — z)g ~ (1 — z)p. Thus, p < q.

The fact that p ~ ¢ is logically equivalent to ¢(p) = ¢(g) follows from an application of Proposition 4.1.5
(Cantor-Schoder-Bernstein for projections). O

For this portion, we fix a finite von Neumann algebra M with center valued trace ¢ : M — Z(M).

Definition 5.4.11. M is homogeneous of type I, if there exists a family of n equivalent abelian mutually
orthogonal projections,eq, ..., e, , such that Y . p; = 1.

An elementary example of a homogenous von Neumann algebra of type I,, is the n x n matrices, M, (C).

Theorem 5.4.12. Let M be a finite homogeneous type I, von Neumann algebra and ¢ : M — Z(M) its
center valued trace. Then the range of ¢ restricted to the projections of M coincides with

where z1, ..., 2z, are mutually orthogonal central projections

B\W‘

Proof. First, we show that there exists a projection pg so that z(pg
family of mutually centrally orthogonal abelian projections (z(p;)z(p
is also abelian, and by maximality we must have that z(pg)) = 1.

Since M is homogeneous, of type I, there exists a family of n abelian, mutually orthogonal projections,
equivalent to pg whose sum equals 1. Hence

1=¢(1)=2¢ <Z (Jz') = Z¢(Qi) = nd(po).
i=1

=1

)

= 1. Letting {p1,...,pr} be a maximal
;) = 0 whenever i # j). Then py = \/ p;

Now, for any central projection z we see that ¢(pgz) = %z and thus the range of ¢|p(y) contains elements

of the form indicated above.
O

A center valued trace on a II; von Neumann algebra satisfies an analog of the intermediate value property.

Theorem 5.4.13. Let M be a type II; von Neumann algebra with center valued trace ¢. If p, q are projections
in M and z € Z(M) is a central projection with ¢(q) < z < ¢(q), then there exists some projection r with

p<r<f and o(r) =

Proof. First an observation about II; von Neumann algebras: if s is any projection and € > 0 then there exists
a non-zero projection s, < s such that ¢(s.) < ez(s.). To this end, choose n so that 2n < e. Since M is type
II;, Lemma 5.1.2 shows that there is a family of 2™ equivalent, mutually orthogonal, non-zero subprojections
of s whose sum is s. Letting s. be any one of these, this now gives that ¢(s.) = 5= ¢(s) < e¢(s) < ez(e.).

Now, let P a maximal family of totally ordered projections in M such that if s € P then p < s < ¢ and
#(s) < z. Such a collection exists and is non-empty since p € P. Letting r = \/,_p s, we have that p <7 < ¢
and (p) < z

Let’s suppose that z — ¢(r) > 0. Then in this case, there is some € > 0 and a no-zero central projection
w so that

z— ¢(r)w > ew.

Notice that this would imply that (¢ — r)w # 0; otherwise we would have that ¢(r)w = ¢(p) > zp, a
contradiction . So, we can find some non-zero projection s, with s. < (p — r)w and ¢(s.) < ew. But this
would imply that r + S € P, contradicting the maximality of P. So we must have that z = ¢(r).

O
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Exercises

5.4.1. Show that if M is finite and separable, then M is tracial. When M is not a factor show that a trace
is not unique.

5.4.2. Prove Lemma 5.4.2. [Hint: use Exercise 3.1.7.]
5.4.3. Let ny,...,n; be a collection of natural numbers and consider M = @le M, (C).

(a) Compute the center of M. Show that M has a continuum of faithful states ¢ : M — C with the tracial
property.

(b) M = M5(C) @ M3(C) has two non-zero orthogonal central projections which sum to the identity of M,
which we call 21, 25. For each a € {0,421} and b € {0, 1, 2,1}, find a projection p € P(M) such that

339 30
@(p) = az1 + bzg where ¢ is the center-valued trace.

5.4.4. Show that under the conditions in 5.4.6, the extension of w to a tracial state defined all of M is
unique.
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Chapter 6

Subfactors

In this chapter we will study subfactors: an inclusion of factors N < M satisfying 1, € N. We will restrict
ourselves to the case when N and M are both II; factors, though more general inclusions have been studied
extensively in the literature. Note that if 757 is the unique trace on M, then 77|y is necessarily the unique
trace on N. Despite the starting point sounding like a an Xzibit meme, subfactors result in an incredibly
rich theory with deep connections to knot polynomials and tensor categories.

This chapter will not be as thorough as the other chapters, and part of the reason is because entire books
can be written about this subject alone. We present here only a starting point for learning about subfactors,
though we will strive to present complete details whenever possible.

6.1 Index for Subfactors

Let 1y € N C M be an inclusion of II; factors, and let 7p; and 7 be the unique traces on M and N,
respectively. We will identify M (and consequently N) with its representation on L?(M). In this context
we will denote N’ N B(L?(M)) simply by N’, which satisfies N’ D M’. Note that N’ is a factor, and by
Remark 4.3.9 we know that N’ is type II. Consequently, N’ is either a II; factor or a Il factor. In the
former case, we will denote its unique trace by 7n-.

Noting that 7a7|xy = 7w, We see that the closure of N1 in L?(M) is a copy of L?(N). Thus we can view
L?(N) as a closed subspace of L*(M) and we let ey € B(L?(M)) be the projection onto L*(N). Since
L?(N) is reducing for N, we have ey € N’ by Lemma 1.2.5.

Definition 6.1.1. Let 1, € N C M be an inclusion of II; factors. We define the index of N inside M as
the quantity

[M:N]::W

when N’ is a IT; factor, and otherwise set [M : N| := co.
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Assuming N’ is a II; (i.e. finite) factor, we have 7n/(ey) < 1 and consequently [M : N] > 1. In
particular, we have [M : N] = 1 if and only if 7y/(ey) = 1. Since 7n/ is a faithful state this is further
equivalent to ey = 1, which means L?(N) = L?(M) and N = M. Thus [M : N] =1 if and only if N = M.
Roughly speaking, [M : N] measures how much larger M is than N. The notation should remind of you the
notation for group indices, and the following example makes this explicit.

Example 6.1.2. Let T’ A L (X, p) be a free ergodic p.m.p action of a countably infinite discrete group on
a probability space (X, ). Then M := L™°(X, u) X, I is a II; factor by Example 4.3.16. Let A <T be a
subgroup such that «|, is still ergodic (it is automatically free and p.m.p.). Then N := L (X, ) x4, A is
a II; subfactor of M. In this case, we have

ala

[M: N]=[T:Al.
We provide only a sketch of the proof. Assume [I": A] = n < oo so that
IF=AUAg - --UAg,

for some go,...,9, € I'\ A. By Exercise 4.3.13, we have L?>(M) = ¢*(T') ® L*(X,u) and L?*(N) = ?(A) ®
L?(X, ). Consequently

L*(M) = [*(A) @ L2(X, p)] @ [(*(Ago) ® L2(X, )] @ -+ - @ [(*(Agn) © L*(X, )]
=L*(N)® [*(g2A) @ L*(X, )] @ -+ ® [(*(gn M) ® L*(X, )] -

It can be shown that the projections onto each of the remaining direct summands is equivalent to ey in N’
(see Exercise 6.1.3). Consequently, 7n/(en) = = and so [M : N] =n = [[': A]. ]

Remark 6.1.3. There is an alternate formula for the index. Suppose M C B(H) is a finite factor such that
M’ N B(H) is also finite. Denote their respective traces by 73 and 7ps. For any non-zero ¢ € H, M and
M’¢ are reducing for M’ and M, respectively, and so [M¢] € M’ and [M’€] € M by Lemma 1.2.5. Murray
and von Neumann defined the coupling constant of M over H to be the ratio

v ([M'E])
Tz ([ME])

and they showed that it is independent of the choice of §&. When 1)y € N C M C B(H) is a subfactor, it
can be shown that the ratio of the coupling constants for N and M

v (IN'€]) T ([ME])
N ([NE]) Tar ([M7€])

is further independent of the representation M C B(#). This expression is in fact Jones’ original definition
for [M : NJ, and since it does not depend on either H or £ we can check that it matches with Definition 6.1.1.
Indeed, take H = L?>(M) and ¢ = 1, then 1 being cyclic and separating for M implies [M1] = [M'1] = [N'1] =
1. Consequently

(6.1)

(VI e (M) 1
e (INT)) 7 (022]) 7w (INT))

Thus (6.1) gives us a more flexible definition for the [M : NJ.

Given a projection p € N’ N M, we can consider the compressed inclusion p € Np C pMp. Note that

Np and pMp are both type II factors by Corollary 4.2.3 and Remark 4.3.9, and since #@TM defines a

trace on pMp we see that they are in fact II; factors. Thus we can consider the index [pMp: Np|. Using
Remark 6.1.3 and a few facts about the coupling constant, one can show

[pMp : Np] = [M : N]7a(p)7 (p)- (6.2)

We can use this fact to derive some nice consequences for certain values of the index.

86


https://www.ams.org/journals/tran/1937-041-02/S0002-9947-1937-1501899-4/S0002-9947-1937-1501899-4.pdf
https://www.ams.org/journals/tran/1937-041-02/S0002-9947-1937-1501899-4/S0002-9947-1937-1501899-4.pdf

Proposition 6.1.4. If [M : N| < oo, then N' N M is finite dimensional.
Proof. Let p1,...,pn € P(N'N M) be non-zero pairwise orthogonal projections. Then since the index is
always greater than or equal to one, (6.2) implies

n n

(M N> (M N3 mu(pi) = 3

i=1 i=1

n

1 1
iMp; : Np;| > .
(o) PP N 2 ) s

Note that the condition " | 7n/(p;) < 1 implies 7y/(p;) < + for some i = 1,...,n. Consequently, [M :
N] > n, and so for any family of non-zero pairwise orthogonal projections P C P(N’' N M) we must have
|P| < [M : N] < co. Suppose P is a maximal family of pairwise orthogonal projections. We must have

dop=1,

pEP

since otherwise {1 — Zp p} U P contradicts the maximality of P. Also, each p € P must be minimal in
NN M because otherwise for 0 < ¢ < p the maximality of P is contradicted by {q,p — ¢} UP \ {p}. Now, as
minimal projections, p,q € P are either centrally orthogonal or equivalent in N’ N M by Proposition 4.1.9.
If they are centrally orthogonal, then the same proposition implies pzq = 0 for all z € N’ N M. If they are
equivalent, say by vv* = p and v*v = ¢, then for x € N’ N M we have

prq = prqq = px(v v)(v*v) = pro* (v )v = prvipY = cpv = cv

for some ¢ € C. Denote v := v, 4, and if p and ¢ are centrally orthogonal set v, , := 0. Thus for any
z € N'N M, we have
T = (Z p)m(z q) = Z prq = Z Cp,qUp,q>
pEP q€EP p,q€P p,qEP

for ¢, 4 € C. Hence N' N M = span{vy 4: p,q € P}, and since P is a finite set we see that N’ N M is finite
dimensional. O

Proposition 6.1.5. If [M: N] < 4, then N'N M = C.

Proof. Suppose, towards a contradiction that p,q € P(N' N M) are orthogonal and non-zero. Then (6.2)
implies (by the same argument as in the proof of the previous proposition)

1 1 1 1
M:N 2 St @ 2 1)

This last expression is minimized at 7n/(p) = %, and hence we obtain the contradiction [M : N| > 4. O
We present the next result without proof, but we direct the interested reader to Jones’ original paper.

Theorem 6.1.6 (Jones, 1983). Let 1py € N C M be an inclusion of 11y factors. Then
[M : N] € {4cos®(m/n): n >3} U[4, ]
Moreover, every value in the set above occurs as the index of some unital inclusion of 11y factors.

This result is part of the work that would ultimately earn Vaughan Jones the Fields Medal. That the
index has a discrete component to its range was a remarkable revelation at the time’.

IMasamichi Takesaki says he first heard about the result when picking Vaughan Jones up from the airport for a visit to
UCLA, and was so startled by it that he nearly crashed the car.
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Exercises
6.1.1. Let N C P C M be inclusions of II; factors. Show that [M : N] = [M : P][P : N|. [Hint: use (6.1).]
6.1.2. Let N C B(H) be a II; factor. For d € N, embed N — M4(N) by
x 0
T Tz € N.
0 T
In this exercise, you will compute [My(N) : NJ.

(a) Show that B(L?*(M4(N))) = My:(B(L?(N))), where the entries in the latter space are indexed by
pairs of pairs: ((4,4), (k,¢)) for i,5,k, 0 =1,...,d.

[Hint: first show that L2(Mg(N)) = L2(N)®4" ]
(b) Show that N’ 0 B(L2(My(N))) = Mg (N’ 0 L2(N)).
(c) For X = (z;;)¢,_, € Mg(N), show that
72 T 0
eNX = e
d
0 d 2im1 T
as vectors in L2(My(N)).
(d) Viewing ey € Mg (N’ N L*(N)), show that the ((i,7), (k,¢))-entry of e is %8;—;0r—¢.
(e) Compute Ta,(n)(en) and [Mg(N) : NJ.

6.1.3. LetI' A L (X, p) be a free ergodic p.m.p action of a countably infinite discrete group on a probability
space (X, ). Let A < T be a finite index subgroup with

F'=AUAgU---UAg,.
for some gs,...,9n, € I'\ A. Assume «, is ergodic and set
M :=L*(X,p) xq T
N = L=(X, p) Xq|, A
Recall that L2(M) = ¢?(T') @ L*(X, p) and L*(N) = (?(A) ® L?(X, ).
(a) For each i = 2,...,n, show that (?(Ag;) ® L*(X, i) is reducing for N.
(b) Let J be the canonical conjugation operator on L2(M): J& = z*. Show that
J(8g @ f) = b4-1 @ ag-1(f)
for g e T and f € L>®(X, p).

(c) For each i = 2,...,n, show that JA(g; ')JenJA(gi)J € N’ and that this is the projection onto the
subspace ¢?(Ag;) @ L*(X, p).

(d) For each i =2,...,n, show that ey is equivalent to JA(g; ')JenJA(g;)J in N'.
(e) Compute 7n/(en) and [M : NJ.

6.1.4. Let T be an i.c.c. group, let A < T be a finite index subgroup, and set M := L(T") and N := L(A).
(a) Show that A is i.c.c.

(b) Suppose T’ = AUAgoL- - -UAg,, for ga, ..., g, € A\A. Foreachi = 2,...,n, show that J\(g; ") JenJ\(g;)J €
N’ and that this is the projection onto ¢2(Ag;).

(c) For each i = 2,...,n, show that ey is equivalent to JA(g; *)JenJ\(g;)J in N'.
(d) Compute 7n/(en) and [M : NJ.
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6.2 The Basic Construction

Once more we let 1y € N C M C B(L?(M)) be an inclusion of II; factors with unique traces 7y and 7y,
respectively. Let ey € B(L?*(M)) be the projection onto the subspace L?(N) C L?(M), so that ey € N'.
Recall from Theorem 5.2.5, that if J is the canonical commutation on L?(M) then JM.J = M’. Consequently,
JNJ C M’'. However, N C M implies M’ c N’. Thus we cannot have JN.J = N’ unless N’ = M’, in which
case N = M. Since this case corresponds to [M : N] = 1, we see that whenever [M : N] > 1 we have M’ is
a strict subset of N, and JN'J D JM'J = M. We summarize these various relations in the diagram below.

B(L*(M))
¢ ‘ N
JN'J N
U JvJ U
M <M
U U
N | JNJ
O | ¢
(ClM

Horizontal reflection in the above diagram corresponds to conjugating by J. There is another important
symmetry: reflecting through the center of the diagram corresponds to taking the commutant. This is
clear for the pairs (Cly, B(L3(M)), (M, M’), and (N, N’), but it also holds for (JN'J, JNJ). That is,
(JN'J) = JNJ. Indeed, x € (JN'J) if and only if x(JyJ) = (JyJ)z for all y € N’, and conjugating the
equation by J shows this is equivalent to (JzJ)y = y(JzJ) for all y € N'. Consequently, x € (JN'J)" if and
only if JxJ € N” = N, and thus the claimed equality holds. In particular, this implies JN'J is a factor:

Z(JN'J) = (JN'J)N (JN'J) = (JN'J)nJNJ = J(N' N N)J = C,

since N is a factor. Thus using only conjugation by J and taking commutants, we have produced a new
factor extending our original inclusion: N C M C JN'J. We will study this new factor further, but first we
require a lemma.

Recall from Theorem 5.2.7 that there is a faithful normal trace-preserving conditional expectation
Ex: M — N. This map is positive, restricts to the identity on N, and satisfies Fn(axb) = aEn(x)b for all
a,b € N and 2 € M. Also recall that for each = € M, Ex(z) is uniquely determined by En(z)1 = eyi.

Lemma 6.2.1.

(i) Forxz e M, eyzeny = En(z)en.

(1) N={en} NM.

(iti)) N'={M'U{en}}".

(iv) Jeny =end.
Proof.

(i): For y € M, we have

enzeny = enrEn(y)l = eNxm) = Ex(zEn(y))1 = Ex(2)En(y)1 = Ex(z)eny.
Since M is dense in L?(M), we have eyzen = En(z)en.

(ii): Since ey € N’, we have N C {ex} N M. On the other hand, for z € {ey}' N M we have

EN(x)i =ent =enzl = zenl = 21.

Since 1 is separating for M, we must have z = Ey(z) € N.
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(iii): The Bicommutant Theorem implies it suffices to show {M’' U {en}} = N. Note that {M' U {enx}} C
M"Nn{en} = M N{en} = N by the previous part. The reverse inclusion follows from N C M and
the previous part.

(iv): For € M we have
Jeni = JEn(z)1 = Ex(2)*1 = Ex(2*)1 = eyz* = enJi.
Thus the density of M in L?(M) yields Jey = enJ. O

Proposition 6.2.2. Let 1,y € N C M C B(L*(M)) be an inclusion of 1y factors. If ex € B(L*(M)) is
the projection onto L2(N), then the factor JN'J is generated by M U {ex}. In fact, JN'J is generated by
the x-algebra span(M U MeyM).

Proof. Recall that we have already seen that JN'J is a factor in the discussion at the beginning of the
section. From Lemma 6.2.1.(iii), we see that N’ is the von Neumann algebra generated by M’ U {ex}. Note
the unital *-algebra generated by M’ U{ex} is spanned by elements of the form y1enyoen -+ - enyq for d > 1
and y1,...,yq € M'. Using Lemma 6.2.1.(iv) to assert ey = JeynJ we have

J(yienyaen - -enya)J = (JyrJ)en(Jy2J)en - - - en(JyaJ).

Since JM'J = M by Theorem 5.2.5, the above element is in the *-algebra generated by M U {ey}. Conse-
quently, JN'J is the von Neumann algebra generated by M U {en}.

The x-algebra generated by M U {enx} is span{zienzseny - -enyxq: d > 1, 21,...,24 € M}. But
Lemma 6.2.1.(i),(iii) imply for d > 3

T1ENT2ENT3EN - ENTJ — xlEN(xg)eNEN(xg)eN NI d = (,ClEN(LL'Q)EN(JJg) s EN(LL'H,1)€NLL‘d.

So span(M U Mey M) is a x-algebra generating JN'/J.

In light of the above proposition, we make the following definition.
Definition 6.2.3. The basic construction for N C M is (M,ey) := {M U {ex}}’ C B(L*(M)).

By the discussion of at the beginning of the section, we know the commutant of (M, eyx) = JN'J is JNJ,
which is a II; factor since N is a II; factor. So by Remark 4.3.9 we know (M, en) is a type II factor, but it
could be either type II; or type II,,. As we will see in the next theorem, the former case happens precisely
when the index [M : N] is finite.

Theorem 6.2.4. Let 1)y € N C M C B(L*(M)) be an inclusion of 11y factors, and let (M, en) be its basic
construction. Then (M, en) is a 11y factor if and only if [M : N] < co. In this case, we have

[(M,en): M] =M : NJ.
If T(ar,ey) 1 the unique trace on (M, en), then

1
T(M.en)(TEN) = WTM(x) Vo € M,

and in particular T(ape ) (en) = [M : N]71.

Proof. By the discussion preceding the theorem we know that (M, ey) is a type II factor, and so it suffices
to show (M, ey) is finite if and only if [M : N] < oo. Recall that [M : N| < co if and only if N’ is a finite
by definition of the index. Thus it further suffices to show (M, en) is finite if and only if N’ is finite, and
by Theorem 5.1.8 it yet further suffices to show (M, en) has a trace if and only if N” has a trace. But this
follows from (M, en) = JN'J because a trace on one algebra can be used to define a trace on the other:

T(M,EN)(:I;) = TN’(J.”L'J) S <]\47 €N> .
TN(Y) = T(Men) (JYT) y € JN'J.
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Thus (M, ey) is IT; factor if and only if [M : N] < oo.
Let T(ar,ey) be the unique trace on (M,ey). By the above, we have 7.y (%) = Tn/(JxJ) for all
x € (M,en), and in particular

1
[M : N]’

T(Men)(en) =T (JenJ) = T (en) =

where in the second equality we have used ey = JeyJ from Lemma 6.2.1.(iv). Now, by Lemma 6.2.1.(ii)
we see that N 3 + T(p/.c ) (zen) defines a tracial positive linear functional on N, and so must equal cTy
for some ¢ € C by the uniquness of 7. Setting x = 1 reveals

1
[M: N

CcC = CTN(I) = T(M,eN>(1eN) = T(M,eN)(eN) =
Thus T(az,e ) (TeN) = ﬁn\;(x) for x € N. Using Lemma 6.2.1.(i), we can show this also holds for x € M:

7'<M,eN>($€N) = T(M,eN>(€N96€N) = T(M,eN>(EN($)€N)

= SN ) = e (En(e) = @)

where the last equality uses the fact that Ey is trace-preserving.

Finally, we compute the index [(M, ey) : M] using (6.1). We take H = L*(M) and £ = 1. Note that 1 is
cyclic for (M, en) since it is cyclic for M, and it is cyclic for M’ since it is separating for M. Consequenlty,
[(M,en)1] = [M'1] = [M1] = 1. Thus

KMa 6N> . M} _ TM([M/;]) T(M,EN)'(KMv €N2]1) N TM(l) T(M,6N>’(1) B 1

a0 (M) Tngeny (M en) 1) a0 () Tngeny (M en) 1)) agen) (M en)" 1))

Now, as we saw above (M, ey) = JNJ and so [JNJ1] = [JN1] = [N1] = ey. Since 7(prcpy(en) = [M :
N]~1, the above computation yields [(M,en) : M] = [M : N]. O

We now see that a finite index inclusion of II; factors N C M begets another finite index inclusion of II;
factors: M C (M, eyn). Moreover, the index of this new inclusion equals the original index and is therefore
finite. Consequently, we can iterate this process and generate a tower of II; factors:

NCMCcC <M76N> C <<M7€N>,6M> cC---
If we relabel these von Neumann algebras by My := N, My := M, Ms := (M, en), etc. then we have
MQCM1CM2CM3C"',

and [M; : M;_1] = [M : N] for all i > 1. Moreover, by Exercise 6.1.1 for any ¢ > j > 0 we have
(M; : My] = [ (Mg : My_y] = [M: NJ"=7.
k=j+1

In particular, [M; : Mp] = [M : N]* < co and [M; : My] = [M : N]'""! < oo, and so M} N M; and M]| N M;
are finite dimensional by Proposition 6.1.4.

Definition 6.2.5. The Jones tower for a finite index inclusion of II; factors N C M is series of inclusions
constructed above:
My C My C My C M C

li I I
N M (M, en)
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The standard invariant of N C M is the collection of finite dimensional relative commutants {Mj N
Mi}iZO U {M{ N Mi}1'21:
(C:M(/)mMo C Méli C M(’)OMQ C MéﬂMg (@R
U U U
C:M{li C M{OMQ C M{QMQ (@R

While the standard invariant may seem to be a dizzying array of von Neumann algebras, remember
that each M ]' N M; is finite dimensional and consequently is isomorphic to a direct sum of matrix algebras.
Moreover, one can diagrammatically encode the data of these relative commutants and their various inclusions
using planar algebras. These objects also provide a bridge between subfactors and category theory, and
although they are worthy of their own entire course we will not go into further detail on them here.

We conclude with an example where the basic construction can be explicitly described. The resulting
von Neumann algebra is the generalization of the crossed product construction from Example 4.3.16, where
L>*(X,u) (i.e. a commutative von Neumann algebra) has been replaced with II; factor.

Example 6.2.6. Consider a I1; factor M C B(L?*(M)). Let U(L?*(M)) denote the group of unitary operators
on L*(M), and suppose U < U(L*(M)) is a finite subgroup satisfying U N M = {1}, uMu* = M for all
uw € U, and ul =1 for all w € U. Denote

Vi={r e M:uru* =2 VucU}.
The hypotheses on U imply that this is a factor. This is not obvious but we will assume it as a fact. Then

p = u € ( MU
P> )

uelU

and p is a projection (Exercise 6.2.3). Observe for x € M that

. 1 . 2
pT = |U| Zu:rl |U| ueZquu ul = |U\ Zumu

uelU uelU

and ﬁ >, uzu* € MY. Thus p = eju. We claim that

(M,epuv) = {Zazuu:xueM} .

uelU
Denote the set on the right by B. For x,y € M we have

1 1 .
Tepuy = Il Z TUYy = Il Z z(uyu*)u € B.
uelU uelU

Since the identity of the group U is 1, we have z = 21 € B for x € M. Thus span(M U MeyM) C B, and
the former is a *-algebra generating (M, ev) by Proposition 6.2.2. Thus to prove the claim it suffices to
show B C (M, epsv), and this will follow if U C (M, epv). For x € M we have

JuJi = Juzr*l = Juz*u*ul = Jur*u*l = wzw* = uru*l = uzl = ui.

So JuJ = u by the density of M C L*(M). Since U C (MY, this shows U = JUJ € J(MY)'J = (M, epv),
and so the claim holds. The trace on (M, ey,v) is given by

erer) (Z xuu> =7 (21)

uelU

(see Exercise 6.2.4). In particular,

1 1 1
T<M,6MU>(€MU) = T<M,eMU> <U| Z u) = mTM(l) — W

So by Theorem 6.2.3 we have [M : MY] = |U|. |
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Exercises

6.2.1. Show that the basic construction for N C My(N) is Mg (N). [Hint: use Proposition 6.2.2 and the
computation of ey in Exercise 6.1.2.]

6.2.2. Let I' be an i.c.c. group, let A < T" be a finite index subgroup, and set M := L(I") and N := L(A).
Suppose
F'=AUAg U---UAg,

for go,..., g, € T\ A. Set p; :=en and p; = )\(gi)eN/\(gi_l) fori=2,...,n.
(a) Show that p; Mp; is spatially isomorphic to Ney for each i = 2,... n.
(b) Show that (M, ey) is isomorphic to M, (N). What is the image of M under this isomorphism?

6.2.3. Let U(H) be the group of unitaries on a Hilbert space H. For a finite subgroup U < U(H), show that
1
o2
is a projection.

6.2.4. Let M C B(L?(M)) be all; factor and let U < U(L?*(M)) be a finite subgroup satisfying UNM = {1}
and uMu* = M for all u € M.

(a) Show that 7as(uzu*) = 7pr(z) for all w € U and € M. [Warning: since u € M when v is non-trivial,
this is not simply a consequence of the tracial property of 7j;.]

(b) Show that

T <Z xuu> = Tp(21)

uelU
defines a faithful trace on the *-algebra {>° z,u: z, € M}.
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